On the Dimension of Multiv ariate Piecewise P olynomials

b y

P eter Alfeld

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , Utah 84112

Note: A sligh tly differen t v ersion of this pap er is to app ear in the Pro ceedings of the Biennial Dundee

Conference on Numerical Analysis, June 25-28, 1985, Pitman Publishers

Abstract

Lo w er b ounds are given on the dimension of piecewise p olynomial C

1

and C

2

functions defined on a tes-

sellation of a p olyhedral domain in to T etrahedra. The analysis tec hnique consists of em b edding the space

of in terest in to a larger space with a simpler structure, and then making appropriate adjustmen ts. In the

biv ariate case, this approac h repro duces the w ell-kno wn lo w er b ounds deriv ed b y Sc h umak er.

T able of Con ten ts

1. In tro duction

2. The Univ ariate Case

3. The Biv ariate Case

3.1 The Geometry of T riangulations

3.2 The C

1

Case

3.3 The C

2

Case

4. The T riv ariate Case

4.1 The Geometry of T etrahedral T essellations

4.2 The C

1

case

4.3 The C

2

case

5. Remarks on In terp olation b y Piecewise P olynomials

Ac kno wledgmen ts

References

1. In tro duction

The imp ortance of piecewise p olynomial functions in Numerical Analysis and Computer Aided Geometric

Design is ob vious. F undamen tal to an y utilization of suc h functions is kno wledge of the dimension, and, if

p ossible, a basis of the giv en space. F or functions of sev eral v ariables this problem turns out to b e surprisingly

difficult and man y questions are still unansw ered.

Of main concern in this pap er are spaces of once or t wice differen tiable piecewise p olynomial functions

that are defined on the tessellation of a simply connected p olyhedral domain in to tetrahedra. Lo w er b ounds

on the dimensions of suc h spaces are giv en. The b ounds actually giv e the true dimension in all kno wn cases

with the exception of certain geometric degeneracies.

The pap er is organized as follo ws: In section 2., the trivial univ ariate case is describ ed, to pro vide a

con trast with the v astly more complicated m ultiv ariate case. In section 3., our analysis tec hniques are illus-

trated b y examining piecewise p olynomial functions of t w o v ariables. The lo w er b ounds so found agree with

Sc h umak er’s, 1979, but the pro of tec hnique is differen t. Section 4 constitutes the heart of the pap er. Lo w er

b ounds on the dimension are giv en for spaces of piecewise p olynomial functions defined on a tetrahedraliza-

tion. The original motiv ation for this w ork w as to use piecewise p olynomial functions for the in terp olation

of scattered data. Th us this application is discussed briefly in section 5.

Throughout this pap er, w e will use the con v en tion that a binomial co efficien t

Γ

n

k

Δ

= 0 if n ¡ k .

Essen tial for an understanding of the pro ofs in this pap er is familiarit y with the B ´ ezier-Bernstein form

of m ultiv ariate p olynomials. Con tin uous piecewise p olynomial functions can represen ted b y their generalized

B ´ ezier nets where B ´ ezier con trol p oin ts on edges joining t w o triangles (or faces joining t w o tetrahedra) ha v e

b een iden tified. F or an in tro duction to the B́ ezier form of a p olynomial see F arin, 1980. Generalized B ´ ezier

ordinates are in tro duced in Alfeld, 1984.

The dimensions in all examples ha v e b een c hec k ed b y direct calculation, using the sym b ol manipulation

language REDUCE (see Hearn, 1983).

2. The Univ ariate Case

It is instructiv e to examine the univ ariate case as a bac kdrop for viewing the o v erwhelming complexit y of

functions of sev eral v ariables. Supp ose w e are giv en a partition of the in terv al [ a; b ] b y a set of in terv als

[x

nΓ1

; x

n

] where n = 1 ; 2 ; Δ Δ Δ ; N and a = x

0

¡ x

1

¡ Δ Δ Δ ¡ x

N

= b. The space of in terest is then

S k ;m

1

:=

Φ

p 2 C k

[a; b] : p is a p olynomial of degree m on eac h [x

nΓ1

; x

n

]

Ψ

:

In order for this space to b e non trivial k m ust b e ¡ m. Then,

dim ı

S k ;m

1 ȷ

= m + 1 + (N Γ 1)(m Γ k )

as can b e easily v erified: Let p 2 S k ;m

1

. On the first in terv al, [x

0

; x

1

], p ma y b e an y p olynomial, yielding m + 1

degrees of freedom. On eac h of the subsequen t N Γ 1 in terv als, k + 1 degrees of freedom are needed to ensure

a C

1

join t with the previous in terv al, leaving m Γ k degrees of freedom. (The corresponding in terp olation

problem can b e solv ed uniquely

, see Da vis, 1975, p. 28).

3. The Biv ariate Case

3.1 The Geometry of T riangulations

W e consider a p olygonal simply connected domain D

2 whic h has b een triangulated b y triangles 4

i

; i =

1; Δ Δ Δ ; T , and denote the triangulation b y T (D

2

). In the biv ariate case, it is con v enien t to express all

relev an t quan tities in terms of the n um b er of b oundary v ertices (B ) and in terior v ertices ( I ) of T (D

2

). The

n um b er of triangles, T , is giv en b y

T = B + 2I Γ 2 (1)

and the n um b er of in terior edges, E , satisfies

E = B + 3I Γ 3 (2)

(see Ewing et al, 1970). The n um b er of b oundary edges equals the n um b er of b oundary v ertices.

