Upp er and Lo w er Bounds on the Dimension of Multiv ariate Spline Spaces†

b y

P eter Alfeld*

List of Con ten ts

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1. In tro duction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2. The Bernstein B ´ ezier form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3. Tw o Simple Lo w er Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

4. A Simple Upp er Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

5. A Refined Upp er Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

6. Comparison of Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

7. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Ac kno wledgmen ts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Abstract

W e giv e upp er and lo w er b ounds on the dimensions of m ultiv ariate spline

spaces defined on triangulations in I R k

. The b ounds are optimal in a certain

sense.

1. In tro duction

In this pap er w e consider spaces of splines (smo oth piecewise p olynomial

functions) defined on a triangulation of a domain Ω ⊂ I R k

. Throughout, k will

denote the dimension of the domain.

W e start with the concept of a triangulation (cf [4] and [14]):

Definition 1. Let

T = {σ

i

: i = 1, 2, · · · , T } (1)

b e a finite set of non-degenerate simplices in I R k

and let

Ω =

T

⋃

i=1 σ

i

. (2)

Let

X = {x

i

∈ Ω, i = 1, 2, · · · , N } (3)

† T o app ear in the SIAM Journal on Numerical Analysis. Finished

editing [27-Jun-1994]

* Departmen t of Mathematics, Univ ersit y of Utah, Salt Lake City

, UT 84112,

alfeld@math.utah.edu.

`´

( b e the set of all v ertices of simplices in T . Then T is a triangulation of Ω pro vided

that

1. The in teriors of the simplices in T are pairwise disjoin t.

2. Eac h (k − 1)-dimensional face of a simplex in T is either on the b oundary of

Ω or else is a common face of exactly t w o simplices in T .

3. Eac h simplex in T con tains no p oin ts of X other than its v ertices.

Some of our b ounds require that the triangulation ha v e sp ecial prop erties.

These are formalized in the follo wing t w o definitions:

Definition 2. A triangulation T is r e gular if Ω is homeomorphic to the unit

cub e.

See e.g., [14] or [4] for similar definitions.

Definition 3. A regular triangulation T is said to b e shel lable if it consists of a

single simplex or a smaller shellable triangulation

~

T can b e obtained b y remo ving

one simplex from T .

It turns out that for k = 2 all regular triangulations are shellable, but for

k > 2 there are examples for non-shellable regular triangulations, see e.g., [16] or

[10]. It can also b e sho wn ([17]) that Delauna y triangulations are shellable for all

v alues of k .

T o distinguish (k − 1)-dimensional faces of simplices from lo w er dimensional

faces w e refer to them as fac ets . A facet is interior if it is shared b y t w o simplices.

W e also sa y that t w o simplices are neighb ors or neighb oring if they share an in terior

facet. F or simplicit y w e refer to the facets of the simplices in T as the fac ets of T .

When it is con v enien t w e think of the facets of T as (k − 1) dimensional subspaces

of I R k

rather than (k − 1)-dimensional simplices.

Using this concept w e define the usual spline space S r

d

(T ) as follo ws:

Definition 4. Let P k

d denote the

(

k +d

d

)

-dimensional space of p olynomials in k

v ariables of degree d. Then the space S r

d

(T ) is the set of all functions that can

b e represen ted as a p olynomial in P k

d on eac h simplex in T , and that are r -times

differen tiable across eac h in terior facet of T .

Here w e emplo y the usual definition of the binomial co efficien t:

m

n

= m !

n!(m − n)!

if m ≥ n ≥ 0

0 else

(4)

Remark 5. F or a general triangulation w e allo w configurations lik e t w o simplices

that touc h eac h other just at a v ertex or along an edge. According to our Definition

4 there w ould b e no smo othness conditions b et w een the t w o p olynomial pieces.

Our spaces are natural generalizations of widely kno wn and extensiv ely stud-

ied spline spaces defined on two-dimensional triangulations. The motiv ation for

the study of spline spaces is pro vided b y their p oten tial for applications. F or

example, most finite elemen t spaces are sp ecial cases of spline spaces, and m ulti-

v ariate splines can and ha v e b een used for the in terp olation and appro ximation

of data and the design of curv es and surfaces. Ov er man y y ears of spline researc h

it has b ecome apparen t that the structure of spline spaces is extremely complex,

and ev en simple questions are v ery difficult. F or example, for a giv en v alue of

k > 1 it is imp ossible to giv e form ulas for the dimension of spline spaces of high

p olynomial degree d (the easy case) without kno wing a general dimension form ula

for al l v alues of d and ( k − 1) dimensional triangulations. This complexit y pro-

vides a significan t obstacle for the utilization of spline spaces for v alues of k > 2.

