Dimensions of Multiv ariate Spline Spaces

1

In tro duction. This is a sequel to the Case Study

, Alfeld, 1987. That pap er w as up dated a few times and

distributed priv ately

. In this pap er dimension results are collected more systematically

. Con tact the author

for the last a v ailable edition of the Case Study .

Note on T ables and Figures. Due to the p eculiarities of the T

E

X t yp esetting system Figures and T ables

ma y not app ear in their natural order. They ma y also app ear far from the p oin t they are referenced in the

text, and they ma y separate paragraphs and ev en form ulas. Since the assem bly of these notes is an ongoing

pro cess no effort has b een made to smo oth out the arrangemen t of the pap er’s ingredien ts.

Note on Soft w are. All dimensions w ere computed using the soft w are pac k age Goliath, see Alfeld and Eyre,

1991a and 1991b.

Note on Notation. T o b e consisten t with a larger part of the literature, w e use:

d = p olynomial degree

r = degree of smo othness

k = dimension of underlying domain.

(1)

Bo xed En tries. Bo xed en tries in the tables are particularly interesting and are commented on in the text.

The Three-Dimensional Clough-T o c her Split, 4 T etrahedra. The triv ariate Clough-T o c her split is

a straigh tforw ard generalization of the biv ariate Clough-T o cher split. Th us w e consider a tetrahedron with

v ertices V

1

, V

2

, V

3

, and V

4

, that has b een split ab out its cen troid

V

5

= (V

1

+ V

2

+ V

3

+ V

4

) =4: (2)

Th us, in the notation of Alfeld, 1986,

a

1

= a

2

= a

3

= a

21

= a

33

= 1; and a

31

= a

32

= œ = 0: (3)

d r = 1 2 3

2 10 10 10

3 20 20 20

4 38 35 35

5 68 57 56

6 114 89 84

7 180 135 120

8 270 199 168

9 388 285 232

T able 1: The three-dimensional Clough-T o c her Split

1

b y P eter Alfeld Departmen t of Mathematics Univ ersit y of Utah, Salt Lak e Cit y , UT 84112, 801-581-6842 or 801-581-6851,

alfeld@math.utah.edu

Spline Space Dimensions V ersion of Jan uary 29, 1996 P age 1

Figure The Morgan-Scott Split.The three-dimensional Morgan-Scott Split. In this section w e study sev eral realizations of the three-dimensional Morgan-Scott split (illustrated in Figure 1). binatorics of the split are describ ed in

T us e consider the tessellation of a tetrahedron with v ertices V1

, V2

, V3

, V4 b y 15 tetrahedra.As in the biv ariate case, there is one inner simplex — namely f5; ; 7; 8g connected to the b oundary of the outer simplex b y other simplices. of tetrahedra giv en here migh t b e used to build the tessellation, starting at the inner tetrahedron and w orking out w ards to w ard the b oundary notation of Alfeld, 1986, a1

= 4, a2

= 6, a3

= 4, œ = 0 (except in configuration 7 where œ = 1) and a21

= a3i

= 0.W the follo wing configurations:1. V5

= (V1

+ V2

+ 2V3

+ 2V4

)=7; V6

= V1

)=7; V7

+ 2V2

+ V3

)=7 V8

+ V4

)=7: 2. no recognizable artifacts.)V5

= (11V1

+ 20V3

+ 20V4

)=71; V6

+ 10V2

)=71; V7

+ 22V2

+ 10V3

)=71 V8

+ 18V2

+ 23V3

+ 10V4

)=71: 3. ertex V8 has b een pulled to w ards V4

.)V5

)=7 andV8

+ 20V2

+ 11V4

)=71: 4. 3., additionally V7 w ards V3

)=7; Spline Dimensions Jan uary 29, 1996 age

T osition analyzed b y program tetsT 5; ; 7; 8g 5; ; 7; 4g 5; ; 3; 8g 5; ; 7; 8g 1; ; 7; 8g 5; ; 3; 4g 5; ; 2; 4g 5; ; 2; 3gf6; 7; 1; 4g 6; ; 1; 3g 7; ; 1; 2g 1; ; 3; 8g 1; ; 7; 4g 1; ; 3; 4g 5; ; 3; 4gIn t. 5; ; 7g 5 ; ; 8 g 5; ; 8g 6 ; ; 8 g 4; ; 6g 4 ; ; 7 g 4; ; 7g 3 ; ; 6 g 3; ; 8g 3 ; ; 8 gf2; 5; 7g 2; ; 8g 2; ; 8g 1; ; 7g 1; ; 8g 1; ; 8g 3; ; 5g 3; ; 6g 2; ; 5g 2; ; 7g f2; 3; 5g 2; ; 8g 1; ; 6g 1; ; 7g 1; ; 6g 1; ; 8g 1; ; 7g 1; ; 8gBound. 1; ; 3g 1 ; ; 4 g 1; ; 4g 2 ; ; 4 gIn t. 5; g 6 ; g 5; g 6 ; g 5; g 7 ; g 4; g 4 ; g 4; g 3 ; g 3; g 3 ; g 2; g 2 ; gf2; 8g 1; g 1; g 1; gBound. 1; g 2 ; g 1; g 2 ; g 1; g 3 ; gIn t. ertices: 7 8Bound. v ertices: 3 4Com binatorics:15 = T 32 F 4 FB b oundary faces28 = FI in terior faces24 = E 6 EB b oundary edges18 = EI terior edges8 = E ertices