W e are concerned with the spaces

S k ;m

2

:=

Φ

p 2 C k

(D

2

); p is p olynomial of degree m on eac h 4

i

Ψ

;

particularly for k 2 f1; 2g. In studying S k ;m

2 w e will also use the spaces

P k ;m

2

:= n

p 2 S

0;m

2

; p is k times differen tiable at all v ertices of T (D

2

) o

:

Ob viously ,

S k ;m

2 æ P k ;m

2

: (3)

The basic approac h to obtaining lo w er b ounds on the dimension of S k ;m

2 consists of em b edding it in to

the larger but simpler space P k ;m

2 and then subtracting a n um b er of sufficien t conditions on functions in

P k ;m

2 that force the more restrictiv e smo othness of a function in S k ;m

2

.

` ´ ˇ ` ´ ` ´˘

Theorem 1. Let m ˘ 2 k + 1

. Then

dim ı

P k ;m

2 ȷ

= ffB + fi I + fl (4)

where

ff = (Γ2k

2

Γ 2k + m

2

+ m)=2

fi = (Γ 5k

2

Γ 3k + 2m

2

)=2

fl = 3k

2

+ 3k Γ m

2

+ 1

Pro of: The k ey to the structure of P k ;m

2 is the fact that it can b e easily parameterized. This can b e b est

visualized b y con templating the generalized B ´ ezier net of the piecewise p olynomial function. T o force k -th

order differen tiabilit y at the v ertices of T (D

2

), all B ´ ezier ordinates up to k la y ers distan t from the v ertices

are determined b y the

Γ

k +2

2

Δ

0-th through k -th order deriv ativ es at the v ertices. Since m ˘ 2 k + 1, these

deriv ativ es can b e sp ecified indep enden tly and arbitrarily

. Along eac h edge of the triangulation there are

m + 1 generalized B ´ ezier ordinates of whic h 2(k + 1) ha v e b een sp ecified at the v ertices, lea ving m + 1 Γ 2(k + 1)

free parameters. In the in terior of eac h triangle, there are

Γ

mΓ1

2

Δ

B ´ ezier ordinates, of whic h

Γ

k

2

Δ

ha v e b een

sp ecified at eac h v ertex, lea ving

Γ

mΓ1

2

Δ

Γ 3

Γ

k

2

Δ

degrees of freedom in the in terior of eac h triangle. The

deriv ativ es at the v ertices, as w ell as the B ´ ezier ordinates in the in terior of edges and triangles, can b e

sp ecified indep enden tly and arbitrarily

, and completely determine a function in P k ;m

2

. Therefore,

dim ı

P k ;m

2 ȷ

= k + 2

2

(B + I ) + (m Γ 1 Γ 2k )(B + E ) + m Γ 1

2

Γ 3 k

2

T

whic h, b y (1) and (2) yields (4).

F or con v enience, w e list v alues of ff , fi , and fl for some v alues of m and k in T able 1.

3.2 The C

1

Case

One of the most b ewildering features of spaces of piecewise p olynomial functions is the fact that their

dimension ma y dep end not just on the top olo gy but also on the precise ge ometry of the triangulation T (D

2

).

Of particular in terest in the biv ariate C

1

case are singular v ertices whose significance w as first recognized

b y P o w ell, 1973. The follo wing definition is due to Morgan and Scott, 1975a.

Definition 1. An in terior v ertex of T (D

2

) for whic h the adjacen t edges of eac h edge are collinear is called

singular.

Th us the union of the four triangles sharing a singular v ertex simply is a quadrilateral with the diagonals

dra wn in.

Theorem 2. Let m ˘ 3 . Then

dim ı

S

1;m

2 ȷ

˘ ff

1

B + fi

1

I + fl

1

+ œ (5)

where

ff

1

= m(m Γ 1)= 2

fi

1

= m

2

Γ 3m + 2

fl

1

= Γm

2

+ 3m + 1

and œ is the n um b er of singular v ertices.

Pro of: Because of (3) a lo w er b ound on dim( S

1;m

2

) can b e obtained b y subtracting from dim(P

1;m

2

) a

n um b er of conditions that force a function in P

1;m

2 to b e in S

1;m

2

. Consider a first order deriv ativ e of some

p 2 P

1;m

2 across an y in terior edge of T (D

2

). On eac h of the t w o triangles sharing the edge, this deriv ativ e

m k ff fi fl

1 0 1 1 0

2 0 3 4 -3

3 0 6 9 -8

4 0 10 16 -15

5 0 15 25 -24

6 0 21 36 -35

7 0 28 49 -48

8 0 36 64 -63

9 0 45 81 -80

3 1 4 5 -2

4 1 8 12 -9

5 1 13 21 -18

6 1 19 32 -29

7 1 26 45 -42

8 1 34 60 -57

9 1 43 77 -74

10 1 53 96 -93

11 1 64 117 -114

5 2 9 12 -6

6 2 15 23 -17

7 2 22 36 -30

8 2 30 51 -45

9 2 39 68 -62

10 2 49 87 -81

11 2 60 108 -102

12 2 72 131 -125

13 2 85 156 -150

T able 1: Dimension of P k ;m

2

will b e a p olynomial of degree m Γ 1 with m degrees of freedom. Since p is differentiable at the vertices of

the edge, differen tiabilit y across the edge imp oses m Γ 2 additional conditions. Th us

dim ı

S

1;m

2 ȷ

˘ dim ı

P

1;m

2 ȷ

Γ (m Γ 2)E

whic h together with (2) establishes (5) except for the term œ .