Ho w ev er, spline spaces ha v e pro v ed to b e a ric h source of ideas, insights and tec h-

niques, and pro vide w orth while ob jects of study in their o wn righ t. The pap er

[8] has an extensiv e list of references that can b e used as an in tro duction to the

literature on splines.

While a significan t theory has b een built in the t w o-dimensional case ( k = 2),

little is kno wn for three-dimensional domains, and ev en less for general v alues of

k . The purp ose of this pap er is to giv e reasonably sharp upp er and lo w er b ounds

on the dimensions of suc h spline spaces, for general k , general p olynomial degree

r , and general degree of smo othness d. It is hop ed that ev en tually this line of work

will yield answ ers to questions that m ust b e answ ered for splines to b e utilized,

including the follo wing:

F or what minim um v alues of d (as a function of k and r ), indep enden t of the

particular k -dimensional triangulation,

1. Do es S r

d

(T ) ha v e ful l appr oximation or der ? (See, e.g., [12] for a discussion of

this concept.)

2. Do es S r

d

(T ) ha v e a lo c al b asis (i.e., a basis of splines the supp ort of each of

whic h is con tained in the union of all simplices sharing a particular v ertex)?

3. Can one in terp olate with S r

d

(T ) to functional data giv en at the v ertices of

T ? (The answ er to this question is not kno wn ev en in the simple case k = 2

and r = 1. In that case, d = 4 is sufficient for interp olation. The v alue d = 3

ma y b e, and pr ob ably is, sufficien t.)

4. Do es the dimension of S r

d

(T ) equal or exceed the n um b er of v ertices of T ?

Of particular imp ortance in the study of spline spaces is the concept of a

generic dimension. The follo wing definition is tak en from [8]:

Definition 6. A triangulation T is said to b e generic (with resp ect to r and d)

pro vided that for all sufficien tly small p erturbations of the lo cation of the v ertices

of T , the resulting triangulation

~

T satisfies

dimS r

d

(

~

T ) = dim S r

d

(T ). (5)

W e call the dimension of S r

d

(T ) on a generic triangulation the generic di-

mension of S r

d

(T ). This is the smallest dimension S r

d

(

~

T ) can ha v e for a giv en

top ology of the triangulation. If the dimension is not generic, then there exists

ı ȷ an arbitrarily small p erturbation of the lo cation of the v ertices that causes the

dimension of S r

d

(T ) to assume its generic v alue. In that sense, the dimension of

S r

d

(

~

T ) assumes its generic v alue for almost al l triangulations T . Ho w ev er, man y

non-generic triangulations are kno wn and o ccur naturally . F or a more detailed

discussion of generic dimensions see [8].

Giv en a triangulation one can disman tle it b y remo ving one simplex at a time.

A t eac h step the simplex b eing remo v ed shares a n um b er of in terior facets with

the remaining simplices. That n um b er ranges from 0 to k + 1. Supp ose w e remo v e

all simplices in this fashion. Then, as in [3], w e denote b y

a

κ

, κ = 0 , 1 , · · · , k + 1 (6)

the n um b er of times that the remov ed simplex shares κ interior facets with the

remaining simplices. Ho w ev er, w e do not necessarily require that eac h in terme-

diate stage form a regular triangulation in the sense of Definition 2. Ob viously ,

for a giv en triangulation, the disman tling pro cedure, and the set of dismantling

p ar ameters a

κ

, is not unique. In the sp ecial case that T is shellable, and this

prop ert y is main tained during the disman tling pro cess, w e call the {a

κ

} a set of

shel ling p ar ameters . It can b e sho wn (cf., example 1.5 in [9]) that for an y giv en

triangulation the shelling parameters are unique. Clearly

, for a set of shelling

parameters,

a

0

= 1 and a

k +1

= 0. (7)

Shelling and disman tling parameters will b e used to express a n um b er of results

in this pap er.

