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Abstract Human cases of hantavirus pulmonary syndrome caused by Sin Nombre virus
are the endpoint of complex ecological cascade from weather conditions, population dy-
namics of deer mice, to prevalence of SNV in deer mice. Using population trajectories
from the literature and mathematical modeling, we analyze the time lag between deer
mouse population peaks and peaks in SNV antibody prevalence in deer mice. Because the
virus is not transmitted vertically, rapid population growth can lead initially to reduced
prevalence, but the resulting higher population size may later increase contact rates and
generate increased prevalence. Incorporating these factors, the predicted time lag ranges
from 0 to 18 months, and takes on larger values when host population size varies with a
longer period or higher amplitude, when mean prevalence is low and when transmission
is frequency-dependent. Population size variation due to variation in birth rates rather
than death rates also increases the lag. Predicting future human outbreaks of hantavirus
pulmonary syndrome may require taking these effects into account.
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1. Introduction

The 1993–1994 outbreak of hantavirus pulmonary syndrome (HPS) in humans in the
American southwest was caused by Sin Nombre virus (SNV), and was quickly cor-
related with the high rainfall associated with the large El Nino (ENSO) event of the
previous year that led to the increased populations of deer mice (Peromyscus manic-
ulatus), the primary host of the virus (Schmaljohn and Hjelle, 1997; Engelthaler et
al., 1999). However, further study has shown that the link between weather and HPS
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cases is quite complex (Glass et al., 2000), involving at best a noisy trophic cascade
from weather, plants, deer mouse population size, and deer mouse infection preva-
lence before humans are finally affected (Engelthaler et al., 1999; Mills et al., 1999;
Yates et al., 2002; Kolivras and Comrie, 2004). The magnitude and timing of the re-
sponse at each step depends on the detailed behavior of individual species: the many
species of plants, the feeding and reproduction of deer mice, the transmission dy-
namics of the virus between deer mice, and the transmission to humans. The ecolog-
ical steps, from rain to rodents, have proven to be quite unpredictable (Brown and
Ernest, 2002). Indeed, there is debate about whether the 1997 ENSO event led to
an increase in HPS cases beginning in the spring of 1998 (Hjelle and Glass, 2000;
Kolivras and Comrie, 2004).

Although frequently fatal to humans, the effects of SNV on deer mice are nonexis-
tent or weak (Helle and Yates, 2001), although there is evidence of higher mortality in
subadults (Douglass et al., 2001). Deer mice apparently remain seropositive throughout
life, and the infection can be modeled as if there is no recovery (Mills et al., 1999; Kuenzi
et al., 2005), although antibody loss may be possible (Boone et al., 1998). Transmission
is primarily through biting (Botten et al., 2002), although there is evidence of oral/fecal
transmission in burrows (Mills et al., 1999), with no vertical transmission from parents
to offspring. Prevalence of infection is generally higher in males and in older individuals,
and large older males are particularly likely to carry the infection (Boone et al., 1998;
Abbott et al., 1999).

In diseases without vertical transmission, population dynamics can have two conflict-
ing effects on prevalence (Mills et al., 1999). During periods of rapid population growth,
the lack of vertical transmission leads to dilution and potentially reduced prevalence.
However, the resulting higher population size is likely to increase contact rates between
deer mice that could eventually lead to an increase in prevalence.

These conflicting effects have appeared in the literature as inconsistent results regard-
ing the link between population size and SNV seroprevalence (Table 1). Only a few stud-
ies have found a positive relationship between current population size and seroprevalence,
and others have found a positive relationship only in the presence of a lag (Davis et al.,
2005). In the system under consideration in this paper, several studies have found no linear
relationship between current population size and prevalence (Graham and Chomel, 1997;
Mills et al., 1997; Boone et al., 1998), and our reanalysis of data presented in two other pa-
pers shows the same result (Calisher et al., 1999; Root et al., 1999). There is evidence for a
threshold effect in that sufficiently small populations showed a prevalence of zero (Boone
et al., 1998). Negative correlations were found in two out of ten time series of SNV sero-
prevalence versus population size in Montana (Douglass et al., 2001). Using multivariate
analysis, one study found a positive effect of deer mouse density on prevalence (Biggs et
al., 2000).