No w consider a singular v ertex V

5

, sa y , and let V

1

, V

2

, V

3

, and V

4 denote the v ertices of the surrounding

quadrilateral lab eled in sequence. One cross-edge smo othness condition is implied b y the smo othness condi-

tions across the other three edges. T o see this, assume that differen tiabilit y has b een imp osed across edges

e

25

, e

35

, and e

45

(where e

ij

:= V

j

Γ V

i

). Denote the restriction of p to the triangle with v ertices V

i

, V

j

, and

V

k b y p

ij k

. Then

@

2

p

145

@ e

15

@ e

45

(V

5

) =

@

2

p

345

@ e

15

@ e

45

(V

5

) =

@

2

p

235

@ e

15

@ e

45

(V

5

) =

@

2

p

125

@ e

15

@ e

45

(V

5

)

Consider the first equalit y (across edge e

45

). The mixed deriv ativ e is tangen tial (i.e., in the direction of edge

e

45

) of a first order deriv ativ e (in the direction of e

15

) across edge e

45

. That cross deriv ativ e is differen tiable

on b oth triangles sharing e

45 since it is p olynomial. It is also well defined along edge e

45 since w e assume

that differen tiabilit y across edge e

45 as b een enforced. Th us the first of the ab o v e equalities is v alid. The

second equalit y follo ws similarly since the mixed deriv ativ e is tangential in the direction of e

15 whic h is a

m ultiple of e

35

! The third equalit y follo ws in the same w a y . Th us a tangen tial deriv ativ e of a cross b oundary

deriv ativ e across e

15 is con tin uous at the cen troid, implying that one less condition has to b e imp osed on

e

15

. W e obtain one suc h additional free condition at eac h singular v ertex of T (D

2

), whic h establishes (5).

Remark 1. The lo w er b ound (5) is iden tical to that obtained b y Sc h umak er, 1979. V ery early

, Strang, 1973

and 1974, conjectured that the righ t hand side of (5) giv es the dimension of S

1;m

2

.

Remark 2. The significance of singular v ertices is that they pro vide the simplest instance where the di-

mension of the piecewise p olynomial space dep ends up on the geometry rather than just the top ology of

the underlying triangulation. If a singular v ertex is presen t, then the additional degrees of freedom can b e

remo v ed b y an arbitrarily small p erturbation of the p oin ts in the triangulation, without altering its top ology .

F or m ˘ 5 it has b een sho wn b y Morgan and Scott, 1975a, that singular v ertices are the only p ossible source

of geometric degeneracies. F or m 2 f3; 4g, no degeneracies other than singular v ertices are kno wn, but efforts

to dispro v e the existence of others ha v e b een unsuccessful. F or m = 2, Morgan and Scott, 1975b, giv e a

differen t example where the dimension dep ends up on the geometry

. Their domain is triangular and there

are three in terior p oin ts forming an in v erted triangle. That domain is triangulated b y sev en triangles. All

known examples share the prop ert y that there exists a small p erturbation of the underlying p oin t set whic h

will restore the dimension to the v alue giv en b y the lo w er b ound. It is not known if suc h a generic dimension

exists for all triangulations.

Remark 3. The tec hnique of reducing smo othness conditions to con tin uit y conditions on high order mixed

partial deriv ativ es will b e used extensiv ely in the triv ariate case. Notice that this tec hnique div orces the

question of smo othness from the particular p olynomial structure of the in terp olation space.

m ff

1 fi

1 fl

1

3 3 2 1

4 6 6 -3

5 10 12 -9

6 15 20 -17

7 21 30 -27

8 28 42 -39

9 36 56 -53

10 45 72 -69

11 55 90 -87

T able 2: Dimension of S

1;m

2

F or con v enience, T able 2. lists v alues of ff

1

, fi

1

, and fl

1

, for small v alues of m .

3.3 The C

2

Case

The dev elopmen t in this subsection is analogous to that in the preceding one, except that an additional

source of free smo othness conditions has to b e tak en in to accoun t.

Definition 2. An in terior v ertex of T (D

2

) from whic h precisely three edges of differen t slop es emanate is

called a Clough-T o cher vertex.

Example 1. (cf., Alfeld, 1985) Consider a triangle on whic h the Clough-T o c her split has b een applied t wice.

Th us the triangle with v ertices V

1

, V

2

, and V

3 is divided ab out its cen troid V

4

= (V

1

+ V

2

+ V

3

)=3. Eac h

subtriangle is divided ab out its cen troid V

5

= (V

4

+ V

2

+ V

3

)=3, V

6

= (V

1

+ V

4

+ V

3

)=3, or V

7

= (V

1

+ V

2

+ V

4

)=3.