4 VB b oundary v ertices4 = VI terior v ertices1 = ØΩ2 = ØB

(4)T binatorics the Tariate

SplitV6

= V1

+ V2

+ 2V3

+ 2V4

)=7; V7

+ 20V2

+ 11V3

+ 20V4

)=71 V8

+ 20V3

+ 11V4

)=71: 5. ertex V8 is completely asymmetric.)V5

= (V1

)=7; V6

+ 2V2

+ V3

)=7 V8

)=72: 6. f4; ; 7; 8g coplanar.)V5

)=7; Spline Dimensions Jan uary 29, 1996 age

V6= V1

+ V2

+ 2V3

+ 2V4

)=7; V7

= V1

+ 2V2

+ V3

)=7 V8

= V 4

)=4 whereV V6

+ V7

)=2: 7. e56 is singular, cf., Alfeld, 1986.)V5

= (V1

)=7; V6

= V 3

)=4 V8

)=4 whereV V5

+ V6

)=2: 8. w o quadruples f 3; ; 6; 7g f 4

; ; 7 ; 8 g each coplanar

2V5= V1

)=2: 9. quadruples f 1; ; 6; 8g 2 ; ; 6 ; 7 g f3; ; 7; 8g eac h coplanar

3.)V5

+ 24V2

+ 45V3

+ 80V4

)=224; V7

+ 8V2

+ 8V4

)=28 V8

+ 56V2

+ 41V3

+ 16V4

)=160: 10. quadruples f 1; ; 6; 8g , 2; ; 6; 7g , 3; ; 7; 8g , 4; ; 7; 8g each coplanar

4.)V5

= (7V1

+ 25V3

+ 20V4

)=72; V6

+ 7V2

+ 20V3

+ 25V4

)=72; V7

+ 20V2

+ 7V3

)=72 V8

+ 25V2

+ 7V4

)=72:

(47)2This requirement cannot b e realized by a regular tetrahedral decomp osition. , 5 and V6 are given byV7

= (10V1

+ 5V2

Γ 4V3

+ 10V4

)=21V8

= (40V1

+ 5V3

+ 19V4

)=843This causes the edge e68 to b e singular4This causes the edges e57 and e68 to b e singularSpline Dimensions Jan uary 29, 1996 age

config.: 3 4 5 6 7 8 9 11 12r

; 1, 10 11 11 10 10 11 10 10 11 10 101, 20 25 25 21 21 24 20 20 24 21 20

1, 43 52 52 47 47 53 45 46 54 48 46

1, 104 112 112 108 108 114 106 108 116 109 108

1, 214 222 222 218 218 225 216 219 228 219 219

1, 388 396 396 392 392 400 390 394 404 393 394

1, 641 649 649 645 645 654 643 648 659 646 648

1, 988 996 996 992 992 996 9962, 84 87 87 84 84 86 85 84 86 85 862, 132 142 142 136 137 144 147 138 146 146 154

2, 243 251 251 247 249 256 264 252 261 261 274

2, 420 428 428 424 427 436 447 433 444 442 4602, 678 686 686 682 686 697 711 695 708 704 727

2, 1032 1040 1040 1036 1041 1054 1071 1053 1068 1062 1090

2, 1497 1505 1505 1501 1507 1522 1542 1522 1539 1531 1564

2, 2088 2096 2096 2092 2099 2116 2139 2117 2136 2126 2164

2, 2820 2828 2828 2824 2832 2851 2877 2853 2874 2862 2905

2, 3708 3716 3716 3712 3721 3742 3771 3745 3768 3754 3802

2, 4767 4775 4775 4771 4781 4804 4836 4808 4833 4817 4870

2, 6012 6020 6020 6016 6027 6052 6087 6057 6084 6066 6124T S rdfor the three-dimensional Morgan/Scott

Example11. f3; ; 7g colinear.)V5

= (V1

+ V2

+ 2V3

+ 2V4

)=7 V6

= V1

)=7 V7

= V6

Γ V3

)=5 V8

+ 2V2

+ V4

)=7 12. f3; ; 7g f 4; ; 8g each colinear.)V5

= V5

Γ V4

)=5 T is repro duced and expanded from Alfeld, 1987.Remark of S

2dfor d 2 f0; ; 2; 3; 4; 5g

Γd+33

Δon all configurations, i.e., all splines areactually p olynomials.F v enience, T lists the deviations of the true dimensions from the generic v alue, exceptthat for the generic configuration 2 the actual dimension is giv en.S

2don the symmetric Morgan-Scott Split. T lists dimension of S

2don the symmetric Morgan-Scottsplit (configuration 1.), for d = 3 ; ; Δ Δ Δ ; 17, with their forward differences.S