Studies of other hantaviruses have found similarly inconsistent results. In the closely
related Limestone Canyon virus (Sanchez et al., 2001), higher prevalence was observed
during periods of low population density (Abbott et al., 1999), consistent with a nega-
tive correlation. A recent study found a negative correlation between density and preva-
lence in El Moro Canyon virus in western harvest mice (Calisher et al., 2005). In bank
voles, Puumala virus seroprevalence was well predicted in part by the phase of popula-
tion, being highest after the peak, implying both density-dependence and delayed density-
dependence (Olsson et al., 2002, 2003).
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Table 1 Correlation between current density and prevalence

Mean prevalence (%) Relationshipa Reference

9.5 0 (Calisher et al., 1999)
11.0 0 (Mills et al., 1997)
11.9 − (Calisher et al., 2005)
14.3 0 (Root et al., 1999)
15.8 − (Douglass et al., 2001)
16.5 + (Biggs et al., 2000)
17.0 0 (Graham and Chomel, 1997)
17.8 − (Abbott et al., 1999)
18.5 0 (Boone et al., 1998)

a+ indicates a significant positive relationship, − a significant negative
relationship, and 0 the lack of a significant relationship

In plague, another disease of rodents, one study found that a model with a two year
delay performed well in predicting presence or absence of disease as a function of the
proportion of burrows occupied by great gerbils (Davis et al., 2004). Frequency of human
plague cases increased with a one or two year lag as a function of winter or summer
precipitation (Enscore et al., 2002), although this could be due to a direct numbers effect
rather than increases in seroprevalence.

The interplay between dilution due to births and increased prevalence due to higher
contact rates depends sensitively on how contact rates vary with host density. Models
range from a constant contact or frequency-dependent model, where the contact rate is
independent of population size and the force of infection is proportional to the frequency
of infected hosts, to a mass action or density-dependent model, where the contact rate is
proportional to population size and the force of infection is proportional to the number
of infected hosts (McCallum et al., 2001). Intermediate models, where the contact rate
saturates as host density becomes large, can result from behavioral changes at low den-
sity (Ramsey et al., 2002) or from host heterogeneity (Barlow, 2000). Such models can
produce substantially different predictions about disease dynamics and persistence, and
may be distinguishable with field data (Caley and Ramsey, 2001). The contact rate de-
pends on the territorial behavior of hosts (Wolff, 1985). As density increases from low
levels, deer mice decrease home range size, thus potentially leaving contact rates un-
changed. As density increases further, deer mice increase aggression and perhaps effective
contact rates without further decrease in home range size.

Mathematical models of the temporal dynamics of hantaviruses have yet to explic-
itly consider lags. The models have focused instead on spatial spread and the role of
refugia for the virus when population sizes are small (Abramson and Kenkre, 2002).
Further analysis showed that seasonality can promote disease persistence and cause out-
breaks (Buceta et al., 2004). In particular, the maximum infected population occurs near
the end of the harsh season, and thus substantially delayed from the period of optimal re-
production. A recent paper shows that human outbreaks can be induced by population size
increases in rodents that quickly generate many highly infectious new infections (Sauvage
et al., 2007).

This paper identifies a simple epidemiological model that can capture the major trends
in prevalence, and uses that model to study the relationship between population size and
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prevalence. The key parameters are birth, death, and transmission rates, which we hypoth-
esize create characteristic time lags between population size and prevalence. We begin by
fitting published data (Yates et al., 2002) with a simple model, and illustrate the sensitiv-
ity of the results to the model parameters, particularly those describing transmission. We
then use this simple model to show that the lag has a complex relationship with popula-
tion dynamics which depends on the details of the transmission process in addition to host
demographic parameters.

2. Model and parameter estimates

Our model is an SI model of susceptible and infected individuals (Anderson and May,
1992)

dS

dt
= −cg(N)pS + bN − δS,

dI

dt
= cg(N)pS − δI,

where S, I and N represent the density of susceptible, infected, and total hosts, respec-
tively, and p = I

N
is the prevalence. The parameter c describes the effective contact rate

per day, and b and δ give the birth and death rates, respectively, and can be functions
of time. Table 2 gives a complete description of the parameters in the model and their
baseline values.