Ob viously

, the sub cen troids V

5

, V

6

, and V

7 are eac h a Clough-T o c her V ertex. In addition, it can b e seen

easily that the triples fV

1

; V

4

; V

5 g, fV

2

; V

4

; V

6 g, and fV

3

; V

4

; V

7 g are eac h collinear. Thus the cen troid V

4 is

also a Clough-T o cher vertex.

Theorem 3. Let m ˘ 5 . Then

dim ı

S

2;m

2 ȷ

˘ ff

2

B + fi

2

I + fl

2

+ 3œ + ȷ (6)

where

ff

2

= (m

2

Γ 3m + 2)= 2

fi

2

= m

2

Γ 6m + 8

fl

2

= Γm

2

+ 6m Γ 2;

œ is the n um b er of singular v ertices, and ȷ is the n um b er of Clough-T o cher vertices.

Pro of: The pro of is similar to that of Theorem 2. On eac h in terior edge w e imp ose m Γ 4 conditions on

the first deriv ativ e, and m Γ 3 conditions on the second deriv ativ e. Subtracting this num b er from dim ı

P

2;m

2 ȷ

yields (6) except for the œ and ȷ terms. A t eac h singular v ertex, three free conditions are obtained. This

follo ws as for Theorem 2. b y considering the deriv ativ es

@

3

p

@ e

2

15

@ e

25

(V

5

),

@

3

p

@ e

15

@ e

2

25

(V

5

), and

@

4

p

@ e

2

15

@ e

2

25

(V

5

). No w

consider a Clough-T o c her v ertex V

4 with V

1

, V

2

, and V

3 b eing the endp oin ts of three edges with differen t

slop es emanating from V

4

. Then the deriv ativ e

@

3

p

@ e

14

@ e

24

@ e

34 will b e con tin uous at V

4 if it is con tin uous across

just t w o of the three edges. Con tin uit y across an y additional parallel edge is implied b y con tin uit y across its

coun terpart in fe

14

; e

24

; e

34 g .

Remark. The lo w er b ound (6) is iden tical to that obtained b y Sc h umak er, 1979. F or m ˘ 5 there is no

kno wn case in whic h the actual dimension of S

2;m

2 exceeds the lo w er b ound giv en in (6).

m ff

2 fi

2 fl

2

5 6 3 3

6 10 8 -2

7 15 15 -9

8 21 24 -18

9 28 35 -29

10 36 48 -42

11 45 63 -57

12 55 80 -74

13 66 99 -93

T able 3: Dimension of S

2;m

2

F or con v enience, T able 3. lists v alues of ff

2

, fi

2

, and fl

2

, for small v alues of m .

Example 2. Consider the double Clough-T o c her split in Example 1. There, B = 3 , I = 4, œ = 0, and

ȷ = 4. Then

dim ı

S

2;5

2 ȷ

= 37:

If the lo cation of the cen troid V

4 is p erturb ed sligh tly then ȷ b ecomes 3 , and

dim ı

S

2;5

2 ȷ

= 36:

F urther p erturbations of the cen troid, or the sub cen troids, do not alter the dimension.

4. The T riv ariate Case

4.1 The Geometry of T etrahedral T essellations

W e consider a p olyhedral simply connected domain D

3 that has b een tessellated in to tetrahedra T

i

; i =

1; Δ Δ Δ ; T , and denote the tessellation b y T (D

3

).

In the triv ariate case, it is imp ossible to express top ological quan tities lik e the n um b er of tetrahedra in

terms of the n um b er of (in terior and b oundary) vertices of the domain. Indeed, the n um b er of tetrahedra

can gro w faster than an y linear function of the n um b er of v ertices.

( )

Figure 1: Section Across an In terior Edge

n tetrahedra, sa y , and assume that the tetrahedron corresp onding to the sides a and b is b eing joined to

the tessellation (see Figure 1.) Let P b e the p oin t corresp onding to the in tersected edge, and denote by

p

i

; i = 1; Δ Δ Δ ; n the restrictions of p to the i-th tetrahedron. Consider the deriv ativ e across the edge in

the direction of b, and assume that differen tiabilit y has b een enforced across the edge among all tetrahedra,

except the newly joined one. Then

@ p

n

@ b

(P ) =

@ p

nΓ 1

@ b

(P ) = Δ Δ Δ =

@ p

2

@ b

(P ) =

@ p

1

@ b

(P )

Of these equalities, the first (across b ) is v alid since the partial deriv ativ e is tangen tial in the direction of b .

All others are v alid b ecause differen tiabilit y has b een enforced b et w een the relev ant tetrahedra. T ogether, the

equalities imply con tin uit y of

@ p

@ b

, and hence of an y other directional deriv ativ e, across edge a. The con tin uit y

of

@ p

@ a across edge b follo ws similarly

. The argumen t in this paragraph accoun ts for the term (m Γ 2) S in (8).

No w consider a first order deriv ativ e of p across an in terior face, and assume that differen tiabilit y has

b een enforced across its edges. The difference in the deriv ativ es can b e represen ted as a biv ariate p olynomial

of degree m Γ 1 with

Γ

m+1

2

Δ

parameters. Of these, those on the edges ha v e b een forced to b e zero, lea ving

Γ

mΓ2

2

Δ

parameters that are required to b e zero. This yields the term

Γ

mΓ2

2

Δ

F in (8) (recall that F is the

n um b er of in terior faces).