2don the generic Morgan-Scott Split. able lists dimension of S

2don the generic Morgan-Scott split(configuration 2.), for d = 3; ; Δ Δ Δ ; 17, with their forw ard differences.Spline Space Dimensions Jan uary 29, 1996 age

config.: 5 6 7 8 9 11 12r

; 1, 2 0 0 1 0 0 1 0 01, 1 1 4 0 0 4 1 0

1, 4 4 3 3

1, 4 4 4 4

1, 4 4 5 5

1, 4 4 6 6

1, 4 4 7 7

1, 4 4 8 82, 0 0 2 1 0 2 1 22, 5 15 14 22

2, 4 6 21 18 31

2, 4 7 27 13 24 22 402, 4 8 33 17 30 26 49

2, 4 9 39 21 36 30 58

2, 4 25 45 25 42 34 67

2, 4 28 51 29 48 38 76

2, 4 31 57 33 54 42 85

2, 4 34 63 37 60 46 94

2, 4 37 69 41 66 50

2, 4 40 75 45 72 54 T Dimensions of S rdfor the three-dimensional Morgan/Scott

Exampled dimS

2ddifferences ...2 10 1 3 9 3 15 4

4 35 21 10 16

5 31 26 25 0 3

6 57 51 17 3

7 108 14 1

8 176 14

9 258 15 0 0 0 010 354 111 0 0 0

11 126 0 0

12 141 0

13 156

14 171

15 1059

16 1245

17 6020T S

2don the symmetric three-dimensional MS splitV for the three-dimensional Morgan-Scott split. in terest are the dimensionsof rdon the v ertex stars of a tetrahedral decomp osition, for d = r 1; Δ Δ ; 4r , Alfeld, Sc h umak er andSirv en t, 1991, and Alfeld, Sc h umak er and Whiteley or Morgan-Scott split, these are listed for sev eral v alues of r and d in T through 17. through 28 list the deviations of the dimensions from the generic v alue. reference, tables for r = 1 and d = 5 and r = 2 and d = 9 are included. for r = 2 and d = 3 is omitted since all splines on all v ertices are p olynomials, i.e., dim23= The One of the simplest three-dimensional v ertex stars is the o ctahedron.Spline Space Dimensions Jan uary 29, 1996 age

