Accurate Hyp erb olic T angen t Computation

Nelson H. F. Beeb e

Cen ter for Scien tific Computing

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

USA

T el: +1 801 581 5254

F AX: +1 801 581 4148

In ternet: b eeb e@math.utah.edu

20 April 1993

V ersion 1.07

Abstract

These notes for Mathematics 119 describ e the Co dy-W aite algorithm for ac-

curate computation of the h yp erb olic tangen t, one of the simpler elemen tary

functions.

Con ten ts

1 In tro duction 1

2 The plan of attac k 1

3 Prop erties of the h yp erb olic tangen t 1

4 Iden tifying computational regions 3

4.1 Finding x

small

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

4.2 Finding x

medium

. . . . . . . . . . . . . . . . . . . . . . . . . . . 4

4.3 Finding x

large

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

4.4 The rational p olynomial . . . . . . . . . . . . . . . . . . . . . . . 6

5 Putting it all together 7

6 Accuracy of the tanh() computation 8

7 T esting the implemen tation of tanh() 9

List of Figures

1 Hyp erb olic tangen t, tanh(x). . . . . . . . . . . . . . . . . . . . . 2

2 Computational regions for ev aluating tanh(x). . . . . . . . . . . . 4

3 Hyp erb olic cosecan t, csc h(x). . . . . . . . . . . . . . . . . . . . . 10

List of T ables

1 Exp ected errors in p olynomial ev aluation of tanh(x). . . . . . . . 8

2 Relativ e errors in tanh(x) on Con v ex C220 (Con v exOS 9.0). . . . 15

3 Relativ e errors in tanh(x) on DEC MicroV

AX 3100 (VMS 5.4). . 15

4 Relativ e errors in tanh(x) on Hewlett-P ac k ard 9000/720 (HP-UX

A.B8.05). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5 Relativ e errors in tanh(x) on IBM 3090 (AIX 370). . . . . . . . . 15

6 Relativ e errors in tanh(x) on IBM RS/6000 (AIX 3.1). . . . . . . 16

7 Relativ e errors in tanh(x) on MIPS R

C3230 (RISC/os 4.52). . . 16

8 Relativ e errors in tanh(x) on NeXT (Motorola 68040, Mac h 2.1). 16

9 Relativ e errors in tanh(x) on Starden t 1520 (OS 2.2). . . . . . . . 16

10 Effect of rounding direction on maxim um relativ e error in tanh(x)

on Sun 3 (SunOS 4.1.1, Motorola 68881 floating-p oin t). . . . . . 17

11 Effect of rounding direction on maxim um relativ e error in tanh(x)

on Sun 386i (SunOS 4.0.2, In tel 387 floating-p oin t). . . . . . . . . 17

12 Effect of rounding direction on maxim um relativ e error in tanh(x)

on Sun SP AR Cstation (SunOS 4.1.1, SP AR C floating-p oin t). . . 18

i

1 In tro duction

The classic b o oks for the computation of elemen tary functions, suc h as those

defined in the F ortran and C languages, are those b y Co dy and W aite [2] for

basic algorithms, and Hart et al [3] for p olynomial appro ximations.

In this rep ort, w e shall describ e ho w to compute the h yp erb olic tangen t,

normally a v ailable in F ortran as the functions tanh() and dtanh(), and in C

as the double precision function tanh().

In a previous rep ort [1], I ha v e sho wn ho w the square ro ot function can b e

computed accurately and rapidly

, and then tested using the ELEFUNT test

pac k age dev elop ed b y Co dy and W aite. F amiliarit y with the material in that

rep ort will b e helpful in follo wing the dev elopmen ts here.

2 The plan of attac k

Computation of the elemen tary functions is usually reduced to the follo wing

steps:

1. Use mathematical prop erties of the function to reduce the range of argu-

men ts that m ust b e considered.

2. On the in terv al for whic h computation of the function is necessary

, iden tify

regions where differen t algorithms ma y b e appropriate.