It is w orth while to ask at the outset what kind of upp er and lo w er b ounds on

the dimension of S r

d

(T ) can b e exp ected. F or sufficien tly large d, the dimension

will b e a function that gro ws as a p olynomial of degree k in d. F or the biv ariate

case, k = 2, there are triangulations where the dimension ma y b e non-generic,

in whic h case it differs from the generic dimension b y a c onstant . No w, an y k -

dimensional triangulation can b e lifted to a k + 1-dimensional triangulation b y a

pro cess called c oning : em b ed I R k

and T in I R k +1

, pic k a p oin t in I R k +1

but not

I R k

, and connect it to ev ery v ertex in T . On the new triangulation a non-generic

dimension differs from the generic dimension b y a p olynomial of degree one higher

than the corresp onding difference in T . Th us one can construct k -dimensional

triangulations where the discrepancy b et w een non-generic and generic dimensions

is a p olynomial in d of degree k − 2. T o reflect this fact an y upp er and lo w er

b ounds on the general dimension of S r

d

(T ) m ust disagree b y a p olynomial in d of

degree at least k − 2. The w orst upp er and lo w er b ounds deriv ed in this pap er

do indeed disagree b y suc h a p olynomial (for sufficien tly large v alues of d). As a

simple consequence w e see that, in fact, the dimension of an y space S r

d

(T ) cannot

differ from its generic dimension b y a difference that gro ws faster than O d k −2

.

The remainder of the pap er is organized as follo ws: In section 2 w e list some

relev an t prop erties of the Bernstein B ´ ezier form of a m ultiv ariate p olynomial.

While it pro vides just one w a y of describing a m ultiv ariate p olynomial, the Bern-

stein B ´ ezier form has turned out to b e extremely p o w erful, and understanding the

mo dern literature on splines is imp ossible without fluency in using it, whic h w e

ı ȷ

`´ therefore assume. Section 2 is inadequate as a first in tro duction to the Bernstein

B ´ ezier form, for that purp ose a reference lik e [12] should b e consulted. In section

3, w e giv e t w o lo w er b ounds on the dimension of S r

d

(T ), one for shellable and one

for general triangulations. The basic approac h to deriving these b ounds is similar

to the one tak en in [3]: w e think of S r

d

(T ) as the subspace of a larger space S

with a simpler structure, and obtain the lo w er b ound on dim S r

d

(T ) b y subtracting

from dimS a n um b er of sufficient (but not necessary) linear smo othness condi-

tions. In section 4, w e deriv e similarly an upp er b ound b y ignoring the constrain ts

encoun tered when extending a spline on a gro wing triangulation to a new simplex.

Section 6 con tains a more complicated but remark ably accurate upp er b ound that

is obtained b y transforming the triangulation in to a degenerate ob ject where the

dimension of the asso ciated spline space ma y b e higher, but is easy to compute in

terms of a certain univ ariate spline space. In section 6, w e compare these b ounds

and establish that they differ only b y a function of O d k −2

, as they should. In

section 7, w e illustrate our results with a n um b er of examples.

2. The Bernstein B ´ ezier form.

A k -v ariate p olynomial p of degree d can b e written in its Bernstein B ´ ezier

form asso ciated with a simplex σ . W e will not define the Bernstein B ´ ezier form

here explicitly

, but w e do en umerate the follo wing basic facts:

1. The B ´ ezier ordinates of p are asso ciated with

(

d+k

k

)

domain p oints that are

distributed o v er σ .

2. Let p and ~ p b e t w o p olynomials defined on t w o simplices σ and ~ σ , resp ectiv ely ,

that share a facet ϕ. Assume the B ´ ezier ordinates of p are giv en. Then, in

order for p and ~ p to join smo othly of order r the the smo othness conditions

determine uniquely the B ´ ezier ordinates in the first r + 1 la y ers in ~ σ parallel

to ϕ.

3. The n um b er of domain p oin ts in σ remaining after remo ving a total of s la y ers

on the b oundary of σ is

(

d+k −s

k

)

.

4. When joining a simplex to a regular triangulation at κ facets, c ontinuity

can alw a ys b e obtained b y c ho osing the B ´ ezier ordinates at the faces to b e

iden tical to the corresp onding B ´ ezier ordinates on the adjoining simplices.

The remaining B ´ ezier ordinates can b e c hosen arbitrarily .

As a simple application of the ab o v e principles consider the follo wing

Theorem 7. Let T b e a shellable triangulation, and let { a

0

, a

1

, · · · , a

k

} b e a set

of shelling parameters. Then

dimS

0

d

(T ) = k

∑

κ=0 σ

κ a

κ

(8)

where

σ

κ

= d + k − κ

k

. (9)

Pro of: Consider building the triangulation. W e start with

(

d+k

k

)

B ´ ezier

ordinates on the first simplex. When joining a new simplex at κ facets to the

gro wing triangulation the B ´ ezier ordinates on the faces are determined uniquely b y

the con tin uit y conditions. There are therefore

(

d+k −κ

k

)

remaining domain B ´ ezier

ordinates. These can b e c hosen arbitrarily .