The function g(N) describes the dependence of contact rate on density. We chose a
variant of asymptotic transmission (McCallum et al., 2001) with the form

g(N) =
(

Nd + K

Nd

)(
N

N + K

)
. (1)

Here K gives the density where contact is 50% of maximum, and Nd is a scaling factor
equal to the density where g(N) = 1. If K = 0, g(N) = 1 for all N , corresponding to
a model with constant contact rates and frequency-dependent transmission. As K → ∞,

Table 2 Variables and parameters in the model

Symbol Description Baseline value

N Density of deer mice
I Density of infected deer mice
S Density of susceptible deer mice
p Prevalence of infection

δ Mortality rate per day 0.01
b Birth rate per day (after natal mortality) 0.02
c Effective contact rate per day 0.0105 with variation in births

0.022 with variation in deaths

g(N) Dependence of contact rate on density g(N) = (Nd+K
Nd

)(
N

N+K

)
K Density where contact is 50% of maximum 50 mice/ha
Nd Density where g(N) = 1 7 mice/ha
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g(N) → N/Nd , corresponding to a mass action model and density-dependent transmis-
sion.

The equations can be rewritten in terms of the prevalence p and total density N as

dp

dt
= cg(N)p(1 − p) − bp, (2)

dN

dt
= bN − δN. (3)

Mortality does not differ between susceptible and infected deer mice and thus plays no
direct role in the equation for prevalence. A higher birth rate b reduces prevalence because
there is no vertical transmission. If contact rates increase with increasing population size,
a higher birth rate will lead to increased population size and a delayed increase in preva-
lence. The disease will persist in an isolated population with constant coefficients if the
average effective contact rate cg(N) exceeds the average of the birth rate b.

Our parameter estimates for the baseline birth and death rates come from studies that
deduce death rates from population change during the nonbreeding winter season (roughly
δ ≈ 0.008) and birth rates from the growth during the breeding season (r = b − δ ≈
0.007) (Petticrew and Sadleir, 1974; Fairbairn, 1977). The baseline value of K was chosen
based on the assumption that mouse behavior changes at densities of over 30 deer mice
per hectare (Wolff, 1985). The scaling factor Nd is the mean density found in Yates et al.
(2002). The transmission rates c were found by matching the observed mean prevalence
in Yates et al. (2002). With a large value of K , our model approximates “pseudo mass
action model” in a study of cowpox in bank voles (Begon et al., 1998), which found, in
the units of the current work, c in the range from 0.006 to 0.008, slightly lower than our
estimates.

3. Comparing the model with data

We extracted data on the density of deer mice and of seropositive deer mice from Yates
et al. (2002), and show the raw data and smoothed data over an 87 month period (created
with the supsmu function in R (R Development Core Team, 2005)) in Fig. 1a. We use
smoothed data in the following analyses to average over factors creating noise in the
original data and to interpolate values for missing data points.

We examined the correlations between prevalence and lagged population size. We
found the strongest correlation with population size 15 months earlier, although there
was significant correlation with a lag of 12 months as found by Yates and others (Fig. 1b).

Using the time series for the density of all mice, we computed the growth rate r = b−δ

as a function of time that exactly matches the smoothed density trajectory. We created two
versions of our model:

• Variable birth rates: Set the death rate δ(t) to be constant and solve for the birth rate
b(t) as a function of time.

• Variable death rates: Set the birth rate b(t) to be constant and solve for the death rate
δ(t) as a function of time.
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Fig. 1 (a) Comparison of raw data and smoothed data from Yates et al. (2002) showing the density of
deer mice and of seropositive deer mice over an 87 month period. (b) Plot of prevalence against density
with the optimal lag of 15 months, chosen as the lag that maximizes r2.

This fit does not use any information about seroprevalence. With our baseline parameter
values, the model predicts the dynamics of the infection reasonably well (Fig. 2). The
model with varying death rates requires a larger value of the contact rate c because our
baseline birth rate is higher than the baseline death rate (Fig. 2b).
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Fig. 2 Modeled density of seropositive mice with (a) variable birth rates, and (b) variable death rates. The
modeled density of all mice is set to exactly match the smoothed data. Parameter values as in Table 2.