3. Giv en an argumen t, x, reduce it to the range for whic h computations

are done, iden tify the region in whic h it lies, and apply the appropriate

algorithm to compute it.

4. Compute the function v alue for the full range from the reduced-range v alue

just computed.

In the third step, the function v alue ma y b e appro ximated b y a lo w-accuracy

p olynomial, and it will b e necessary to apply iterativ e refinemen t to bring it up

to full accuracy; that w as the case for the square ro ot computation describ ed in

[1].

3 Prop erties of the h yp erb olic tangen t

The h yp erb olic functions ha v e prop erties that resem ble those of the trigonomet-

ric functions, and consequen tly , they ha v e similar names. Here are definitions

of the three basic h yp erb olic functions:

sinh(x) = (exp(x) − exp(−x))/2

cosh(x) = (exp(x) + exp(−x))/2

tanh(x) = sinh(x)/ cosh(x)

= (exp(x) − exp(−x))/(exp(x) + exp(−x)) (1)

Three auxiliary functions are sometimes used:

csc h(x) = 1/ sinh(x)

sec h(x) = 1/ cosh(x)

coth(x) = 1/ tanh(x)

The follo wing additional relations for the h yp erb olic tangen t, and for the dou-

bled argumen t, will b e useful to us:

tanh(x) = − tanh(−x) (2)

tanh(x) = x − x

3

/3 + (2/15)x

5

+ · · · (|x| < π /2) (3)

d tanh(x)/dx = sec h(x)

2

(4)

sinh(2x) = 2 sinh(x) cosh(x) (5)

While sinh(x) and cosh(x) are un b ounded as x → ∞, tanh(x) b eha v es v ery

nicely . F or x large in absolute v alue, | tanh(x)| → 1, and for x small in absolute

v alue, tanh(x) → x. The graph of tanh(x) is sk etc hed in Figure 1.

x tanh(x)

+1

−1 x = − 20 x = +20

Figure 1: Hyp erb olic tangen t, tanh(x).

The tanh() function is useful as a data compression function, since it squashes

the in terv al −∞ ≤ x ≤ ∞ on to −1 ≤ x ≤ 1, with relativ ely little distortion

for small x. F or example, in preparing a mesh plot of a function with p eaks of

wildly-differen t heigh ts, it ma y b e useful to first tak e the h yp erb olic tangen t of

the function; big p eaks will still b e big, but the details of the smaller p eaks will

b e preserv ed.

4 Iden tifying computational regions

Because of equation (2) in the last section, w e need only concern ourselv es with

p ositiv e x; for negativ e x, w e can compute the function for |x|, and then just

flip the sign of the computed result.

Because tanh(x) is nicely b ounded for all real x, w e need tak e no sp ecial

precautions for the sp ecial case of x = ∞. Indeed, for relativ ely mo dest x, sa y

x ≥ x

large

, w e can just return tanh(x) = 1; w e will shortly sho w just where w e

can do this.

F or somewhat smaller x v alues in the range x

medium

≤ x < x

large

, w e can

reduce equation (1) b y first m ultiplying through b y exp(x), then adding and

subtracting 2 in the n umerator to obtain

tanh(x) = 1 −

2

1 + exp(2x)

In the implemen tation, w e will actually compute this as

temp = 0.5 −

1

1 + exp(2x)

(6)

tanh(x) = temp + temp (7)

whic h a v oids loss of leading bits on mac hines that ha v e w obbling precision from

bases larger than B = 2 (e.g. IBM mainframe).

F or ev en smaller x in x

small

≤ x < x

medium

, the subtraction in the last

equation causes accuracy loss, so w e switc h to an accurate rational p olynomial

appro ximation dev elop ed b y Co dy and W aite.

Finally

, for x in 0 ≤ x < x

small

, w e will use the T a ylor’s series expansion,

equation (3), truncated to the first term, tanh(x) = x.

In summary

, our computational regions are illustrated in the sk etc h in Fig-

ure 2.

In the next three sections, w e sho w ho w to determine suitable v alues for the

b oundary v alues: x

small

, x

medium

, and x

large

.