config.: 3 4 5 6 7 8 9 11 12v ertexV1

476 476 476 476 476 476 481 475 476 481 V2

476 476 476 475 475 476 475 475 476 476 V3

476 476 476 475 475 476 481 475 476 476 V4

476 476 476 475 475 476 481 475 476 476 V5

436 436 436 436 436 450 440 440 450 440 V6

436 436 436 435 440 450 471 450 450 460 V7

436 436 436 435 440 436 440 440 450 436 V8

436 436 436 436 436 436 440 450 450 440 T ertex for MS, r 2,

9config.: 3 4 5 6 7 8 9 11 12v ertexV1

1 10 1 1 1 1 0 0 1 0 V2

1 1 0 0 1 0 0 1 1 V3

1 1 0 0 1 0 0 1 1 V4

1 1 0 0 1 0 0 1 1 V5

1 1 1 1 1 0 0 1 0 V6

1 1 0 0 1 1 1 1 1 V7

1 1 0 0 1 0 0 1 1 V8

1 1 1 1 1 0 1 1 0 T v ertex stars for MS, r 1,

2config.: 3 4 5 6 7 8 9 11 12v

1 26 1 1 1 1 0 0 1 0 V2

1 1 1 1 2 0 0 2 0 V6

1 1 0 0 2 2 2 2 2 V7

1 1 0 0 1 0 0 2 1 V8

1 1 1 1 1 0 2 2 0 T v

3config.: 3 4 5 6 7 8 9 11 12v

1 59 1 1 1 1 0 0 1 0 V2

1 1 1 1 3 0 0 3 0 V6

1 1 0 0 3 2 3 3 2 V7

1 1 0 0 1 0 0 3 1 V8

1 1 1 1 1 0 3 3 0 T v

4Spline Dimensions Jan uary 29, 1996 age

config.: 3 4 5 6 7 8 9 11 12v ertexV1

1 1 1 1 1 0 0 1 0 V2

1 1 0 0 1 0 0 1 1 V3

1 1 0 0 1 0 0 1 1 V4

1 1 0 0 1 0 0 1 1 V5

1 1 1 1 4 0 0 4 0 V6

1 1 0 0 4 2 4 4 2 V7

1 1 0 0 1 0 0 4 1 V8

1 1 1 1 1 0 4 4 0 T v ertex stars for MS, r 1,

5config.: 3 4 5 6 7 8 9 11 12v ertexV1

0 20 0 0 0 0 0 0 0 0 V2

0 0 0 0 0 0 0 0 0 V3

0 0 0 0 0 0 0 0 0 V4

0 0 0 0 0 0 0 0 0 V5

0 0 0 0 0 0 0 0 0 V6

0 0 0 0 0 1 0 0 0 V7

0 0 0 0 0 0 0 0 0 V8

0 0 0 0 0 0 0 0 0 T v ertex stars for MS, r 2,

3config.: 3 4 5 6 7 8 9 11 12v

1 35 1 1 1 1 1 0 1 1 V2

1 1 0 0 1 1 0 1 1 V4

1 1 0 0 1 1 0 1 1 V5

0 0 0 0 0 5 0 0 3 V7

4config.: 3 4 5 6 7 8 9 11 12v

1 65 1 1 1 1 2 0 1 2 V2

1 1 0 0 1 2 0 1 1 V4

1 1 0 0 1 2 0 1 1 V5

1 1 1 1 3 1 1 3 1 V6

1 1 0 1 3 3 9 V7

1 1 0 1 1 1 1 3 1 V8

1 1 1 1 1 1 3 3 1 T v

5Spline Dimensions Jan uary 29, 1996 age

config.: 3 4 5 6 7 8 9 11 12v ertexV1

1 1 1 1 1 3 0 1 3 V2

1 1 0 0 1 0 0 1 1 V3

1 1 0 0 1 3 0 1 1 V4

1 1 0 0 1 3 0 1 1 V5

1 1 1 1 6 2 2 6 2 V6

1 1 0 2 6 6 V7

1 1 0 2 1 2 2 6 1 V8

1 1 1 1 1 2 6 6 2 T v ertex stars for MS, r 2,

6config.: 3 4 5 6 7 8 9 11 12v ertexV1

1 1 1 1 1 4 0 1 4 V2

1 1 0 0 1 4 0 1 1 V4

1 1 0 0 1 4 0 1 1 V5

1 1 1 1 9 3 3 9 3 V6

1 1 0 3 9 9 V7

1 1 0 3 1 3 3 9 1 V8

1 1 1 1 1 3 9 9 3 T v

7config.: 3 4 5 6 7 8 9 11 12v

1 1 1 1 1 5 0 1 5 V2

1 1 0 0 1 5 0 1 1 V4

1 1 0 0 1 5 0 1 1 V5

1 1 1 1 4 V6

1 1 0 4 30 12 12 21 V7

1 1 0 4 1 4 4 V8

1 1 1 1 1 4 12 T v ertex stars for MS, r 2,

8config.: 3 4 5 6 7 8 9 11 12v

1 1 1 1 1 6 0 1 6 V2

1 1 0 0 1 6 0 1 1 V4

1 1 0 0 1 6 0 1 1 V5

1 1 1 1 5 V6

1 1 0 5 36 15 15 25 V7

1 1 0 5 1 5 5 V8

1 1 1 1 1 5 15 T v

9Spline Dimensions Jan uary 29, 1996 age

T osition analyzed b y program tetsT 7; ; 1; 2g 7; ; 2; 4g 7; ; 4; 5g 7; ; 5; 1g 7; ; 1; 2g 7; ; 2; 4g 7; ; 4; 5g 7; ; 5; 1gIn t. 1; ; 7g 2 ; ; 7 g 1; ; 7g 3 ; ; 7 g 2; ; 7g 3 ; ; 7 g 4; ; 7g 1 ; ; 7 g 1; ; 7g 2 ; ; 7 gf4; 6; 7g 5; ; 7gBound. 1; ; 3g 2 ; ; 4 g 3; ; 5g 1 ; ; 5 g 1; ; 6g 2 ; ; 6 g 4; ; 6g 1 ; ; 6 gIn t. 3; g 1 ; g 2; g 4 ; g 5; g 6 ; gBound. 1; g 2 ; g 1; g 3 ; g 2; g 4 ; g 3; g 1 ; g 2; g 1 ; g 4; g 5 ; gIn t. ertices: Bound. ertices: 3 4 5 6Com binatorics:8 = T 20 F 8 FB b oundary faces12 = FI in terior faces18 = E

12 EB b oundary edges6 = EI terior edges7 = E ertices

6 VB b oundary v ertices1 = VI terior v ertices1 = ØΩ2 = ØB

(56)T binatorics

OctahedronA symmetric v ersion is obtained b y using the v ertices:V1

=0@1001A; 2

=0@0101A; V3

=0@001A; V4

=0@Γ1001A(58)V5

=0@0Γ10

1A; V6

=0@00Γ1

1A; V7

=0@0001A(59)with com binatorics b eing giv en in T As usual, w e consider V1

, V2

, V3

, V4 fixed. W := V1

+ V4

)=2 Fwing a list of configurations. eac h are the singular v ertices (ha ving edges of onlyt w o es attac hed) and the Clough-Tc her ertices (ha ving edges of only three slop es attac hed) in the g-triangulation.1. (symmetric, describ ed ab o v e, all 6 v ertices are singular.)V5

:= V1 Γ 2 (61)Spline Dimensions Jan uary 29, 1996 age

Figure Pro jection of the Octahedron.V6

:= 1

Γ V3

+ V4

(62)V7

:= W 2. terior vertex has b een mo v ed along a co ordinate axis, V1 and V4 are singular, the remaining4 v ertices are Clough-T o cher vertices.)V5

:= V1

Γ V2

(64)V6

(65)V7

:= W + (V1

Γ W =5 3. terior v ertex has b een mo v ed in a plane spanned b y t w o co ordinate directions, there are nosingular v ertices, and V1

, V2

, V4

, and V5 are Clough-Tc her ertices.)V5 Γ 2 (67)V6

(68)V7

:= W V1

Γ W )=5 + (V2

Γ W )=7 4. terior v ertex has b een mo ved into the in terior of an octant, there are no singular or Clough-Tc her ertices.)Spline Space Dimensions Jan uary 29, 1996 age

Figure Pro jection of Conf. 1 of Octahedron.

Figure Pro jection of Conf. 2 of Octahedron.V5

:= 1

Γ V2

+ V4

(70)V6

:= V1

Γ V3

(71)V7

:= W V1

Γ W )=5 + (V2

Γ W )=7 + (V3

Γ W )=9 5. terior v ertex has b een mo ved into the in terior of an octant., and the shap e of the star is nolonger symmetric. no singular or Clough-Tc her ertices.)Spline Space Dimensions Jan uary 29, 1996 age

Figure Pro jection of Conf. 3 of Octahedron.