The two cases make slightly different predictions about the correlations with lagged
population size and growth rate. The model with variable birth rates matches the observed
lag somewhat better (Fig. 3) but has lower r2 values. It generates a significant positive
correlation when the lag is at least 6 months, and a significant negative correlation when
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Fig. 3 The coefficient of determination r2 of prevalence as a function of lagged density for a range of lags
for the actual data (open circles), and the two simulations shown in Fig. 2 (b’s with variable birth rates, d’s
with variable death rates).

the lag is 0 or 1 month. The model with variable death rates generates a significant positive
correlation when the lag is at least 2 months.

The model results are extremely sensitive to the choice of the contact rate c. Small
increases or decreases lead not only to large changes in the number of infected individuals,
but also to changes in the lag between peaks of population density and of seropositivity,
with higher contact rates generating a substantially shorter lag (Fig. 4).

4. Theory: lags induced by oscillating population size

What aspects of the data produce the observed lags? In this section, we use linear per-
turbation theory to calculate the lags induced by sinusoidal population oscillations with
different periods, and then use Fourier analysis to decompose the observed population
size data into a sum of sinusoidal oscillations to identify key aspects of the data.

4.1. Linear perturbation theory

As described in detail in the Appendix, we assume that the population size N(t) varies in
a small amplitude sinusoidal oscillation around a mean value of N0, or

N(t) = N0 + εα cos(2πωt).

Here, ε is a small parameter, α scales the magnitude of the oscillation, and ω is the fre-
quency of the oscillation. Using the equation for population size (Eq. (3)), we can compute
the small amplitude sinusoidal oscillation describing the birth or death rate, depending on
the case under consideration.
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Fig. 4 Effects of changing the contact rate c on the dynamics of seroprevalence with (a) variable birth
rates, and (b) variable death rates. Parameter values as in Table 2.

Substituting these oscillations into the basic equation for prevalence (Eq. (2)), we can
write

p(t) = p∗ + εZ cos
(
2πω(t − φ)

)
,
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Fig. 5 (a) Comparison of computed lags from the linear theory with the statistically estimated lags from
simulations. Solid squares show simulations with α = 1, a low amplitude oscillation, and open squares
simulations with α = 4, an amplitude comparable to that in the real data. The statistically estimated lags
are those giving the highest r2 value. Parameters were varied separately around the baseline values in
Table 2, with c running from 0.01 to 0.03 in the case with variable birth rates and from 0.02 to 0.06 in
the case with variable birth rates and K running from 0 to 1024. The underlying period is 87 months
throughout. All simulations were run for 240 months. (b) The effect of mean prevalence on the observed
lag, using the parameter values in Table 2 with α = 4 and an underlying period of 87 months throughout.
Open circles show the case with variable birth rates, and solid circles show the case with variable death
rates. (c) The effect of period on the observed lag, using periods in multiples of 12 months from 12 to
84. Other parameters as in Table 2. (d) The effect of K on lags using the parameter values in Table 2
and an underlying oscillation with amplitude 4 and period 87 months, but adjusting c to match the mean
prevalence observed in the data.

where p∗ is the mean prevalence, Z is the scaled amplitude, and φ is the phase shift or lag
induced by the dynamics. We can use methods from perturbation theory to solve explicitly
for Z and φ in terms of the parameter values.

Figure 5a shows that the exact lag from the linear theory compares well with the statis-
tical fits to the simulation, and that higher amplitude oscillations (of a similar magnitude
to those observed) produce longer lags than small amplitude oscillations. Much of the
variation in lags for a fixed period of the population size oscillation is generated by two
factors (Fig. 5b). Higher mean prevalence produces substantially shorter lags as does at-
tributing the variation in population size to variation in the death rate. The observed lag
does not vary linearly with the period of the population size oscillation, but eventually
saturates to a fixed value that depends on the other parameters (Fig. 5c). If we control for
the mean prevalence by adjusting c, larger values of K lead to shorter lags with substan-
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Fig. 6 The slope of the relationship between current density and prevalence, open circles show the case
with variable birth rates, and solid circles show the case with variable death rates. Large circles show
cases with a statistically significant relationship (p < 0.05) and r2 > 0.2, slightly smaller circles show
cases with a statistically significant relationship and r2 <= 0.2, and small circles show cases with an
insignificant relationship. (a) The effect of mean prevalence, using the range of parameters from Fig. 5a.
(b) The effect of K , after controlling for mean prevalence as in Fig. 5d. (c) The effect of the underlying
period on r2 over the range of parameters used in Fig. 5c. (d) The effect of the amplitude of the density
oscillation. The data have an amplitude of about 4.0.

tially higher r2 values, except that small values of K and variation in birth rates leads to
a lag of zero (Fig. 5d).