Figure Example. 2 κ = 2 r = 3 d = 13 ψ = 5 γ = 12 Ψ = 21.In the remainder of this section w e explain the basic principles of the deriv a-tion of the lo w er and upp er b ounds in the next t w o sections in terms of a simple

example giv en b y Figure 1:Example = 2, r = 3, d = 13, and supp ose that a triangle is b eingjoined the gro wing triangulation on t w o sides. a total of

(13+22

)= 105domain oin ts in the new triangle. ed with a dot are determined b yone con tin uit y condition. oin ts mark ed with an × ma y b e o v erdetermined b y t w o smo othness (i.e., con tin uit y and differen tiabilit y) conditions, for exampleif in the old triangulation only t w o triangles join at v without sharing an interioredge. this the “general case”, and the alternativ e (where v turns in toan in terior v ertex and only one con tin uit y condition needs to b e imp osed up onp oin ts mark ed with an ×) the “shellable case”. eac h p oin t mark edwith + has t w o smo othness conditions imp osed, and eac h p oin t mark ed with anasterisk has only one differen tiabilit y condition imp osed. oin ts mark ed with circles not en ter an y smo othness conditions at all. the generalcase. a lo w er b ound w e subtract the total n um b er of con tin uit y anddifferen tiabilit y i.e., i.e., 2× (14+13+12+11) = 100, from the n um b er ofa v ailable us dimension of S rd(T ) will increase at least b y 105 100 5 when adding the new triangle. w er b ound can b e impro v ed in the6

5. Refined Upp er Bound.In section, w e deriv e an upp er b ound based on a geometric idea whic h w asprop osed b y W as a more effectiv e replacemen t of an earlier similar idea (whic h amoun ted to pretending that the facets of all simplices w ere parallel).

Consider linear transformation of the triangulation that pulls all v ertices of Tto w ards a (k 2)-dimensional of I k. limit the facets separatingsimplices line up with the subspace, and the triangulation degenerates. w ev er,the smo othness conditions b ecome simple and in a certain sense reduce to theconditions for a univariate to reac hing the limit w e ha v e atriangulation throughout the pro cess, the dimension of S rddo es not c hange. the ho w ev er, the rank of the matrix giv en b y the smo othness conditions ma y de cr e ase increase), and the dimension of S rdma y therefore incr e ase not decrease). remainder of this section w e mak e these ideas more preciseand giv e some detailed form ulas.Throughout, e think of the facets of T k 1)-dimensional of I kthat infinitely in all directions. w o p olynomials that joinsmo othly a facet can b e extended to the en tire half spaces separated b y thefacet to all of I k), will join smo othly across the en tire affine spaceconstituted of the expanded facet.W egin b y formalizing the pro cess of pulling the v ertices of T w ards (k 2)-dimensional of I k.Definition en triangulation T c I k(or a c enter isa (k − -dimensional of I ksuc h no facet of T to Γ.The ciated c entering matrix the ( k k ) jection matrix of rank k 2 defined yA(c d) = c for c ∈ Γ and d in the orthogonal complemen t of Γ.It b e sho wn (cf, [13], section 2.6.1) that if C (k ( k − 2)) whose columns from a basis of Γ, the cen tering matrix A is giv en b yA C (CTC)−1C T. Giv en the cen tering matrix is unique, and its eigen v alues are 0 (double) and 1((k 2)-fold).Th us for example the cen ter of the plane is the origin, and the corresp ondingcen tering is the 2 2 matrix. ter of I

3is line through theorigin that is not parallel to an y facets of the underlying triangulation. line the z -axis, for example, the corresp onding cen tering matrix isA = 0 0 0 0 00 0 1

(25)Since ery triangulation has only a finite n um b er of facets it is alwa ys possibleto find a cen ter.10 Giv en cen tering matrix A, w e define a matrix A(h) asA(h) = (1 h )A + hI where (k k ) tit y matrix. > 0 w e let T ( h ) b e the triangulationobtained T y the v ertices v b y A( h) v , and triangulating the resulting set as defined b y the top ology of T T v er, for > 0, A( h) is non-singular (since its eigen v alues are 1 and h). us v olumes the simplices in T (h) are non-zero and so T (h ) is indeed a triangulation.