Figure Pro jection of Conf. 4 of Octahedron.V5

:= 1

Γ V2

+ V4

+ (V4

Γ V3

)=10 V6

)=11 V7

:= V1

Γ W )=5 + (V2

Γ W )=7 + (V3

Γ W )=9 6. e of the star is not symmetric, but the in terior p oin t lies at the cen ter of the line from V1to V4

. no singular v ertices, and V2

, V3

, V5

, and V6 are Clough-Tc her ertices. 1 andV4 are tip o dal.)Spline Space Dimensions Jan uary 29, 1996 age

Arbitrarily y additional la y ers are then generated b y rep eatedly adding a p oin t ab o v e the curren t p yramidand the new la y er. is the n um b er of la y ers, then the tessellation consists of ¯ 2 oundary v ertices, ˚ 1 terior v ertices, and ¯˚ tetrahedra. can b e arbitrarily large, the n um b er of tetrahedra can gro w arbitrarily m uc h faster than the n um b er of v ertices.F hoices of ¯ and ˚ sufficien tly large the standard lo w er b ound on dim

1db ecomes e, cf.’Alfeld, Sc h umak er and Whiteley

, 1991. la y ers are added presumably the dimension will con tin ue to drop un til it reac hes a constan t v alue. an example with ¯ = 12 The interior vertex in the tw o dimensional v ertex star is V1

, the top of the initial la y er is V2

, and the b oundary v ertices of the v ertex starare giv en b yV3 ; 10

; V4

; V11

; V5

; V12

; V6

; V13

; V7

; V14

; V8

; V9

; in sequence. of the additional la y ers areV15

; 16

; V17

; V18

; V19

; V20whereV5

:= 1

+ V4

Γ V3

(83)V6

:= V1

+ V5

Γ V4

(84)V7

+ V6

Γ V5

(85)V8

+ V7

Γ V6

(86)V9

:= (V3

+ V8

)=2 V10

:= V4

+ V3

)=2 V11

:= V5

)=2 V12

:= V6

)=2 V13

:= V7

)=2 V14

:= V8

)=2 V15

:= V2

Γ V1

+ (V3

)=11 V16

:= V15

Γ V2

+ (V4

)=7 V17

:= V16

Γ V15

+ (V5

)=13 V18

:= V17

Γ V16

+ (V6

Γ V7

)=10 V19

:= V18

Γ V17

+ (V7

Γ V8

)=9 V20

:= V19

Γ V18

+ (V8

)=12 V21

:= V20

Γ V19

)=14 V22

:= V21

Γ V20

)=40 V23

:= V22

Γ V21

)=50 V24

:= V23

Γ V22

)=60 V25

:= V24

Γ V23

)=80 V26

:= V25

Γ V24

)=90 # y ers: 3 4 5 6 7 8 9 11 12 13dimS

14133 110 101 95 92 89 86 83 80 77 74lo w er ound 103 73 58 43 28 13 -32 -47dimS

1358 29 20 20 20 20 20 20 20 20 20 20dimS

1219 11 10 10 10 10 10 10 10 T S

14on a ¯ 12 yramidSpline Space Dimensions Jan uary 29, 1996 age

T lists the dimensions of S

14obtained for the v arious la y ers. the dimensionsof S

12and S

13are also listed.Remark apparen t that the dimension indeed decreases with the n um b er of la y ers. w ev er, is no simple apparen t rule go v erning the decrease. ma y not b e generic.T osition analyzed b y program tetsT 5; ; 7; 8g 5; ; 7; 4g 5; ; 3; 8g 5; ; 7; 8g 1; ; 7; 8g 5; ; 9; 3g 5; ; 9; 4g 5; ; 7; 2gf5; 9; 7; 4g 5; ; 2; 8g 5; ; 3; 8g 9; ; 10; 3g 9; ; 4; 10g 10; ; 7; 1g 10; ; 7; 4g f10; 6; 1; 8g 10; ; 3; 8g 9; ; 7; 2g 9; ; 7; 4g 11; ; 7; 1g 11; ; 7; 4g 1; ; 7; 8g f2; 11; 7; 8g 1; ; 11; 8g 1; ; 3; 8g 1; ; 11; 4g 9; ; 3; 8g 9; ; 11; 4g 9; ; 3; 4g f9; 2; 3; 4g 1; ; 3; 4g 1; ; 11; 4g 1; ; 3; 8gIn t. 5; ; 7g 5 ; ; 8 g 5; ; 8g 6 ; ; 8 g 4; ; 6g 4 ; ; 7 g 4; ; 7g 3 ; ; 6 g 3; ; 8g 3 ; ; 8 gf2; 5; 7g 2; ; 8g 2; ; 8g 1; ; 7g 1; ; 8g 1; ; 8g 5; ; 9g 3; ; 9g 3; ; 9g 4; ; 9g f4; 6; 9g 5; ; 9g 2; ; 9g 2; ; 9g 4; ; 9g 5; ; 9g 2; ; 9g 3; ; 9g 6; ; 10g 3; ; 10g f3; 6; 10g 4; ; 10g 4; ; 10g 6; ; 10g 1; ; 10g 1; ; 10g 4; ; 10g 6; ; 10g 1; ; 10g f3; 8; 10g 7; ; 11g 2; ; 11g 2; ; 11g 4; ; 11g 4; ; 11g 7; ; 11g 1; ; 11g 1; ; 11g f4; 10; 11g 1; ; 11g 7; ; 11g 2; ; 11g 1; ; 11g 1; ; 8g 1; ; 10g 1; ; 8g 1; ; 10g f1; 4; 11g 2; ; 9g 2; ; 8g 2; ; 9g 2; ; 11g 3; ; 9g 3; ; 10gBound. 2; ; 4g 1 ; ; 4 g 1; ; 4g 1 ; ; 3 gIn t. 5; g 6 ; g 5; g 6 ; g 5; g 7 ; g 4; g 4 ; g 4; g 3 ; g 3; g 3 ; g 2; g 2 ; gf2; 8g 1; g 1; g 1; g 6; g 5; g 3; g 4; g 7; g 2; g 8; g 9; g 6; g f3; 10g 4; g 7; g 1; g 8; g 9; g 7; g 2; g 4; g 10; g 1; g f8; 11gBound. 2; g 3 ; g 2; g 1 ; g 1; g 1 ; gIn t. ertices: 7 8 9 10 11Bound. v ertices: 4 1Com binatorics:33 = T 68 F 4 FB b oundary faces64 = FI in terior faces45 = E 6 EB b oundary edges39 = EI terior edges11 = E ertices4 VB b oundary v ertices7 = VI terior v ertices1 = ØΩ2 = ØB