T o accoun t for the last term in (8) consider a section across a singular edge. As in the biv ariate case,

con tin uit y of a mixed second order deriv ativ e restricted to the edge will b e implied b y con tin uit y of first

order deriv ativ es across the other three faces. That deriv ativ e can b e represen ted as a univ ariate p olynomial

of degree m Γ 2 along the singular edge, ha ving m Γ 1 parameters, whic h are freed b y the singularit y .

Corollary

. Let m ˘ 3 . Then

dim ı

S

1;m

3 ȷ

˘ max ø

0

; ø

0

+

3

X

i=1 ø

i a

i

+ (m Γ 1)œ (9)

where

ø

0

= æ

0

= (m

3

+ 6m

2

+ 11m + 6)= 6

ø

1

=

Γ

m(m

2

Γ 1)

Δ

=6

ø

2

=

Γ

m(m

2

Γ 6m + 5)

Δ

=6

ø

3

= (m

3

Γ 12m

2

+ 29m Γ 18)= 6

Pro of: The first expression on the righ t hand side follo ws b ecause the dimension of dim ı

S

1;m

3 ȷ

cannot

b e less than the dimension of the space of all p olynomials of degree up to m . The second expression follo ws

from (8) b y direct calculation.

T able 6 lists v alues of the ø

i for some v alues of m

m k ø

0 ø

1 ø

2 ø

3

3 1 20 4 -2 -2

4 1 35 10 -2 -5

5 1 56 20 0 -8

6 1 84 35 5 -10

7 1 120 56 14 -10

8 1 165 84 28 -7

9 1 220 120 48 0

10 1 286 165 75 12

11 1 364 220 110 30

12 1 455 286 154 55

13 1 560 364 208 88

T able 6: Dimension of S

1;m

3

Direct calculation sho ws that the righ t hand side of (9) giv es the true v alue of dim ı

S

1;m

3 ȷ

for the

follo wing examples:

Example 5. (Clough-T o c her Split) Let the domain D

3 b e a tetrahedron that has b een split ab out its

cen troid and tessellated b y four tetrahedra. Th us a

1

= a

2

= a

3

= 1. Then

dim ı

S

1;3

3 ȷ

= 20; dim ı

S

1;4

3 ȷ

= 38; dim ı

S

1;5

3 ȷ

= 68:

Example 6. (F our T etrahedra) The domain is obtained as in Example 3, with ¯ = 4 and ˚ = 1 , suc h that

the in terior edge is not singular. Th us a

1

= 2; a

2

= 1; a

3

= 0. Then

dim ı

S

1;3

3 ȷ

= 26 and dim ı

S

1;4

3 ȷ

= 53:

Example 7. (F arin’s split) The domain is a tetrahedron split ab out the centroid, where additionally each

subtetrahedron has b een split ab out the cen troid of its unique b oundary face. Th us a

1

= a

2

= 5; a

3

= 1.

Then

dim ı

S

1;3

3 ȷ

= 28 and dim ı

S

1;4

3 ȷ

= 70:

` ´ `´

F arin has constructed * a triv ariate piecewise cubic C

1

sc heme for C

1

data on that split.

Example 8. (Singular Edge) As Example 6, except that the in terior edge is singular. Then

dim ı

S

1;3

3 ȷ

= 28 and dim ı

S

1;4

3 ȷ

= 56:

There are no cases in whic h the exact dimension of S

1;m

3 is kno wn and do es not agree with the righ t

hand side of (9), except for some geometric degeneracies that will b e rep orted elsewhere.

4.3 The C

2

case

W e pro ceed analogously to the C

1

case.

Definition 4. An in terior edge of T (D

3

) is called a Clough-T o cher e dge if a section across it and the

tetrahedra sharing it defines a Clough-T o c her v ertex.

Theorem 6. Let m ˘ 5 . Then

dim ı

S

2;m

3 ȷ

˘ dim ı

P

2;m

3 ȷ

Γ ˇ

1

S Γ ˇ

2

F + ˇ

3 a

2

+ ˇ

4 a

3

+ ˇœ + Ø

21 a

21

+

3

X

i=1

Ø

3i a

3i

(10)

where

S = 3a

1

+ 4a

2

+ 3a

3

; F = a

1

+ 2a

2

+ 3a

3

;

œ is the n um b er of singular edges, a

21 is the n um b er of times that an a

2 step created a Clough-T o c her edge,

a

3i is the n um b er of times that an a

3 step created precisely i Clough-T o cher edges (i 2 f 1; 2; 3g ), and

ˇ

1

= 2m Γ 7;

ˇ

2

= m Γ 2

2

+ m Γ 3

2

;

ˇ

3

= m Γ 3;

ˇ

4

= 3m Γ 10;

ˇ = 3m Γ 7;

Ø

21

= m Γ 2;

Ø

31

= m Γ 3; Ø

32

= 2(m Γ 3); Ø

33

= 3m Γ 10

Pro of: W e discuss the individual terms in turn:

ˇ

1

: This follo ws as in the C

1

case. Only shared edges need to b e considered. On eac h shared edge, m Γ 4

C

1

and m Γ 3 C

2

conditions are imp osed, yielding a total of 2 m Γ 7 conditions.

