[bookmark: local_extrema]Math 1210 #18
Local Extrema
[bookmark: definition]Definition
Let  be the domain of  such that  is an element of .
Then,
1.  is a local maximum value of  if there exists an interval  containing  such that  is the maximum value of  on .
2.  is a local minimum value of  if there exists an interval (  ) containing  such that  is the minimum value of  on .
3.  is a local extreme value of  if it is either a local maximum or local minimum value.

[image: Illustration of local vs. global extrema on a function curve. 
A thick blue curve is drawn on x–y axes and several points are color-labeled. On the left, the curve rises to a green-labeled “Local max” and then dips to a red-labeled “Local min”. It rises again to another green “Local max”, then falls to the lowest point labeled “Global min” (red). The curve then rises to a black point labeled “Not an extreme value” (a point on an increasing section, not a peak or valley). Farther right, the curve climbs to the highest point labeled “Global max” (green), then descends to a red-labeled “Local min” near the right edge.]
How do we find the local extrema?
[bookmark: first_derivative_test]First Derivative Test
Let  be continuous on an open interval  that contains a critical -value.
1. If  for all  on (  ) and  for all  on (  ), then  is a local maximum value.
2. If  for all  on  and  for all  on , then  is a local maximum value.
3. If  has the same sign on both sides of , then  not a maximum nor a minimum value.

[image: Illustration of extrema on a function graph (local vs. global). 

A thick blue curve on x–y axes has labeled points: a green “Local max” on the left, a nearby red “Local min”, then a higher green “Local max”. The curve drops to its lowest valley labeled “Global min” (red), then rises to a black point labeled “Not an extreme value” on an increasing segment. It continues upward to the highest peak labeled “Global max” (green) and then drops to a red “Local min” at the far right.]
EX 1
 Determine local maximum and minimum points for .








EX 2
 Find all local maximum and minimum points for  on .




[bookmark: theorem_second_derivative_test]Theorem: Second Derivative Test
Let  and  exist at every point on the interval  containing  and .
1. If , then  is a local maximum.
2. If , the  is a local minimum.
EX 3
 Find all critical points for .








EX 4
 Find local and global extrema for  on .







EX 5
 Let  be continuous such that  has the following graph.
Try to sketch a graph of  and answer these questions.
[image: Graph labeled f′(x) showing two separate red curve branches on dotted axes.

For x < 0, the curve is U-shaped: it crosses the x-axis near x = −3 and x = −1, reaches a minimum below the x-axis around x = −2, and then rises sharply upward as x approaches 0 from the left (arrow indicates it grows very large). For x > 0, a separate inverted-arch branch comes up from very negative values near x = 0 (downward arrow), rises to a peak near x = 2 that touches or nearly touches the x-axis, and then falls back downward to very negative values as x moves past about x = 3 (another downward arrow). The x-axis tick labels shown are −3, −2, −1, 1, 2, and 3, and a dotted vertical line marks x = 0.]
5a)
Where is  increasing?
5b)
Where is f decreasing?
5c)
Where is  concave up?
5d)
Where is  concave down?
5e)
Where are inflections points?
5f)
Where are local max/min values?
[image: Horizontal number line with tick marks labeled −3, −2, −1, 1, 2, 3; dotted axes intersect at 0, with vertical axis labeled f(x) and horizontal axis labeled x.
]
[image: Graph demonstrating where local extrema occur when f′(x) is zero vs. undefined. 

A smooth blue curve is plotted on x–y axes with four labeled x-values a, b, c, and d marked on the x-axis, each with a dotted vertical line up to the curve. At x = a the curve is at a local minimum and is labeled “Local minimum [f′(a) = 0]”. At x = b the curve reaches a local maximum labeled “Local maximum [f′(b) = 0]”. At x = c the curve has a sharp/pointed local minimum labeled “Local minimum [f′(c) is undefined]”. At x = d the curve has a sharp/pointed local maximum labeled “Local maximum [f′(d) is undefined]”.]
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