It as sho wn in [2] that the dimension of S rd(T in v arian t under an affinetransformation. Th ush 0 S rd(T h) )= dimS rd(T ). It no w instructiv e to examine the b eha vior of the facets of T h) thelimit h reac hes zero. the case that k = 2 and the face ϕ is a linedetermined b y the v ertices v and w , sa y ter is the origin, andv (h) = hv , (h) hw . Clearly h tends to zero the slop e of ϕ(h) do es not c hange and in the limit ϕb ecomes line with the same slop e through the origin. othness conditions,written Bernstein-B

´ sa y require that t w o p olynomials joinsmo othly across the line, for all h, including the limit h = 0. us a t w o dimensional in the limit T h) in to a set of lines through theorigin, for eac h edge of the triangulation, with the same slop e as the edge. space S

)turns to S rd(T)whic h a set of ob jects that asso ciate onebiv ariate p olynomial with eac h triple of lines that previously formed a triangle,suc h that p olynomials previously asso ciated with neigh b oring triangles still join smo othly across the line through the origin with the slop e of the original edge.No w consider the case k > orthogonal complement of Γ by e .It out that the in tersection of a facet ϕ with e b eha v es just lik e a line inthe planar case, and a facet ϕ turns in to a (k 2)-dimensional yp erspace thatcon tains the cen ter and in tersects e in a line that in the limit passes through theorigin, and that has the same slop e for all v alues of h.T this more formally ϕ denote a facet spanned b y the v ertices V1 ,V2, · ·, k , sa y express a p oin t x ∈ ϕ as a barycen tric com bination of thev ertices, x = k∑i=1 biViwhere bi= 1. Eac h i can b e written uniquely as a linear com bination of a p oin t in the cen terand a p oin t in e, i.e.,Vi = i + zi where i and i

= . No w Vi (h) = A (h )Vi (31)11

and the b eha vior ofx(h) = k∑i=1 biVi(h) as approac hes zero:x(h) = biA(h)Vi= [bi(1 h)A(yi + zi ) + h(yi )]=k∑i=1 bi[(1 − h)Ayi + hyi ] + h bizi=k∑i=1 biyi+ h bizi.(33)No w, w e assume that ϕ is not parallel to the cen ter it in tersects the plane ein a line (where ∑ki=1 biyi= 0). the planar case, this line do es not c hangeits slop e as h tends to zero. limit it con tains the origin. all p oin ts in ϕ(h) approac h the cen ter. us the limit the facets of T h) con tain the cen ter and in tersect e in a line through the origin. S rd(T (h) )turns in toa set of ob jects that asso ciate one k -v ariate p olynomial with eac h (k 1)-tuple h yp erplanes that formerly defined a simplex in T h the p olynomial piecesjoin othly across the appropriate h yp erplanes in T set is a linear it b y S rd(T).The Lemma states the relationship of dimS rd(T)to S rd(T h) ).Lemma e triangulation, and let T h) e defined as ab o v e. dimS rd(T ≤ S rd(T (0) ). Pro of: think of S

)as a subspace of S 0d(T (h) )that is isomor-phic to the n ull space of a matrix M h) h expresses the smo othness conditionsin ´ limit, as h reac hes zero, the rank of M h) only decrease, and the dimension of S

)can only increase.The lemma expresses the dimension of S

)in terms of the biv ariatespline S rd(e) whic h is a set of ob jects that asso ciates a biv ariate p olynomialdefined on e with eac h k 1-tuple lines in e that corresp ond to a simplex in T ,suc h that these p olynomials join smo othly of order r across the lines.12

Lemma e triangulation, and T and rd(e) defined as ab o v e.dimS rd(T)=d∑j =0 j + k − 3k − 3 dimS rd−j(e). Pro of: a p oin t x ∈ I kasx y + z Ay y Az 0. A olynomial p(x) on I kcan b e written uniquely asp(x) = d∑j =0 qj(y )rd−j (z ) where j is a homo gene ous olynomial k 2 ariables of degree j rd−j is abivariate olynomial degree d j t w o p olynomial of the form (37) to smo othly across a ( k 1)-dimensional yp erplane con taining the center, only p olynomials rd−j ha v e to join smo othly the resp ectiv e p olynomials qjare arbitrary us spline in S rd(T (0) )can also b e written in the form (37) if w elet rd−j denote a spline in S rd−j(e). no w follo ws from the observ ationthat the dimension of the space of homogeneous p olynomials in k 2 ariables ofdegree j (k −3+jj ).Th us e ha v e reduced the computation of dimS

)to a bivariate lem. b e reduced further to a univariate y exploiting an obser-v ation made in [8]. a line in e that is not parallel to an y of thefacets T that do es not con tain the origin. i denote the in tersectionof the facet ϕi of T assumption that not parallel to an yfacet of T facets of T in tersect

