
Math 2210 #25 

Change of Variables 

 (Jacobian Method) 

 
 
Transformations from a region 𝐺 in the 𝑢𝑣-plane to the region 𝑅 in the 𝑥𝑦-plane are done 
by equations of the form 

𝑥 = 𝑔(𝑢, 𝑣)

𝑦 = ℎ(𝑢, 𝑣).
 

 

 

EX 1 

𝑥 =
𝑢+𝑣

2
, 𝑦 =

𝑢−𝑣

2
, 𝐺 is the rectangle given by 

0 ≤ 𝑢 ≤ 1
0 ≤ 𝑣 ≤ 1. 

 

 

    



How is the integral of 𝑓(𝑥, 𝑦) over 𝑅 related to the integral of 𝑓(𝑔(𝑢, 𝑣), ℎ(𝑢, 𝑣)) over 𝐺? 

∬  
𝑅

𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = ∬  
𝐺

𝑓(𝑔(𝑢, 𝑣), ℎ(𝑢, 𝑣))|𝐽(𝑢, 𝑣)|𝑑𝑢𝑑𝑣 

 

where 𝐽(𝑢, 𝑣) = |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

| =
𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣
−

𝜕𝑦

𝜕𝑢

𝜕𝑥

𝜕𝑣
 

 

EX 2 

 For polar coordinates, 𝑥 = 𝑟 cos 𝜃 , 𝑦 = 𝑟 sin 𝜃, what is 𝐽(𝑟, 𝜃) ? 

𝐽(𝑟, 𝜃) = |

𝜕𝑥

𝜕𝑟

𝜕𝑥

𝜕𝜃
𝜕𝑦

𝜕𝑟

𝜕𝑦

𝜕𝜃

| 

 

 

 

 

 

 

EX 3 

 Evaluate ∬  
𝑅

co s(𝑥 − 𝑦) si n(𝑥 + 𝑦) 𝑑𝐴 where 𝑅 is the triangle in the xy-plane with 

vertices at (0,0), (π, −π) and (π, 𝑝𝑖). Use the change of variables 𝑢 =  𝑥 − 𝑦 and  
𝑣 =  𝑥 + 𝑦. 

 

 

  



EX 4 

 Evaluate ∬  
𝑅

5(𝑥2 + 𝑦2)𝑑𝑥𝑑𝑦  where 𝑅 is the region in 𝑄𝐼 bounded by  

𝑥2 + 𝑦2 = 9, 𝑥2 + 𝑦2 = 16, 𝑦2 − 𝑥2 = 1, 𝑦2 − 𝑥2 = 9. 

Hint: Use 𝑢 = 𝑥2 + 𝑦2 and 𝑣 = 𝑦2 − 𝑥2 to transform 𝑅 into a much nicer region ( 𝐺 ). 

  



Change of variables in 3 dimensions. 
If 𝑥 = 𝑔(𝑢, 𝑣, 𝑤) 
𝑦 = ℎ(𝑢, 𝑣, 𝑤) 
𝑧 = 𝑗(𝑢, 𝑣, 𝑤) 
then 

∭  
𝑅

 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 = ∭  
𝐺

 𝑓(𝑔(𝑢, 𝑣, 𝑤), ℎ(𝑢, 𝑣, 𝑤)𝑗(𝑢, 𝑣, 𝑤))|𝐽(𝑢, 𝑣, 𝑤)|𝑑𝑢𝑑𝑣𝑑𝑤

𝐽(𝑢, 𝑣, 𝑤) =
|

|

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥

𝜕𝑤
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

𝜕𝑤
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑧

𝜕𝑤

|

|  

EX 5 

 Let's check the Jacobian for spherical 
coordinates. 

𝑥 = ρ cos θ sin φ

𝑦 = ρ sin θ sin φ

𝑧 = ρ cos φ

𝐽(ρ, θ, φ) =

|

|

∂𝑥

∂ρ

∂𝑥

∂θ

∂𝑥

∂φ
∂𝑦

∂ρ

∂𝑦

∂θ

∂𝑦

∂φ
∂𝑧

∂ρ

∂𝑧

∂θ

∂𝑧

∂φ

|

| 

 
 