4.1 Finding x

small

Rewrite the T a ylor’s series, equation (3), as

tanh(x) = x(1 − x

2

/3 + (2/15)x

4

+ · · ·) (|x| < π /2)

* Double precision

g = x * x

R = g * ((p(2) * g + p(1)) * g + p(0)) /

& (((g + q(2))*g + q(1)) * g + q(0))

dtanh = x + x * R

It is imp ortant not to try to e c onomize by r ewriting the last expr ession as x(1 +

R ); that in tro duces accuracy loss on mac hines with w obbling precision from

floating-p oin t bases larger than B = 2.

Co dy and W aite’s rational form requires four m ultiplications, three addi-

tions, and one division in single precision, and sev en m ultiplications, six addi-

tions, and one division in double precision.

Y ou migh t w onder, why do we not just use the T aylor’s series in this r e gion?

Here is the explanation.

The T a ylor’s series terms drop b y p o w ers of t w o, and con v ergence will b e

slo w est for the largest x v alue in the region, namely x = x

medium

≈ 0.55. That

n um b er is ab out 1/2, so eac h successiv e term in the T a ylor’s series will b e ab out

1/4 the size of the preceding term. That is, eac h term will ha v e ab out 2 more

leading zero bits than the previous term.

With t = 53 (IEEE double precision), w e will ha v e to sum ab out 53/2 = 27

terms of the series b efore it has con v erged satisfactorily

. Ev en if w e use Horner’s

nested m ultiplication form, this will tak e ab out 30 m ultiplications and 30 addi-

tions, whic h is ab out fiv e times more exp ensiv e than the rational appro ximation.

Also, recall that eac h arithmetic op eration p oten tially in tro duces an error of

ab out 0.5 base-B digit in the computed result, and that coupled with the fact

that the T a ylor’s series terms alternate in sign, while the Co dy-W aite p olyno-

mials ha v e uniform sign, means that the T a ylor’s series will in practice b e less

accurate.

5 Putting it all together

W e no w ha v e all of the pieces that w e need to dev elop a program for the ev alu-

ation of the h yp erb olic tangen t.

Our program will first c hec k for the case of a negativ e argumen t, so that

w e can use the in v ersion form ula, equation (2), to allo w computation only for

non-negativ e x. Then w e need to c hec k for the p ossibilit y that x is an IEEE

NaN, in whic h case, w e m ust generate a run-time NaN that the caller can trap.

F ollo wing that, w e simply fill in the remaining branc hes of a blo c k-IF statemen t

with the co de for eac h of the four regions w e iden tified.

F or the time b eing, this job is b eing left as an assignmen t for the class to

complete.

6 Accuracy of the tanh() computation

In the regions 0 ≤ x < x

small and x

large

≤ x ≤ ∞, tanh() reduces to either x or

1, and so ma y b e regarded as exact.

In the rational p olynomial region, x

small

≤ x < x

medium

, accuracy is limited

b y the accuracy of the rational p olynomial. Co dy and W aite’s appro ximation

is go o d to t = 60 bits, whic h is 7 more than w e ha v e in IEEE double precision,

so in that region to o the error is exp ected to b e quite small, arising only from

the few arithmetic op erations needed to construct the rational appro ximation.

With the default rounding of IEEE 754 arithmetic, the a v erage error of a

binary floating-p oin t op eration is zero bits, and the maxim um error is 0.5 bits.

With truncating arithmetic, suc h as that of IBM mainframes, the a v erage error

is 0.5 bits, and the maxim um error, 1 bit. F rom the co de fragmen ts on page 6,

the single precision computation tak es eigh t op erations, and the double-precision

computation, fourteen op erations. The exp ected errors are summarized in T a-

ble 1. The differences b et w een rounding and truncating arithmetic are striking

evidence of wh y rounding is generally preferred.

T able 1: Exp ected errors in p olynomial ev aluation of tanh(x ).

precision arithmetic a v erage error maxim um error

(bits) (bits)

single rounding 0 4

truncating 4 8

double rounding 0 7

truncating 7 14

The third region, x

medium

≤ x < x

large

, is the questionable one. Here, w e

use the nativ e F ortran exp() or dexp() functions, or the C exp() function, for

the ev aluation of exp(2x); what happ ens if those functions are inaccurate?