ˇ

2

: This also follo ws as in the C

1

case. A first order cross deriv ativ e on an in terior face can b e represen ted as

a biv ariate p olynomial of degree m Γ 1 with

Γ

m+1

2

Δ

parameters, lea ving

Γ

mΓ2

2

Δ

parameters after stripping

off the three edge la y ers. Similarly

, considering second order cross deriv atives yields

Γ

mΓ3

2

Δ

conditions.

The conditions imp osed in the ab o v e t w o items are sufficien t, but not necessary to enforce second order

differen tiabilit y . The follo wing terms correct some of the discrepancy .

ˇ

3

: Consider joining a new tetrahedron at precisely t w o faces F and G sharing the in terior edge e , say .

Assume that second order differen tiabilit y along e has b een enforced across all faces sharing e except

face F . Let f b e a direction in F and let n b e a direction across F . Then the deriv ativ e D p :=

@

2

p

@ f @ n j

e

will b e con tin uous across face F . D p can b e represen ted as a univ ariate p olynomial of degree m Γ 2

* Priv ate Comm unication b y Gerald F arin

( ) with m Γ 1 parameters. Ho w ev er, second order deriv ativ es are already assumed to b e con tin uous at the

v ertices so that only m Γ 3 parameters are freed.

ˇ

4

: This term follo ws similarly as the preceding one. Denote the three new in terior faces b y F , G , and

H , and let n b e a direction not con tained in an y of these faces. Let e

1

= H “ F , e

2

= F “ G , and

e

3

= G “ H. Assume that second order differen tiability has b een enforced across all faces except F

and G . Then the deriv ativ e

@

2

p

@ e

2

@ n j

e

3 will b e con tin uous across face G , and

@

2

p

@ e

2

@ n j

e

1 will b e con tin uous

across face F , freeing 2(m Γ 3) parameters. No w assume that second order differen tiabilit y has also b een

enforced across face F . This implies as b efore con tin uit y of

@

2

p

@ e

3

@ n j

e

2

. Ho w ev er, this last step frees only

m Γ 4 parameters since the contin uity of

@

3

p

@ e

1

@ e

2

@ e

3 at the new in terior v ertex follo ws follo ws from the

second order smo othness across edges e

1 and e

3

. Th us w e obtain a total of 3m Γ 10 additional degrees

of freedom.

ˇ: As in the biv ariate case, t w o third order deriv ativ es, and one fourth order deriv ativ e are con tin uous

along the singular edge, freeing 2(m Γ 2) + (m Γ 3) = 3 m Γ 7 parameters.

Ø

21

: Let e

i

; i = 1; 2; 3; b e con tained in the i-th of the faces sharing the Clough-T ocher edge e

, and assume

that second order differen tiabilit y has b een enforced across tw o of the faces. Then, as in the biv ariate

case, the deriv ativ e

@

3

p

@ e

1

@ e

2

@ e

3 across the third face will b e con tin uous along e, freeing m Γ 2 parameters.

Ø

3i

: W e use the same notation as in the discussion of the ˇ

4 term. First consider the term m ultiplied b y Ø

31

.

Assume e

1 is the Clough-T o c her edge and second order differen tiabilit y has b een enforced across face

H . Let f b e a direction in F , h a direction in H, and n a direction in the third face sharing e

1

. Then

the deriv ativ e

@

3

p

@ f @ h@ n is already con tin uous at the new in terior v ertex. Hence only m Γ 3 parameters are

freed, not m Γ 2 as in the discussion of the Ø

21 term. The terms m ultiplied b y Ø

32 and Ø

33 are obtained

similarly

, except that for Ø

33 second order differen tiabilit y across the edges e

1 and e

2 already frees one

of the parameters that w ould b e freed if e

3 w as the only Clough-T o cher edge.

Corollary

. Let m ˘ 5 . Then

dim ı

S

2;m

2 ȷ

˘ max !

0

; !

0

+

3

X

i=1

!

i a

i

+ ˇœ + Ø

21 a

21

+

3

X

i=1

Ø

3i a

3 i (11)

where

!

0

= æ

0

= (m

3

+ 6m

2

+ 11m + 6)= 6

!

1

=

Γ

m(m

2

Γ 3m + 2)

Δ

=6

!

2

= (m

3

Γ 12m

2

+ 29m Γ 18)= 6

!

3

= (m

3

Γ 21m

2

+ 92m Γ 114)= 6

Pro of: This follo ws as in the pro of of (9) and b y direct calculation from (10).

T able 7 lists the v alues of the constan ts in (11) for some v alues of m.

Direct calculation sho ws that the righ t hand side of (11) giv es the true v alue of dim ı

S

2;m

3 ȷ

for the

follo wing examples:

Example 9. (Clough-T o c her Split). The domain is as in Example 5, a

21

= a

33

= 1, and a

31

= a

32

= œ = 0.

Then

dim ı

S

2;5

3 ȷ

= 57 and dim ı

S

2;6

3 ȷ

= 89:

Example 10. (F our T etrahedra). The domain is as in Example 6, a

3

= a

21

= a

31

= a

32

= a

33

= œ = 0 .

Then

dim ı

S

2;5

3 ȷ

= 68 and dim ı

S

2;6

3 ȷ

= 114:

m !

0

!

1

!

2

!