.) the set of (k 1)-tuples p oin ts in in this manner the -se ction (0). e mean b ythe a facet ϕ the in tersection of ϕ(0) with b y the of simplex in T of its facets. these are distinct.Let S rd( the space of ob jects that asso ciate one univ ariate p olynomialof degree d with eac h a simplex in T smo othly across the resp ectiv e the facets of σ .W v eLemma 19. and ab o v e. dimS rd(e)d∑j =0 rj( ) Pro of: of is just lik e the pro of of Theorem 37 in [8], where it isillustrated y Figure

6.Com bining Lemmas 17, 18, and 19 w e obtain the cen tral result of this pap er:13

Theorem e triangulation and line that is not parallel to an yfacet of T dimS rd(T ≤ d∑j =0 j + k − 3k − 3 d−j∑i=0 dimS ri( ) T this result w e need to ha v e more explicit form ulas for dimS rd( The wing t w o Theorems giv e explicit form ulas in t w o sp ecial cases:Theorem e regular triangulation and let r ≥ d ≥ 0 . e aline that is not parallel to an y of the in terior facets of T dimS

) d + . Pro of: sections of t w o simplices in T an in teriorfacet. w o corresp onding univ olynomials agree of order r 1 the section of the facet. degree do es not exceed r the t w o p olynomialsare iden tical. one can mo v e from an y simplex in T a of neigh b oring simplices to an y other simplex in T us of theuniv ariate p olynomials defined sections of simplices in T tical.Theorem 22. e defined as in the preceding Theorem. y{a0 , 1 , · · · , ak +1 } set of disman tling parameters and let κmax

= maxaκ

≠0κ. d ( r + 1)κmax

− 1 and ≥ 0 . dimS

) κmax∑κ=0(d + 1 − κ(r + 1)

)aκ(42)Pro of: the of T the sequence definingthe disman tling parameters a0

. (41), when adding thesection a simplex an y spline on the gro wing section of T (0) can b e extended tothe section of the new simplex b y Hermite in terp olation at (distinct) the sectionsof the in terior facets that the new simplex shares with the gro wing triangulation.

This uses up precisely κ(r 1) the d 1 of the univ ariate p olynomialasso ciated the section of the new simplex.The pro of of Theorem 22 can b e mo dified in an ob vious w a y to construct abasis S rd( suc h w as needed. e giv e an alternativ e basis in thefollo wing 14

Theorem e as in the preceding Theorem. h simplexσ ∈ σ denote the n um b er of in terior facets of σ , and letαmax = maxσ ∈T ασ. Let ≥ αmax (r 1) r 0. basis of S rd( ) b e obtained b yconstructing functions for the follo wing in terp olation data:1. section x of eac h in terior facet of T alues f x), f ′(x), · · · , f (r )(x).2. section of eac h simplex σ ∈ T alues f xi ), = 1, , · · · , d + −κσ (r + 1) the xi are p oin ts in I are m utually distinct and aredistinct from the sections of all the in terior facets of σ . of Srd( ) giv en b ydimS ) ∑σ ∈T(d + 1 − ασ (r + 1) )+ (r + 1)FI (44)where FI is the n um b er of in terior facets of T .Pro of: a simple consequence of the fact that the in terp olation prob-lems can b e solv ed uniquely on the section of eac h simplex in T to the sections of other simplices.Remark 24. tities αmax and κmax used in the preceding t w o Theoremsma y b e differen t. example a t w o-dimensional triangulation obtainedb y adding three flaps to a triangle. case κmax

= 2 and αmax

= 3.Remark and 23 do not giv e explicit v alues for the dimensionof S ) v alues of d in b et w een r 1 κmax

(r 1) αmax

(r 1) , ec-tiv ely h form ulas w ould b e useful since they w ould mak e the b ound inTheorem 20 completely explicit. w ev er, the dimension of S ) m uc hsimpler finding the dimension of S rd(T . former case, the n um b er ofequations and unkno wns gro ws linearly in d , and are indep enden t of k . latter they gro w as p olynomials in d of degrees k 1 k , resp ectiv ely Remark necessary to compute the true T thanuse a generic v ersion that captures only the top ology of the triangulation. example, the three-dimensional Clough-Tc her (cf, [2]) it turns out thatdimS

25(

) 7 whereas generic dimension is 6. true v alue in (39) causes the upp erb ound e qual of S rd(T using the generic v alue w ouldcause the dimension of S rd(T b e underestimated. for this phe-nomenon is that a triangulation considered as an arrangemen t of h yp erplanesis degenerate; the Clough-Tc her six planes meet at the in terior p oin twhereas at most three planes meet at a p oin t in I