The discussion in [1] sho w ed that the relativ e error in the computed function,

dy /y , is related to the error in the function argumen t, dx/x, b y

dy

y

= x f

′

(x )

f (x) dx

x

where xf

′

(x)/f (x) is a magnific ation factor. This relation is deriv ed purely from

calculus; it is indep endent of the precision with whic h w e compute n umerical

appro ximations to the function.

F or the case of the square ro ot function, the magnification factor is a con-

stan t, 1/2, so argumen t errors are diminished in the function v alue.

On the other hand, for the exp(x) function, the magnification factor is x,

whic h sa ys that for large x, the computed exp onen tial function will ha v e a large

relativ e error, and the only way that error can b e reduced is to use higher

precision. That ma y b e difficult if w e are already using the highest-a v ailable

floating-p oin t precision; use of a m ultiple-precision soft w are floating-p oin t em u-

lator w ould b e necessary

, and slo w. With existing pac k ages, soft w are em ulation

of floating-p oin t arithmetic is usually ab out 100 times slo w er than hardw are

arithmetic.

No w, what ab out our tanh(x) function? W e w an t to find dy /y in terms of

the relativ e error in exp(2x). Let z = exp(2x), so that

dz /dx = 2 exp(2x)

= 2z

dz /z = 2dx

Then from equation (4) and equation (5),

d tanh(x)/dx = 1/ cosh(x)

2

d tanh(x)/ tanh(x) = (1/(cosh(x)

2

tanh(x)))dx

= (cosh(x)/(cosh(x)

2

sinh(x)))dx

= (1/(sinh(x) cosh(x)))dx

= (2/(2 sinh(x) cosh(x)))dx

= (2/ sinh(2x))dx

= (1/ sinh(2x))dz /z

= csc h(2x)dz /z

The last equation is the result w e are seeking: the magnification of the relativ e

error in tanh(x) from the relativ e error in the exp onen tial function, dz /z , is

csc h(2x).

The csc h(x) function lo oks something lik e the sk etc h in Figure 3. Since

csc h(x) rises in absolute v alue as the origin is approac hed, the largest magnifi-

cation factor will happ en for the left end of the in terv al, x = x

medium

= 0.55.

A t that p oin t, csc h(2 × 0.55) = 0.75; at x = 2, csc h(4) = 0.036; at x = 5,

csc h(10) = 9.0D-05, and at the righ t-end of the in terv al, csc h(38.1) = 5.7D-17.

In other w ords, the magnification factor is never larger than 1, and falls

v ery rapidly to w ard zero. Th us, o v er most of this range, mo dest errors in the

exp onen tial function will ha v e little effect on the computed result.

In summary , w e exp ect that our implemen tation of tanh() should b e accurate

o v er the en tire real axis with an a v erage error of only 1 or 2 bits in the last place.

7 T esting the implemen tation of tanh()

The Co dy-W aite ELEFUNT pac k age con tains test programs that can b e used

to test the accuracy of our tanh(x) implemen tation in b oth single and double

precision.

x csc h(x)

+5

−5 x = − 5 x = +5

Figure 3: Hyp erb olic cosecan t, csc h(x).

Those programs exp ect to test the built-in F ortran functions, tanh() and

dtanh(), or for the C v ersion, tanh(). If w e wish to use them to test our F or-

tran implemen tation of these functions, w e need to mak e a minor mo dification

to inform the F ortran compiler that references to tanh() and dtanh() are to

priv ate v ersions of those routines. In the single-precision test program, w e need

to insert the statemen ts

REAL TANH

EXTERNAL TANH

and in the double-precision test program, w e need to add

DOUBLE PRECISION DTANH

EXTERNAL DTANH

This will ha v e already b een done in the test programs supplied to the class.