Using the same range of parameter values, we can check for a significant correla-
tion between prevalence and population size in the absence of a lag by regressing p(t)

against N(t). Both the significance and slope of the relationship are generally lower with
low prevalence, and low prevalence in combination with variation in birth rates produces
a significant negative relationship (Fig. 6a). Smaller values of K , and thus frequency-
dependent transmission, have a lower value of the slope (Fig. 6b). With variation in death
rates, we observe a stronger positive relationship when the underlying period is large
(Fig. 6c). With variation in birth rates, we observe a stronger negative relationship when
the underlying period is small (Fig. 6c). Finally, the strength of the relationship is weaker
when the amplitude of the oscillation is large (Fig. 6d).

4.2. Fourier analysis

We used Fourier analysis to determine the underlying periods in the smoothed population
data from Yates et al. (2002). The dominant modes are the longer periods, and much of
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Fig. 7 The effect of including more Fourier modes in the approximation of the density dynamics.

the pattern of variation is captured by the first three modes (with periods of 87 months, 87
2

months, and 87
3 months) (Fig. 7). However, the predicted lag is decreased by the higher

modes, taking on a value of 22 months with only the lowest mode, and a value of 16
months when the higher modes are included. The observed lag thus results not only from
the fact that the data have a single peak, and are thus fit by a single sinusoidal oscillation,
but also to the nonsinusoidal shape of the population size trajectory.

5. Discussion

The time lag between population size and prevalence in horizontally transmitted diseases
is determined by the interplay between dilution, the reduced prevalence caused by periods
of rapid population growth in the absence of vertical transmission, and increased trans-
mission at higher density. A simple model tracks prevalence as a function of population
size, and derives host birth and death rates from the population trajectory itself in two
ways: assigning all variation to the birth rate while keeping the death rate constant, or as-
signing all variation to the death rate while keeping the birth rate constant. When the host
population follows a small amplitude sinusoidal oscillation, we can analytically calculate
the lag between population size and prevalence.

We find that the lag is not a simple function of the host demographic parameters, but
is sensitive to the details of host population size variation, the mean prevalence, and the
assignment of variation to host birth or death rates. Significant lags using reasonable para-
meter values range from 0 to 18 months, with longer lags associated with larger amplitude
population oscillations (Fig. 5a), lower prevalence (Fig. 5b), longer underlying periods
(Fig. 5c), and frequency-dependent transmission (Fig. 5d). Assignment of host popula-
tion variation to changes in birth rates also increases the duration of the lag. This effect
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is not due to differences in total population size (which is matched to the observed pop-
ulation size in each case), but rather to the differences in age structure, with many young
uninfected mice appearing during periods of growth. These lags often greatly exceed the
lifespan of individual hosts, resulting from the slow increase or decrease in prevalence in
the whole population.

A simple model provides a reasonably good quantitative fit to published data (Yates
et al., 2002), but is highly sensitive to the contact rate parameter (Fig. 4). Using Fourier
analysis to decompose the data into a sum of sinusoidal oscillations captures the main
trends, but the subtler details of the population trajectory affect the observed lag (Fig. 7).

Although the optimal lag is rarely zero, there is often a significant correlation between
current density and prevalence in a given time series. However, with variation in birth
rates, the relationship is predicted to switch from negative to positive when the prevalence
increases through about 10%. Interestingly, the prevalences reported in studies that looked
for such correlations lie in this range (Table 1). Given the many differences in study site
and study system, it is less than surprising that there is no trend among these observed
values.

Our simple model neglects many factors known to be important in the dynamics of
SNV. Males typically have higher prevalence and presumably higher effective contact
rates (Allen et al., 2006). Age and size also play important roles, with older rodents some-
times proving crucial to the persistence of the disease (Calisher et al., 2001), and larger
males having higher prevalence (Boone et al., 1998; Abbott et al., 1999). Alternative
mechanisms of transmission, through the environment (Sauvage et al., 2003) or through
other reservoir species (Keesing et al., 2006) can have major damping effects of the dy-
namics of prevalence. Finally, some evidence indicates that infectiousness changes with
time since infection (Botten et al., 2002; Kuenzi et al., 2005). Given the extreme sensitiv-
ity of the results to the contact rate, this complication warrants further investigation.