3.15

6. of Bounds.W egin b y elab orating on a commen t made in the in tro duction: y of upp er and lo w er b ounds m ust disagree b y a p olynomial in d that is of degree at least k 2.Example

1don a t w o-dimensional triangulation T four triangles sharing one in terior v ertex v . w ell kno wn that if d > 1 and v is singular, i.e., the four edges emanating from it assume only t w o distinct slop es,then the dimension of S

1d(T is one larger than if T singular. w coning us e pic k a p oin t in I

3but in the plane con taining T connect p oin t to eac h p oin t in T . is an or ange O consistingof tetrahedra. orated in [8] the dimension of S

1d(O ) is giv en b ydimS

1d(O ) = d∑δ =0 Srδ(T whether is singular or not. of S

1d(O ) for singular v thereforediffers that of S

1d(O ) for non-singular v b y d 1

, by a p olynomial in dthat is of degree 1. eating the pro cess and coning O one can construct a sp ecial dimensional triangulation where the dimension differs from the genericdimension b y a v alue that is a p olynomial in d of degree 2. constructionis ossible for r > 1. eating the coning pro cess k 2 particulark -dimensional triangulations T e obtained where the dimension of S rd(T differs the generic v alue b y a p olynomial in d of degree k 2.The Theorem giv es a comparison of our upp er and lo w er b ounds basedon shelling parameters.Theorem = 0, , · · · , k , ψκ , γκ , Ψκ b e defined as in Theorems 9,11, 14, resp ectiv ely ψκ ≤ κ ≤ Ψκ . Moreo v er,Ψκ − κ = O k −2. Pro of: y γκ is ob vious. that ψκ ≤ γκ follo wssince in the pro of of Theorem 11 the dep endence of the C

0conditions is tak enin to accoun t (for eac h v alue of κ). n um b er of smo othness conditions istherefore reduced and the lo w er b ound on the dimension is increased. (48)first note that b oth Ψκ and ψκ are p olynomials of degree k 1 d. ha v e to sho w that the leading t w o co efficien ts of these p olynomials are iden tical.By expanding w e obtainΨκ

=1k ! ((d k − κ) × (d + k − κ − 1) × · · · × ( d + k − κ − k ) )=dk+1k ! +k∑j =0 (−κ − j ) k+k −2. (49)16

Example Morgan-Scott Split. a three-dimensional triangulation with four in terior and four b oundary v ertices, consisting of fifteen tetrahedra. [3], [2] and [8]. case,k = 3 , 0

= , 1

= , 2

= , 3

= . All these triangulations are shellable. arecomplicated corresp onding dimensions are curren tly not a v ailable.) eral instances non-generic triangulations are kno wn for Examples BMS, OCT, and

TMS, and none are kno wn for the Clough-Tc her w eremade the soft w are pac k age GOLIA [5] and [6]) and other sp ecialpurp ose w are dev elop ed b y the author.d ψ γ Ψ2 10 10 10 103 20

520 4 35

535 5

156 56

556 6

184 84

587771120

4176

5154

6284

781165

4305

5274

6449

791220

3420

4500

5460

6680

7101286

3678

4776

5727

6992

7111364

31032

41148

51090

61400

7121455

31497

41631

51564

61919

7131728

21852

32088

42240

52164

62564

714 141

11352

22566

32820

42990

52905

63350

715 156

12132

23436

33708

43896

53802

64292

716 171

13083

24477

34767

44973

54870

65405

717 186

14220

25704

36012

46236

56124

66704

7T Bounds Dimensions for the three dimensional Morgan-Scott Split, r 1: (d) = d 692: ( d) = d 3/2 −27d 2−29d/2 133: ( d) = d

2+151d/2 594: = d

2+187d/2 575: d) d

2+223d/2 −1396: dim(d) = 5 d

2+205d/2 987: d) = d

2+295d/2 −

283T giv es some detailed results for the most complicated case, i.e., ex-ample TMS with r = con tain:20

d: alue of d.ω : ω := dim S rd( ω not giv en b y Theorem 21 or 22 areindicated b y a dagger. to b e computed.ψ : alue of the lo w er b ound on dimS rd(T en b y Theorem 9.γ : alue of the lo w er b ound on dimS y Theorem 11.gdim: v alue of the generic dimension of S rd(T .H er b ound on gdimS rd(T on Theorem dim: kno wn non-generic v alue of dimS rd(T .Ψ: er b ound on dimS y Theorem14.F tly large v alues of d the en tries in T can b e written asp olynomials degree at most k . b ounds this follo ws directly from their structure, for the actual dimensions this follo ws from the dimension series result in [9].) v er, dimensions are trivial ifd ≤ . T therefore only lists v alues forr ≤ d ≤ dmax

