
Math 2210 #6 

Vector-Valued Functions and 

Curvilinear Motion 

 
 
 
 
 

A vector-valued function associates a vector output, 𝐹⃗(𝑡), to a scalar input. 

i.e 𝐹⃗(𝑡) = 𝑓(𝑡)𝑖 + 𝑔(𝑡)𝑗 = ⟨𝑓(𝑡), 𝑔(𝑡)⟩  (in 2D) 
where 𝑓 and 𝑔 are real-valued functions of 𝑡 
or         (in 3D). 

Definition 

lim𝑡→𝑐  𝐹⃗(𝑡) = 𝐿⃗⃗ means that for every 𝜀 > 0 there is a corresponding 𝛿 > 0 such that 

‖𝐹⃗(𝑡) − 𝐿⃗⃗‖ < 𝜀, provided 0 < |𝑡 − 𝑐| < 𝛿 , i.e. 

0 < |𝑡 − 𝑐| < 𝛿 ⇒ ‖𝐹⃗(𝑡) − 𝐿⃗⃗‖ < 𝜀 

Theorem A 

Let 𝐹⃗(𝑡) = 𝑓(𝑡)𝑖 + 𝑔(𝑡)𝑗. Then 𝐹⃗ has a limit at c iff 𝑓 and 𝑔 have limits at 𝑐 and 

lim
𝑡→𝑐

 𝐹⃗(𝑡) = [lim
𝑡→𝑐

 𝑓(𝑡)] 𝑖 + [lim
𝑡→𝑐

 𝑔(𝑡)] 𝑗 

 
 

Continuity ⇒ 𝐹⃗(𝑡) is continuous at 𝑡 = 𝑐 if lim
𝑡→𝑐

 𝐹⃗(𝑡) = 𝐹⃗(𝑐). 

Derivative ⇒ 𝐹⃗′(𝑡) = lim
ℎ→0

 
𝐹⃗(𝑡+ℎ)−𝐹⃗(𝑡)

ℎ
 

  



Differentiation Formulas 

𝐹
⇀

(𝑡) & 𝐺
⇀

(𝑡) are differentiable 𝑐 ∈ ℜ, ℎ(𝑡) is differentiable 

1. 𝐷𝑡[𝐹⃗(𝑡) + 𝐺(𝑡)] = 𝐹⃗′(𝑡) + 𝐺⃗′(𝑡) 

2. 𝐷𝑡[𝑐𝐹⃗(𝑡)] = 𝑐𝐹⃗′(𝑡) 

3. 𝐷𝑡[ℎ(𝑡) ⋅ 𝐹⃗(𝑡)] = ℎ(𝑡) ⋅ 𝐹⃗′(𝑡) + ℎ′(𝑡) ⋅ 𝐹⃗(𝑡) 

4. 𝐷𝑡[𝐹⃗(𝑡) ⋅ 𝐺⃗(𝑡)] = 𝐹⃗(𝑡) ⋅ 𝐺⃗′(𝑡) + 𝐹⃗′(𝑡) ⋅ 𝐺⃗(𝑡) 

5. 𝐷𝑡[𝐹⃗(ℎ(𝑡))] = 𝐹⃗′(ℎ(𝑡)) ⋅ ℎ′(𝑡) 

 

Integration Formula 

∫  𝐹⃗(𝑡)𝑑𝑡 = [∫  𝑓(𝑡)𝑑𝑡] 𝑖 + [∫  𝑔(𝑡)𝑑𝑡] 𝑗 

 
 
 

EX 1 

 Find 

lim
𝑡→∞

  [
𝑡sin 𝑡

𝑡2
𝑖 −

7𝑡3

𝑡3 − 3𝑡
𝑗] 

 
 
 
 
 

EX 2 

 Find 𝐹⃗′(𝑥) and 𝐹⃗′′(𝑥) for 𝐹⃗(𝑥) = (𝑒𝑥 + 𝑒−𝑥2
)𝑖 + cos (2𝑥)𝑗. 

  



EX 3 

𝑓(𝑦) = (𝑡𝑎𝑛2 𝑦)𝑖̂ + 𝑠𝑖𝑛2 (𝑡𝑎𝑛2 𝑦)𝑗̂ + 3𝑦𝑘̂ 

Find 𝑓′(𝑦). 

  



 

 

 
𝑟(𝑡) is position vector at any time 𝑡 along a curve 
given by 

𝑥 = 𝑥(𝑡) and 𝑦 = 𝑦(𝑡). 

𝑟(𝑡) = 𝑥(𝑡)𝑖 + 𝑦(𝑡)𝑗

𝑣⃗(𝑡) = 𝑟′(𝑡) = 𝑥′(𝑡)𝑖 + 𝑦′(𝑡)𝑗

𝑎⃗(𝑡) = 𝑣⃗′(𝑡) = 𝑟′′(𝑡) = 𝑥′′(𝑡)𝑖 + 𝑦′′(𝑡)𝑗

 

 

 

 

 

 

 

 
 
 
 
 
 

  



EX 4 

 Given 𝑟(𝑡) = (4sin 𝑡)𝑖 + (8cos 𝑡)𝑗, 

4a) 

 Find 𝑣⃗(𝑡) and 𝑎⃗(𝑡). 

 

 

 

 

4b) 

 Find the speed when 𝑡 = 𝜋/4. 

 

 
 

4c) 

 
 Sketch a portion of the graph of 𝑟(𝑡) containing the position 𝑃 of the particle at 𝑡 = 𝜋/4. 
Draw 𝑣⃗ and 𝑎⃗ at 𝑃 as well. 

  



EX 5 

 Suppose that an object moves around a circle with center at (0,0) and radius 𝑟 at a 
constant angular speed of 𝜔 radians/sec. If its initial position is (0, 𝑟), find its 
acceleration. 

 
 
 
 
 
 
 
 