(105)T binatorics a Decomp osition with VB

= VI

=.Spline Dimensions Jan uary 29, 1996 age

Figure Whiteley’s Example, F ull view.Whiteley’s Example. The decomp osition listed in T able 33 w as suggested by W alter Whiteley(priv ate comm unication, Septem b er 1991). purp ose w as to find a configuration where the dimension S 14w as 35. case all splines are trivial. v er, y rep eating the split on the tetrahedrain decomp osition, tetrahedral decomp ositions can b e built whic h ha v e arbitrarily many vertices and y et where all splines in S

14are in fact p olynomials. the follo wing configurations:1.V5

:= (11V4

+ V3

+ 11V2

+ 7V1

) =40 V6

:= V4

+ 11V3

+ 10V2

+ 8V1

) 40 V7

+ 10V3

) 40 V8

) 40 V9

+ 3V3

+ 3V2

+ V1

) 10 V10

+ 6V3

+ 5V2

+ 3V1

) 20 V11

+ 5V3

+ 6V2

) 20 2.V5

+ 110V3

+ 109V2

+ 71V1

) 400 V6

+ 883V3

+ 818V2

+ 648V1

) 3240 Spline Dimensions Jan uary 29, 1996 age

Figure Whiteley’s Example, in terior p olyhedron.V7

:= V4

+ 414V3

+ 451V2

+ 328V1

) 1640 V8

+ 905V3

+ 913V2

+ 672V1

) 3320 V9

+ 126V3

+ 126V2

+ 43V1

) 420 V10

+ 510V3

+ 429V2

+ 255V1

) 1700 V11

+ 5V3

+ 6V2

+ 3V1

) 20 3.V5

+ 110V3

+ 109V2

+ 71V1

) 400 V6

+ 883V3

+ 818V2

+ 648V1

) 3240 V7

+ 219V3

+ 256V2

+ 127V1

) 860 Spline Dimensions Jan uary 29, 1996 age

Figure sho ws a view of Whiteley’s example (configuration 3). sho w the same (enlarged)view the stars of the b oundary v ertices remo v ed.d 1 4 42 10 10

3 20 20 20

4 38 35 35

5 141 140

6 352 350 349

7 697 695 694

8 1209 1208

9 1927 1925 1924T S

1dfor Whiteley’s

Exampleconfig. ertex: 1

V2V3V4V5V6V7V8V9V10V111 10 11 10 10 10 11 10 10 102 10 11 10 10 10 10 10 10 10

3 10 10 10 10 10 10 10 10 10T S

12on V of Whiteley’s

Example.config. ertex: 1

V2V3V4V5V6V7V8V9V10V111 30 33 26 28 30 31 30 28 262 30 33 26 28 30 30 30 28 26

3 30 32 26 28 30 30 30 28 26T S

13on V of Whiteley’s

V2V3V4V5V6V7V8V9V10V111 75 84 62 70 78 79 78 70 622 75 84 62 70 78 78 78 70 62

3 75 83 62 70 78 78 78 70 62T S

14on V of Whiteley’s

Example.T giv es the dimensions for these configurations. the dimension of S

14is indeed 35for configurations 2 and 3. ¿ 4 the dimensions agree with the lo w er b ound giv en in Alfeld, 1986, on configuration 3. d ¿ 7 the dimension on configuration 3 equals the generic v alue deriv ed in Alfeld, Sc h umak er and Whiteley T through 36 giv e the dimensions of S

1d, d = 2; ; 4, the stars of eac h v ertex. dimension S

11is 4 on all v ertex stars.)Boundary Cells. in the title is unsatisfactory

6. theme is to determine the B ´ of a biv ariate spline on the star of an in terior v ertex (called a c el l b y Sc h umak er) w orking from the outside to the inside, rather than the other w a y around, as has b een done in earlier pap ers. ation for this approac h is that it can yield results, e.g., ab out the non-existence of minimally supp orted bases.Let v b e the in terior v ertex of a cell Γ, with e edges attac hed that ha v e a total n um b er E of slop es.Then w e define M r ;sd (Γ) to b e the space of splines in S rd(Γ) whose B

´ on the s outermost ringsare zero. us spline in M r ;sd (Γ) is a spline in S rd(Γ) that v anishes to s 1-th on the b oundary of

Γ.6What’s a b etter one?Spline Space Dimensions Jan uary 29, 1996 age

W particularly in terested in the cased = 3r 1; r + 1 since a precise kno wledge of dim r ;r +1d