No c hanges are required in the C v ersion of the test program, b ecause the C

language do es not ha v e in trinsic functions that are treated sp ecially b y the

compiler.

Here is the output of the test program for the F ortran dtanh() on the Sun

4 (SunOS 4.0.3):

TEST OF DTANH(X) VS (DTANH(X-1/8)+DTANH(1/8))/(1+DTANH(X-1/8)DTANH(1/8))

2000 RANDOM ARGUMENTS WERE TESTED FROM THE INTERVAL

( 0.1250D+00, 0.5493D+00)

                                                                 DTANH(X) WAS LARGER 633 TIMES,

AGREED 839 TIMES, AND

WAS SMALLER 528 TIMES.

                                                                 THERE ARE 53 BASE 2 SIGNIFICANT DIGITS IN A FLOATING-POINT NUMBER

                                                                 THE MAXIMUM RELATIVE ERROR OF 0.4867D-15 = 2 ** -50.87

OCCURRED FOR X = 0.356570D+00

                                                                 THE ESTIMATED LOSS OF BASE 2 SIGNIFICANT DIGITS IS 2.13

                                                                 THE ROOT MEAN SQUARE RELATIVE ERROR WAS 0.1430D-15 = 2 ** -52.64

                                                                 THE ESTIMATED LOSS OF BASE 2 SIGNIFICANT DIGITS IS 0.36

TEST OF DTANH(X) VS (DTANH(X-1/8)+DTANH(1/8))/(1+DTANH(X-1/8)DTANH(1/8))

2000 RANDOM ARGUMENTS WERE TESTED FROM THE INTERVAL

( 0.6743D+00, 0.1941D+02)

                                                                 DTANH(X) WAS LARGER 575 TIMES,

AGREED 933 TIMES, AND

WAS SMALLER 492 TIMES.

                                                                 THERE ARE 53 BASE 2 SIGNIFICANT DIGITS IN A FLOATING-POINT NUMBER

                                                                 THE MAXIMUM RELATIVE ERROR OF 0.3249D-15 = 2 ** -51.45

OCCURRED FOR X = 0.835594D+00

                                                                 THE ESTIMATED LOSS OF BASE 2 SIGNIFICANT DIGITS IS 1.55

                                                                 THE ROOT MEAN SQUARE RELATIVE ERROR WAS 0.9295D-16 = 2 ** -53.26

                                                                 THE ESTIMATED LOSS OF BASE 2 SIGNIFICANT DIGITS IS 0.00

SPECIAL TESTS

THE IDENTITY DTANH(-X) = -DTANH(X) WILL BE TESTED.

X F(X) + F(-X)

                                                                 0.5556857D-01 0.00000000000000000D+00

                                                                 0.2588943D+00 0.00000000000000000D+00

                                                                 0.2233350D+00 0.00000000000000000D+00

                                                                 0.6093917D+00 0.00000000000000000D+00

                                                                 0.7458729D+00 0.00000000000000000D+00

THE IDENTITY DTANH(X) = X , X SMALL, WILL BE TESTED.

X X - F(X)

                                                                 0.2929164D-16 0.00000000000000000D+00

                                                                 0.1464582D-16 0.00000000000000000D+00

                                                                 0.7322910D-17 0.00000000000000000D+00

                                                                 0.3661455D-17 0.00000000000000000D+00

                                                                 0.1830728D-17 0.00000000000000000D+00

THE IDENTITY DTANH(X) = 1 , X LARGE, WILL BE TESTED.

X 1 - F(X)

                                                                 0.1940812D+02 0.00000000000000000D+00

                                                                 0.2340812D+02 0.00000000000000000D+00

                                                                 0.2740812D+02 0.00000000000000000D+00

                                                                 0.3140812D+02 0.00000000000000000D+00

                                                                 0.3540812D+02 0.00000000000000000D+00

TEST OF UNDERFLOW FOR VERY SMALL ARGUMENT.