3

ˇ Ø

21

Ø

31

Ø

32

Ø

33

5 56 10 -8 -9 8 3 2 4 5

6 84 20 -10 -17 11 4 3 6 8

7 120 35 -10 -26 14 5 4 8 11

8 165 56 -7 -35 17 6 5 10 14

9 220 84 0 -43 20 7 6 12 17

10 286 120 12 -49 23 8 7 14 20

11 364 165 30 -52 26 9 8 16 23

12 455 220 55 -51 29 10 9 18 26

13 560 286 88 -45 32 11 10 20 29

14 680 364 130 -33 35 12 11 22 32

15 816 455 182 -14 38 13 12 24 35

16 969 560 245 13 41 14 13 26 38

17 1140 680 320 49 44 15 14 28 41

T able 7: Dimension of S

2;m

3

Example 11. (Singular Edge). The domain is as in Example 10, except that the in terior edge is singular

and œ = 1. Then

dim ı

S

2;5

3 ȷ

= 76 and dim ı

S

2;6

3 ȷ

= 125:

There are no cases in whic h the exact dimension of S

2;m

3 is kno wn and do es not agree with the righ t

hand side of (11).

5. Remarks on In terp olation b y Piecewise P olynomials

The w ork rep orted in this pap er w as motiv ated originally b y the desire to use piecewise p olynomials with

globally enforced smo othness prop erties for the in terp olation of scattered m ultiv ariate data. Most existing

in terp olation sc hemes defined on triangulations or tetrahedralizations enforce smo othness lo cally

. See the

recen t surv ey b y Barnhill, 1985, for more information. An exception to the general rule is describ ed in

Sc hmidt, 1982. The price to b e paid for a lo cal sc heme is an increased lo cal complexit y . F or example, to

obtain a lo cal biv ariate piecewise p olynomial C

1

sc heme one either has to use a function that is pie c ewise

cubic on eac h triangle (the Clough-T o c her sc heme, see Strang and Fix, 1973, p. 83, or Alfeld, 1984) or a

function that is quintic on eac h triangle (see Strang and Fix, 1973, p.83, or Barnhill and F arin, 1981). On the

other hand, the in terp olan t prop osed b y Sc hmidt is C

1

and can b e represen ted b y a single cubic p olynomial

on eac h triangle.

Clearly

, a necessary condition for in terp olabilit y is that the dimension of the in terp olation space equals

or exceeds the n um b er of in terp olation conditions. If we wish to interp olate to function (but not deriv ativ e

v alues) v alues at the v ertices of a triangulation or tetrahedralization the dimension of the piecewise p olyno-

mial space m ust equal or exceed the n um b er of v ertices. The follo wing examples establish upp er b ounds on

the degree of the piecewise p olynomials p oten tially useable for in terp olation.

Example 12. (Biv ariate C

1

.) (cf., Remark 2. after Theorem 2.). Consider the example giv en b y Morgan

and Scott, 1975b In the absence of geometric degeneracies, dim ı

P

1;2

2 ȷ

= 6. Th us all C

1

piecewise quadratic

functions on this triangulation are in fact quadratic. By rep eating this triangulation on the subtriangles,

triangulations can b e constructed with arbitrarily man y v ertices, for whic h still dim ı

P

1;2

2 ȷ

= 6. Th us in

general C

1

quadratics can not b e used for in terp olation. Ho w ev er, on sp ecial triangulations, C

1

quadratics

ma y b e sufficien t. See, for example, P o w ell, 1973. The situation c hanges if C

1

cubics are considered. It

follo ws from T able 2 that

dim ı

S

1;3

2 ȷ

˘ 3B + 2I + 1 ¿ B + I :

Th us C

1

cubics pro vide a sufficien t n um b er of parameters for in terp olation.

Ob viously

, more than a sufficien tly n um b er of parameters is required for in terp olabilit y . In principle the

smo othness and in terp olation conditions ma y b e inconsisten t. Ho w ev er, no suc h case is kno wn. Ev en for the

simplest case of biv ariate C

1

piecewise cubic functions it is an op en and apparen tly v ery difficult question if

the Lagrange in terp olation problem can alw a ys b e solv ed. This problem b ecomes ev en more difficult in the

follo wing examples.

Example 13. (Biv ariate C

2

.) Similarly as in Example 12., it can b e sho wn that C

2

quartics cannot b e

used for in terp olation. On the Morgan Scott triangulation, dim ı

S

2;4

2 ȷ

= 15 in the absence of geometric

degeneracies. Th us triangulations with arbitrarily man y p oin ts can b e constructed for whic h all C

2

quartics

are in fact quartic. On the other hand, it follo ws from T able 3 that C

2

quin tics pro vide a sufficien t n um b er

of parameters for in terp olation.

Example 14. (T riv ariate C

1

.) It w as sho wn in Example 5. that on the simple Clough-T o c her split the

only C

1

piecewise cubic functions are global cubic p olynomials (whic h ha v e dimension 20). Therefore, the

in terp olation problem can not b e solv ed in general with C

1

cubics. It follo ws from Example 3. and T able 6.

that tetrahedralizations can b e built for whic h the lo w er b ound on dim ı

S

1;4

3 ȷ

is smaller than the n um b er

of v ertices. No case is kno wn, ho w ev er, where the true dimension of S

1;4

3 is indeed less than the n um b er of

v ertices. It is th us an op en question if dim ı

S

1;4

3 ȷ

is in general sufficien tly large for in terp olation. On the

other hand, it follo ws from T able 6. that piecewise quin tics do alw a ys p ossess sufficien tly man y parameters

for in terp olation.