(Γ) b e used to demonstrate the non-existence of minimallysupp orted bases for S r3r +1

. kno wn that S r3r +2 do es p ossess minimally supp orted bases.)W el the in terior v ertex V1

, and the b oundary v ertices V2

, V3

, V5

, Δ Δ, e+2

, skipping V4 b ecauseit is used as a dumm y v ertex b y the soft w are.It can b e sho wn thatdim r ;r +13r +1

(Γ) dim r2r Γ1

+ 1= r2e + r2+ 3r

42+2r +1Xj =1

(r + j + 1 Γ j E )+

(128)W the follo wing configurations:1. c her, = E = 3.)V1

=V2+ 3 + V 53(129)2. e = E = 6.)V5

= V1 + 3 Γ V2

+ (V1

Γ V3

)=10V6

+ V5

Γ V3V7

+ V6

Γ V5

)=10V8

+ V7

Γ V6

)=10

(130)3. e = E = 6.)V5

V6= V1

V7= V1

V8= V1

(131)r r Γr2Δe + r2+3r

+42+P2r +1j =1

(r j + 1 Γ j E )+

ΔΓ2r +22

Δ1 2

3456789 10 T M r on the Clough-Tc her r r 3 T M r on the generic hexagonSpline Space Dimensions Jan uary 29, 1996 age r ;r +13r +1

Γr2Δe + r2+3r

+42+P2r +1j =1

(r j + 1 Γ j E )+

ΔΓ2r +22

Δ1 2

3456789 10

11 T M r on the symmetric hexagonT through 40 list computed dimensions, the corresp onding v alues of the b ound (128), andthe difference Δ. column con tains the n um b er

Γ2r +22

Δwhic h is the factor m ultiplying the n um b erof v ertices in the form ula:dim r3r +1

=2r 22

Vr + 12

+ œ; whereœ

VIXi=1 œiand i

=rXj =1

(r j + 1 Γ j ei

)+: Consider large t yp e-1 triangulation (the three-direction mesh) where the effect from the b oundaryv ertices negligible. is isomorphic to one obtained b y tessellating the domain with hexagons, an interior p oin t to each hexagon, and triangulating eac h hexagon in the natural w a y follo ws tables 39 and 40 that on the generic v ersion of this triangulation a minimally supp orted basis cannot exist for r = 1; ; Δ Δ Δ ; 11, on the symmetric v ersion it cannot exist for r = 1 ; ; Δ Δ Δ ; 5, it ma y exist for r ¿ Fwing more tables listing dimensions of b oundary cells on the ab o v e three cells.d=s : 2 3 4 5 6 7 8 9 2 3 0 4 3 0

5 3 0

6 18 3 0

7 30 18 3 0

8 45 30 18 3 0

9 63 45 30 18 3 010 63 45 30 18 3 0

11 108 63 45 30 18 3 0T S

1d;son the Clough-Tc her split.Spline Dimensions Jan uary 29, 1996 age

d=s 2 3 4 5 6 7 8 9 2 3 0 4 0 5 15 0

6 33 15 0

7 57 33 15 0

8 57 33 15 0

9 123 57 33 15 010 165 123 57 33 15 0

11 213 165 123 57 33 15 0T S

1d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 3 0

4 1 0

5 1 0

6 14 1 0

7 31 14 1 0

8 55 31 14 1 0

9 55 31 14 1 010 121 55 31 14 1 0

11 163 121 55 31 14 1 0T S

2d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 4 0 0

5 0 0 0

6 0 0 0

7 1 0 0 0

8 25 1 0 0 0

9 48 25 1 0 0 010 48 25 1 0 0 0

11 114 48 25 1 0 0 0T S

3d;son the symmetric hexagon.Spline Space Dimensions Jan uary 29, 1996 age

d=s 2 3 4 5 6 7 8 9 5 0 0 0

6 0 0 0 0

7 0 0 0 0

8 1 0 0 0 0

9 22 1 0 0 0 010 44 22 1 0 0 0 0

11 44 22 1 0 0 0 0T S

4d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 6 0 0 0 0

7 0 0 0 0 0

8 0 0 0 0 0

9 0 0 0 0 0 010 17 0 0 0 0 0 0

11 39 16 0 0 0 0 0 0T S

5d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 7 0 0 0 0 0

8 0 0 0 0 0 0

9 0 0 0 0 0 010 1 0 0 0 0 0 0

11 17 1 0 0 0 0 0 0T S

6d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 8 0 0 0 0 0 0

9 0 0 0 0 0 010 0 0 0 0 0 0 0

11 0 0 0 0 0 0 0 0T S

7d;son the symmetric hexagon.Spline Space Dimensions Jan uary 29, 1996 age

d=s 2 3 4 5 6 7 8 9 9 0 0 0 0 0 010 0 0 0 0 0 0 0

11 0 0 0 0 0 0 0 0T S

8d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 10 0 0 0 0 0 0 0

9d;son the symmetric hexagon.d=s 2 3 4 5 6 7 8 9 11 0 0 0 0 0 0 0 0T S

10d;s on the symmetric hexagon.More on b oundary cells: [29-Jan-1996].Spline Dimensions Jan uary 29, 1996 age

