[bookmark: monotonicity_and_concavity]Math 1210 #17
Monotonicity and Concavity

[bookmark: definition]Definition
Let  be defined on an interval I, (open, closed or neither), we say that:
1.  is increasing on I if for every  in I  implies .
2.  is decreasing on I if for every  in I  implies .
3.  is strictly monotonic on  if it is either increasing or decreasing on .
[bookmark: monotonicity_theorem]Monotonicity Theorem
Let  be continuous on the interval, I and differentiable everywhere inside I.
1. if  for all  on the interval, then  is increasing on that interval.
2. if  for all  on the interval, then  is decreasing on that interval.


EX 1
 For each function, determine where  is increasing and decreasing.
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EX 2
 Where is  increasing and decreasing on the interval  ?








Definition
Let  be differentiable on an open interval, .
 is concave up on I if  is increasing on , and
 is concave down on  if  is decreasing on .

[image: Coordinate axes with a parabola opening upward

The U-shaped curve is positioned mostly to the right of the y-axis, with its vertex (lowest point) above the x-axis. The left arm of the parabola passes near the y-axis at a positive y-value, and the right arm rises steeply as x increases. Tick marks are shown on both axes but no numeric labels are provided.] [image: Coordinate axes with an increasing, concave-down curve resembling a logarithmic function

The curve approaches a vertical asymptote at an x-value left of the y-axis (the curve drops steeply downward near that vertical line). As x increases, the curve crosses into positive y-values and then continues rising slowly and flattening out toward the right. Tick marks appear on the axes without numeric labels.]


[image: Coordinate axes with an increasing S-shaped curve (cubic-like)

The curve comes from the lower left (negative y), crosses upward through the region near the y-axis, levels off briefly in the middle (flatter slope), and then rises steeply to the upper right. Tick marks are shown on both axes but no numeric labels are included.]





Concavity Theorem
Let  be twice differentiable on an open interval, I.
If  for all  on the interval, then  is concave up on the interval.
If  for all  on the interval, then  is concave down on the interval.









EX 3
 Determine where this function is increasing, decreasing, concave up and concave down.









Inflection Point
Let  be continuous at . We call (  ) an inflection point of  if  is concave up on one side of  and concave down on the other side of .

[image: Piecewise function graph on an x–y coordinate system

The x-axis is marked at 0, a, b, c, and d, dividing the horizontal axis into five labeled subintervals shown underneath as A, B, C, D, and E (from left to right). The curve starts left of 0, rises and then dips; a filled dot marks the function value at x = a. Between a and b the curve forms a smooth valley; near x = b it rises to a sharp peak/cusp and then dips again. As x approaches c from the left, the curve rises very steeply (suggesting it blows up). A dashed vertical line is drawn at x = c, and an open circle at x = c indicates the point is not included there. To the right of c, the curve starts from the open circle, rises to a rounded hump, then descends to a filled dot at x = d, continues down to a valley, and finally rises steeply again toward the far right.]


Inflection points will occur at -values for which  or  is undefined.

EX 4
 For this function, determine where it is increasing and decreasing, where it is concave up and down, find all max/min and inflection points. Use this information to sketch the graph.

[image: Blank coordinate grid on a dashed square lattice.

The x-axis runs horizontally with labeled numbers from about −5 on the left to 9 on the right; the y-axis runs vertically with labeled numbers from about −4 at the bottom to 8 at the top. The grid is empty (no plotted points or curves), serving as graph paper for drawing a function.]
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