DTANH( 0.331389-242) = 0.331389-242

THE FUNCTION DTANH WILL BE CALLED WITH THE ARGUMENTInf

DTANH(Inf ) = 0.100000D+01

THE FUNCTION DTANH WILL BE CALLED WITH THE ARGUMENT 0.4940656-323

DTANH( 0.494066-323) = 0.494066-323

THE FUNCTION DTANH WILL BE CALLED WITH THE ARGUMENT 0.0000000D+00

DTANH( 0.000000D+00) = 0.000000D+00

THIS CONCLUDES THE TESTS

The studen t implemen tation of this function should b e able to get v ery

similar results; the author’s actually did sligh tly b etter than the Sun dtanh().

The Sun implemen tation of F ortran pro vides a run-time library function

that can con trol the IEEE 754 rounding direction. By the simple addition of

the statemen ts

character*1 out

integer ieeer, ieee_flags

ieeer = ieee_flags ( ’set’, ’direction’, ’tozero’, out )

if (ieeer .ne. 0) print *,’ieee_flags() error return’

to the b eginning of the test program, the calculations can b e p erformed with

rounding to zero, that is, truncation. The ’tozero’ argumen t can b e c hanged

to ’positive’ for rounding up w ard to +∞, to ’negative’ for rounding up w ard

to −∞, and to ’nearest’ for the default rounding.

A comparison of the measured maxim um relativ e error bit losses for eac h of

these c hoices is giv en in T ables 2–12 for sev eral differen t arc hitectures.

Although the effect of truncating arithmetic in the rational p olynomial region

is eviden t, it is b y no means as big as our p essimistic w orst-case estimates giv en

earlier on page 8.

It is curious, and unexp ected, that rounding-to-nearest giv es larger errors in

the exp onen tial region on all of the Sun systems.

On the IBM PC, the Microsoft C, Borland T urb o C, and T opSp eed C com-

pilers all offer a library function, _control87(), for programmer con trol of

IEEE 754 floating-p oin t rounding mo des. Lahey F ortran pro vides no suc h fa-

cilit y . Ho w ev er, it can call Microsoft and T urb o C functions and assem bly co de

routines, so the facilit y could b e added.

On larger systems, Sun ma y b e unique in offering the F ortran programmer

con trol o v er the rounding mo de in Motorola 68xxx (Sun 3), In tel 386 (Sun 386i),

and SP AR C (Sun 4) CPUs.

The Con v ex C1 and C220 systems offer only a partial implemen tation of

IEEE arithmetic, with neither infinit y , nor NaN, nor gradual underflo w, nor

T able 10: Effect of rounding direction on maxim um relativ e error in tanh(x) on

Sun 3 (SunOS 4.1.1, Motorola 68881 floating-p oin t).

region rounding MRE

direction bit loss

p olynomial ’tonearest’ 1.00

                                                                         ’tozero’ 0.99

’negative’ 0.99

’positive’ 1.00

exp onen tial ’tonearest’ 0.76

                                                                         ’tozero’ 0.73

’negative’ 0.73

’positive’ 0.74

T able 11: Effect of rounding direction on maxim um relativ e error in tanh(x) on

Sun 386i (SunOS 4.0.2, In tel 387 floating-p oin t).

region rounding MRE

direction bit loss

p olynomial ’tonearest’ 1.00

                                                                         ’tozero’ 1.00

’negative’ 1.00

’positive’ 1.00

exp onen tial ’tonearest’ 0.76

                                                                         ’tozero’ 0.73

’negative’ 0.73

’positive’ 0.73

T able 12: Effect of rounding direction on maxim um relativ e error in tanh(x) on

Sun SP AR Cstation (SunOS 4.1.1, SP AR C floating-p oin t).

region rounding MRE

direction bit loss

p olynomial ’tonearest’ 1.31

                                                                         ’tozero’ 1.82

’negative’ 1.54

’positive’ 1.79

exp onen tial ’tonearest’ 1.55

                                                                         ’tozero’ 1.28

’negative’ 1.28

’positive’ 1.50

ington, NY, USA, 1968. ISBN 0-88275-642-7. x + 343 pp. LCCN QA 297

C64 1978. Reprin ted 1978 with corrections.