Spatial effects are likely to be important in several ways. First, movement of infected
animals is common (Root et al., 2003), with one study showing that mobile animals typi-
cally have higher prevalence (Escutenaire et al., 2000). Second, the disease may persist in
spatial refugia during periods of low population and prevalence (Mills et al., 1999), and
recolonize from those regions during periods of population increase, leading to longer
lags (Abramson and Kenkre, 2002). Finally, small scale variation in weather and habitat
can lead to desynchronized dynamics over small spatial scales, and movement can lead to
complex patterns (Engelthaler et al., 1999; Glass et al., 2000).

A full appreciation of the dynamics of hantavirus in wild populations of mice will
almost certainly require longer time series of higher resolution data, including information
on sex, age and size of the individuals sampled, on the seroprevalence of and contact
rates with alternative reservoir species, and on the environmental covariates known to be
important in altering dynamics. Whether such detailed information will enable us to more
accurately predict future outbreaks of hantavirus infections in humans remains to be seen.

Appendix A:

Consider the basic model for prevalence given by Eq. (2),

dp

dt
= cg(N)p(1 − p) − bp
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and assume that

N(t) = N0 + εn(t)

for some small parameter ε. From Eq. (3), we have that

dN

dt
= (

b(t) − δ(t)
)
N.

Assume that

b(t) = b0 + εx(t),

δ(t) = b0 + εw(t).

We have set the mean birth and death rates equal in order to maintain a constant average
population size. Then the per capita reproduction is

dN
dt

N
= εn′(t)

N0 + εn(t)
= b(t) − δ(t).

We examine two cases, as in the analysis of the data. With a variable birth rate b(t)

and a constant death rate δ(t),

x(t) = n′(t)
N0 + εn(t)

≈ n′(t)
N0

, (A.1)

w(t) = 0 (A.2)

by neglecting higher order terms in ε. With a variable death rate δ(t) and a constant death
rate b(t),

x(t) = 0, (A.3)

w(t) = −n′(t)
N0 + εn(t)

≈ −n′(t)
N0

. (A.4)

We can use these expansions to expand p(t) around its stable equilibrium p∗ when
ε = 0, where

p∗ =
{

1 − b0
cg(N0)

if cg(N0) ≥ b0,

0 if cg(N0) < b0.
(A.5)

Assuming p∗ > 0, set

p(t) = p∗ + εz(t).

Expanding and retaining only terms of order ε gives

dz

dt
= (

cg′(N0)p
∗(1 − p∗)n(t) − x(t)p∗) + (

cg(N0)(1 − 2p∗) − b0
)
z(t). (A.6)
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Now assume that n(t) is an oscillation with amplitude α and period T = 1
ω

, or

n(t) = α cos(2πωt).

Then

dz

dt
= A cos(2πωt) + B sin(2πωt) + Cz(t), (A.7)

where

A = αcg′(N0)p
∗(1 − p∗),

B =
{

2πωαp∗
N0

with variable birth rates,
0 with variable death rates,

C = cg(N0)(1 − 2p∗) − b0.

(A.8)

Assuming p∗ is positive, and that the disease can persist, we can use Eq. (A.5) to substitute
for p∗ and rewrite the coefficient C as

C = −cg(N0)p
∗ < 0.

Equation (A.7) is linear and can be solved explicitly as

z(t) = KeCt + (2Aπω − BC) sin(2πωt) − (AC + 2Bπω) cos(2πωt)

C2 + (2πω)2
. (A.9)

The exponential term decays to zero because C < 0. To find the lag φ and the amplitude
Z induced by the dynamics, we write the oscillatory part as

z(t) = Z cos
(
2πω(t − φ)

)
.

We can solve for Z and φ as

Z =
√

A2 + B2

C2 + (2πω)2
,

φ = tan−1(BC−2Aπω
AC+2Bπω

)

2πω
.

We can use the formulas for the coefficients A, B and C in the two cases to find the lags.
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