Example 15. (T riv ariate C

2

.) V ery little is kno wn in this case. T able 7 shows that S

2;9

3 is of a sufficien tly

high dimension for the Lagrange in terp olation problem.

Ac kno wledgmen ts

This researc h w as supp orted b y a facult y gran t and a sabbatical lea v e from the Univ ersit y of Utah, b y the

Departmen t of Energy under Con tract No. DEA

C02-82-ER-12046 to the Univ ersit y of Utah, b y the United

States Arm y under con tract No. D AA G29-80-C-0041, and b y the Univ ersit y of Dundee. The author has

b enefitted greatly from the stim ulating en vironmen ts pro vided b y the Mathematics Computer Aided Geo-

metric Design Group at the Univ ersit y of Utah, and by the Mathematics Research Center at the Universit y

of Wisconsin-Madison.

The pro cess of t yp esetting this pap er w as rendered a pleasurable exp erience b y D.E. Kn uth’s ingenious

T

E

X system (Kn uth, 1984).

References

P . Alfeld, 1984; A T rivariate Clough-T o cher Scheme for T etr ahe dr al Data ; Computer Aided Geometric De-

sign J., North Holland, v. 1, pp. 169-181.

P . Alfeld, 1985; A Bivariate C

2

Clough-T o cher Scheme ; Computer Aided Geometric Design J., North Hol-

land, to app ear.

R.E. Barnhill, 1985; Surfac es in Computer A ide d Ge ometric Design ; Computer Aided Geometric Design J.,

North Holland, to app ear.

R.E. Barnhill and G. F arin, 1981; C

1

Quintic Interp olation over T riangles: Two Explicit R epr esentations ;

In t. J. Num. Meth. Engin. 17, pp. 1763-1778.

P .J. Da vis, 1975; Interp olation & Appr oximation ; Do v er Publication.

D.J. Ewing, A.J. F a wk es and J.R. Griffiths, 1970; R ules governing the numb ers of no des and Elements in a

Finite Element Mesh ; In t. J. for Num. Meth. in Eng., v. 2. pp. 597-601.

G. F arin, 1980; B́ ezier Polynomials over T riangles and the Construction of Pie c ewise C r

Polynomials ; Re-

p ort TR/91, Dept. of Math., Brunel Univ ersit y , Uxbridge, UK.

R. F rank e, 1982; Sc atter e d Data Interp olation: T ests of some metho ds ; Math. Comp. v. 38, pp. 181-200.

A.C. Hearn, 1983; REDUCE User’s Manual, V ersion 3.0 ; The Rand Corp oration, San ta Monica, CA

90406.

D.E. Kn uth, 1984; The T

E

Xb o ok ; Addison-W esley Publishing Compan y.

J. Morgan and R. Scott, 1975a; A No dal Basis for C

1

Pie c ewise Polynomials of De gr e e n ˘ 5; Math.

Comp. v. 29, pp.736-740.

J. Morgan and R. Scott, 1975b; The Dimension of the Sp ac e of C

1

Pie c ewise Polynomials ; Man uscript.

M.J.D. P o w ell, 1973; Pie c ewise quadr atic surfac e fitting for c ontour plotting ; Pro c. Conf. Soft w are for Nu-

merical Mathematics, U. of T ec hnology

, Lough b orough.

R. Sc hmidt, 1982; Eine Metho de zur Konstruktion von C

1

-Fl¨ achen zur Interp olation unr e gelm¨ assig verteil-

ter Daten ; in: W. Sc hempp and K. Zeller (ed.), Multiv ariate Appro ximation I I, 1982, Birkh¨ auser V er-

lag, pp. 343-362.

L.L. Sc h umak er, 1979; On the dimension of pie c ewise p olynomials in two variables ; in: W. Sc hempp and

K. Zeller (ed.), Multiv ariate Appro ximation, 1979, Birkh¨ auser V erlag, pp. 251-264.

L.L. Sc h umak er, 1984; Bounds on the dimension of sp ac es of multivariate pie c ewise p olynomials ; Ro c ky

Moun tain Journal of Mathematics, v. 14, pp. 251-264.

G. Strang, 1973; Pie c ewise p olynomials and the finite element metho d ; Bull. AMS v. 79, pp. 1128-1137.

G. Strang, 1974; The dimension of pie c ewise p olynomials, and one-side d appr oximation ; Pro c. Conf. Nu-

merical Solution of Differen tial Equations, Dundee (1973), Lecture Notes in Mathematics, #365,

Springer V erlag, pp. 144-152.

G. Strang and G.J. Fix, 1973; An Analysis of the Finite Element Metho d ; Pren tice Hall.

A.

ˇ

Zeni ˇ sek, 1970; Interp olation p olynomials on the triangle ; Numer. Math. 15, pp. 283-296 .

A.

ˇ

Zeni ˇ sek, 1973; Polynomial Appr oximation on T etr ahe dr ons in the Finite Element Metho d ; J. Appro x.

Theory

, v. 7, pp. 334-351 .