r 2 3 4 5 6 7 8 9 11 12 13 14 15 16 17 18 19 20 21 1 3Δ implied: 2 7 19 10 1Δ 6 3implied: 2 2 23 45 30 18 3Δ 15 12 6implied: 3 3 3 34 46 31 19 10 1Δ 21 18 15 12 6 3implied: 4 4 4 4 4 4 45 138 108 45 30 18 3Δ 30 24 21 18 15 12 6implied: 4 5 5 5 5 5 5 56 205 166 136 109 46 31 19 10 1Δ 39 30 27 24 21 18 15 12 6 3implied: 4 6 6 6 6 6 6 6 6 6 67 285 237 198 165 135 108 45 30 18 3Δ 48 39 33 30 27 24 21 18 15 12 6implied: 4 6 7 7 7 7 7 7 7 7 7 78 379 322 274 235 199 166 136 109 46 31 19 10 1Δ 57 48 39 36 33 30 27 24 21 18 15 12 6 3implied: 4 6 8 8 8 8 8 8 8 8 8 8 8 8 89 486 420 363 315 273 234 198 165 135 108 45 30 18 3Δ 66 57 48 42 39 36 33 30 27 24 21 18 15 12 6implied: 4 6 8 9 9 9 9 9 9 9 9 9 9 9 9 910 607 532 466 409 361 316 274 235 199 166 136 109 46 31 19 10 1Δ 75 66 57 48 45 42 39 36 33 30 27 24 21 18 15 12 6 3implied: 4 6 8 10 10 10 10 10 10 10 10 10 10 10 10 10 10 1011 34 741 657 582 516 459 408 360 315 273 234 198 165 135 108 45 30 18 Δ 75 66 57 51 48 45 42 39 36 33 30 27 24 21 18 15 12 implied: 4 6 8 11 11 11 11 11 11 11 11 11 11 11 11 11 11 11 T edgesSpline Space Dimensions Jan uary 29, 1996 age

r 2 3 4 5 6 7 8 9 111 Δ implied: 2 7 26 11 Δ 15 10implied: 2 23 40 20 Δ 25 20 15implied: 3 3 34 126 61 36 16 Δ 35 30 25 20 15implied: 4 4 4 4 45 208 158 118 53 28 Δ 50 40 35 30 25 20implied: 4 5 5 5 5 56 311 246 196 151 111 46 21 Δ 65 50 45 40 35 30 25 20implied: 4 6 6 6 6 6 6 67 435 355 290 235 185 140 100 35 10Δ 80 65 55 50 45 40 35 30 25implied: 4 6 7 7 7 7 7 7 7T edgesv5

= 3v1 Γ 2 Γ v3 v6= v5

+ v1 v7= v6

+ 2(v2

Γ v1

)Spline Dimensions Jan uary 29, 1996 age

r 2 3 4 5 6 7 8 9 11 12 13 14 15 16 17 181 Δ implied: 2 7 29 14 1Δ 15 4implied: 2 3 33 46 26 12 Δ 25 20 14 implied: 3 3 4 44 135 100 45 26 13 1Δ 35 30 25 19 13 4implied: 4 4 4 5 5 5 55 220 171 131 66 42 24 12 Δ 49 40 35 30 24 18 12 implied: 5 5 5 5 6 6 6 66 327 264 214 169 129 65 42 25 13 1Δ 63 50 45 40 35 29 23 17 12 4implied: 5 6 6 6 6 7 7 7 7 7 77 455 378 314 259 209 164 124 62 40 24 12 Δ 77 64 55 50 45 40 34 28 22 16 12 implied: 5 7 7 7 7 7 8 8 8 8 8 88 605 514 436 371 311 311 206 161 122 62 41 25 13 1Δ 78 65 60 39 33 27 21 16 12 4implied: 5 7 8 8 9 9 9 9 9 9 9 99 671 579 500 430 365 305 250 200 156 118 60 40 24 12 Δ 105 79 70 65 60 55 50 44 38 32 26 20 16 12 implied: 5 7 9 9 9 9 9 9 10 10 10 10 10 10 10T edgesv5

= 2v1 Γ 2 v6= 2v1

Γ v3 v7= (v6

+ v2

)=2Spline Dimensions Jan uary 29, 1996 age

r 2 3 4 5 6 7 8 9 1 Δ implied: 2 7 27 12 Δ 15 10implied: 2 23 42 22 Δ 25 20 15implied: 3 3 34 129 64 39 19 Δ 35 30 25 20 15implied: 4 4 4 4 45 212 162 122 57 32 12Δ 50 40 35 30 25 20implied: 4 5 5 5 5 56 317 252 202 157 117 52 27 Δ 65 50 45 40 35 30 25 20implied: 4 6 6 6 6 6 6 6T edgesv5

= 2v1 Γ 2 v6= 2v1

Γ v3 v7= (v6

+ v2

)=2 + (v2

Γ v1

)=10r 2 3 4 5 6 7 8 9 111 Δ implied: 2 7 26 11 Δ 15 10implied: 2 23 40 20 Δ 25 20 15implied: 3 3 34 126 61 36 16 Δ 35 30 25 20 15implied: 4 4 4 4 45 208 158 118 53 28 Δ 50 40 35 30 25 20implied: 4 5 5 5 5 56 311 246 196 151 111 46 21 Δ 65 50 45 40 35 30 25 20implied: 4 6 6 6 6 6 6 67 435 355 290 235 185 140 100 35 10Δ 80 65 55 50 45 40 35 30 25implied: 4 6 7 7 7 7 7 7 7T edgesv5 v6= v5

+ 2(v2 ) 7 = v6

)Spline Dimensions Jan uary 29, 1996 age