
Math 2210 #24 

Triple Integrals in Cylindrical 

and Spherical Coordinates 

Triple Integrals (Cylindrical and Spherical Coordinates) 

 

∭ 
𝑆

𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 = ∫  
𝜃21

𝜃1

∫  
𝑟2(𝜃)

𝑟1(𝜃)

∫  
𝑔2(𝑟,𝜃)

𝑔1(𝑟,𝜃)

𝑓(𝑟 cos 𝜃 , 𝑟 sin 𝜃 , 𝑧)𝑟𝑑𝑧𝑑𝑟𝑑𝜃 

Note: Remember that in polar coordinates 𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃. 

EX 1 

 Find the volume of the solid bounded above by the sphere 𝑥2 + 𝑦2 + 𝑧2 = 9, below by 
the plane 𝑧 = 0 and laterally by the cylinder 𝑥2 + 𝑦2 = 4. (Use cylindrical coordinates.) 

EX 2 

 Find ∭  
𝑆

𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 for 𝑓(𝑥, 𝑦, 𝑧) = 𝑧2√𝑥2 + 𝑦2 and 

S = {(𝑥, 𝑦, 𝑧) ∣ 𝑥2 + 𝑦2 ≤ 4, −1 ≤ 𝑧 ≤ 3} 



Spherical Coordinates 

 

∭𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉
𝑆

= ∫ ∫ ∫ 𝑓(ρ sin ϕ cos θ , ρ sin ϕ sin θ , ρ cos ϕ)ρ2
ψ2(θ,ϕ)

ψ1(θ,ϕ)

sin ϕ 𝑑ρ𝑑θ𝑑ϕ
𝑔2(ϕ)

𝑔1(ϕ)

ϕ2

ϕ1

= ∭𝑓
𝑆

ρ2 sin ϕ 𝑑ρ𝑑θ𝑑ϕ

 

 

 

EX 3 

Find ∭ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉
𝑆

 for 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 on 𝑆 =  {(𝑥, 𝑦, 𝑧) | 𝑥^2 +  𝑦^2 +  𝑧^2 ≤ 1} 

 



EX 4 

 Find the volume of the solid inside the sphere 

𝑥2 + 𝑦2 + 𝑧2 = 16, outside the cone, 𝑧 = √𝑥2 + 𝑦2, and above the 𝑥𝑦-plane. 

 
 
 
 
 
 
 
 