(69)where max is the smallest v alue of d for whic h all en tries are giv en b y theirresp ectiv e olynomial. h en try subscript indicates when the en try equals the olynomial v alue. in all cases the relev an t p olynomials differ onlyb y O k −2as ected.triang. ω dψdγdgdim dHddim dΨNotesBCT 1 2 5 BMS 1 2 5 TCT 1 2

34 19 8 OCT 1 2 TMS 4 2 T Results.21

Similar v ailable from the author) w ere generated for the other ex-amples v arious v alues of d. are summarized in T columns tain the name of the triangulation (triang.), the v alue of r , the v alues dω, dψ , · · , Ψ whic h are the minim um v alues of d for whic h ω , ψ , · · , assumetheir p olynomial v alues, and, in the last column, notes describing the relationships b et w een the preceding en tries (for large v alues of d) as follo ws:A: γ = gdim = H < Ψ.B: γ < gdim = H < Ψ.C: γ = gdim = H < dim < Ψ.D: γ < gdim = H = dim < Ψ.E: γ < gdim < H < dim = ΨF: γ = gdim < H < dim < ΨG: γ < gdim < Ψ H .H: γ = gdim = H < dim = ΨRemark remark able that the upp er b ound giv en b y Theorem 20giv es the exact in all cases except TMS and for r = 2 in the example OCT.Ac kno wledgmen tsThis ork w as supp orted b y the National Science F gran tDMS er also b enefited from an extremely useful con v ersation with and from remarks based on careful reading b y the referee.References[1] P A trivariate Clough-Tcher for tetr ahe dr al data; Comput.Aided Geom. Design 169–181.[2] P A c ase study of multivariate pie c ewise p olynomials; in G. E. F(ed), ometric Mo deling: lgorithms New Tends tions (Philadelphia), 1987, 149–160.[3] P On the dimension of multivariate pie c ewise p olynomials; in D. F.Griffiths and G. A. W Numeric al A nalysis 1987 en tific and Thnical 1987, 1–23.[4] P Sc atter e d data interp olation in thr e e or mor e variables; in T. Lyc heand L. Sc h umak er (eds), Mathematic al Metho ds in Computer A ide d Ge o- metric Design (New Y 1–33.[5] P and D. Eyre; A lgorithm 701, Goliath, A softwar e system for theexact analysis of r e ctangular r ank-deficient sp arse r ational line ar systems;A

CM TOMS 17 (1991), 519–532.[6] P and D. Eyre; The exact analysis of sp arse r e ctangular line ar sys-tems; A

CM TOMS 17 (1991), 502–518.22

[7] L. L. Sc h umak er, and M. Sirv en t; On dimension and existenc e oflo c al b ases for multivariate spline sp ac es; J. Appro x. Theory

243–264.[8] P W. Whiteley L. L. Sc h umak er; The generic dimension of thesp ac e of C

1splines of de gr e e d ≥ 8 on tetr ahe dr al de c omp ositions; SIAM J.Numer. Anal. 30(3) (1993), 889–920.[9] Louis J. Billera, and Lauren L. Rose; A dimension series for multivariatesplines; Discrete & Computational Geometry 6 (1991), 107–128.[10] R.H. Bing; Some asp e cts of the top olo gy of 3-manifolds r elate d to thePoinc ar ´ onje ctur e; in T.L. Saat y (ed), L e ctur es on “Mo dern Mathematics”, v. 2 1964, 93–128.[11] C. de Bo or; B –form b asics; in G. E. F Ge ometric Mo deling: lgo-rithms New Tends (Philadelphia), 1987, 131–148.[12] C. de Bo or; Multivariate pie c ewise p olynomials; Acta Numerica (1993), 65–109.[13] G. H. Golub, and C. F. V Matrix Computations, 2nd e d.; TheJohns Hopkins Univ ersit y Press, 1989.[14] C. L. La wson; Pr op erties of n-dimensional triangulations; Comput. AidedGeom. Design 231–247.[15] J. Morgan, and R. Scott; A no dal b asis for C

1pie c ewise p olynomials in twovariables; Math. Comp. 29 (1975), 736–740.[16] M. E. Rudin; A unshel lable triangulation of a tetr ahe dr on; Bull. Amer.Math. So c. 64 (1958), 90–91.[17] W Private c ommunic ation; Univ ersit y of Wo, 23