THE GENERIC DIMENSION OF THE SP A CE OF C

1

SPLINES

OF DEGREE d ˘ 8 ON TETRAHEDRAL DECOMPOSITIONS

PETER ALFELDy, LARR

Y L. SCHUMAKER z AND W AL TER WHITELEY x

Abstract. W e consider the linear space of globally differen tiable piecewise p oly-

nomial functions defined on a three-dimensional p olyhedral domain whic h has b een

partitioned in to tetrahedra. Com bining Bernstein-B ´ ezier metho ds and combinato-

rial and geometric tec hniques from rigidit y theory , w e giv e an explicit expression

for the generic dimension of this space for sufficien tly large p olynomial degrees

(d ˘ 8). This is the first general dimension statemen t of its kind.

Key w ords. m ultiv ariate splines, piecewise p olynomial functions, triangulations,

pro jection, edge con tracting, generic dimensions.

AMS(MOS) sub ject classifications. 65D07, 41A63, 41A15

x1. In tro duction. Multivariate spline sp ac es are linear spaces of smo oth piece-

wise p olynomial functions defined on a suitable partition of an underlying domain

Ω æ I R

ˇ

. They are imp ortan t in a v ariet y of areas including finite elemen ts, data

fitting, and computer-aided geometric design. In the past few y ears, consider-

able effort has gone in to the dev elopmen t of a constructiv e theory of m ultiv ariate

splines analogous to the univ ariate theory

. Suc h a theory w ould ideally include

results on dimension, lo cally supp orted basis elemen ts, appro ximation p ow er, etc.

This pap er is dev oted to the dimension problem, whic h has a ric h history going

bac k to a conjecture of Strang in 1973. While m uc h has b een done in the mean-

time for the biv ariate case, the triv ariate case is m uc h less develop ed, and there

remain a host of op en problems.

During the past few y ears, there ha v e b een t w o ma jor strands in the analysis

of dimension: use of the Bernstein-B ´ ezier tec hnique to construct explicit bases for

some spline spaces, and use of tec hniques from algebraic homology and rigidit y

theory to obtain form ulae for the generic dimensions of certain spaces. F or an

y Departmen t of Mathematics, Univ ersit y of Utah, Salt Lak e Cit y , Utah 84112,

alfeld@math.utah.edu. The w ork of this author w as supp orted b y the National

Science F oundation under gran t DMS-8701121.

z Departmen t of Mathematics, V anderbilt Univ ersit y , Nash ville, TN 37240,

s@mars.cas.v anderbilt.edu. The w ork of this author w as supp orted b y the Na-

tional Science F oundation under gran t DMS-8902331.

x Departmen t of Mathematics, Champlain Regional College, 900 Riv erside Dr,

St. Lam b ert, Queb ec, J4P 3P2 Canada, whiteley@ere.umon treal.ca. The w ork of

this author w as supp orted b y gran ts from NSER

C (Canada) and F

CAR (Qu ´ eb ec).

in tro duction to these sub jects, see Sc h umak er, 1991, Whiteley

, 1991a, and the

references therein. Here w e bring the t w o strands together to obtain a result (our

Theorem 4) whic h so far has b een unattainable with either metho d alone.

This pap er is a successor to Alfeld, Sc h umak er, and Sirv en t, 1991. F amiliarit y

with that pap er and Whiteley

, 1991a w ould b e b eneficial, but w e ha v e tried to

mak e this pap er as self con tained as p ossible.

Definition 1. A tetr ahe dr al de c omp osition T is a set of non-degenerate tetrahedra

in I R

3

satisfying the follo wing requiremen ts:

1. The in teriors of the tetrahedra in T are pairwise disjoin t.

2. The union of the tetrahedra, i.e.,

Ω :=

[

T 2T

T (1)

is homeomorphic to the unit cub e.

3. Eac h triangular face of a tetrahedron in T is either on the b oundary of Ω or

else is a common face of exactly t w o tetrahedra in T .

W e will refer to the v ertices, edges, and triangular faces of the tetrahedra in

T as the v ertices, edges, and triangular faces of T , resp ectiv ely .

Definition 2. Giv en a tetrahedral decomp osition T and in tegers 0 ˇ r ˇ d, w e

define the corresp onding spline sp ac e

S r

d

(T ) =

Φ

s 2 C r

(Ω) : sj

T

2 I P

3

d

; 8T 2 T

Ψ

; (2)

where I P

3

d is the

Γ

d+3

3

Δ

-dimensional linear space of all triv ariate p olynomials of

total degree not exceeding d .

Clearly , S r

d

(T ) is a linear space. W e would like to emphasize that it is not the

same as the space spanned b y the usual finite elemen ts, whic h are also piecewise

p olynomials joined smo othly together. F or a discussion of the connection b et w een

our spline spaces and finite elemen t spaces, see Remark 73.

Our main concern in this pap er is with the dimension of the spline space

S r

d

(T ) for general tetrahedral partitions T . As in the biv ariate case, its dimension

can dep end on the exact lo cation of the v ertices of T . Ho w ev er, w e shall see

b elo w that for almost all partitions, the dimension is stable with resp ect to small

p erturbations of the p osition of the v ertices.

Definition 3. A tetrahedral decomp osition T is said to b e generic (with resp ect

to r and d) pro vided that for all sufficien tly small p erturbations of the lo cation of

the v ertices of T , the resulting tetrahedral decomp osition

~

T satisfies

dim S r

d

(

~

T ) = dim S r

d

(T ): (3)

This definition of generic tetrahedral decomp ositions in I R

3

is a natural exten-

sion of the analogous concept of generic triangulations in I R

2

. As in the biv ariate

case, man y tetrahedral decomp ositions are nongeneric, but as will b e sho wn b elo w,

if T is not already generic, then there is an arbitrarily small p erturbation of the

`´ lo cations of its v ertices whic h leads to a generic decomp osition. In this sense, al-

most all decomp ositions are generic. F or examples of nongeneric decomp ositions,

see Alfeld, 1987. W e will also see that all generic tetrahedral decomp ositions with

the same com binatorial structure ha v e the same dimension D . W e refer to D as

the generic dimension. It turns out that D is the smallest dimension encoun tered

as w e mo v e the vertices; i.e., the dimension of the spline space of any nongeneric

decomp osition is alw a ys greater than or equal to D .

T o express our dimension results w e need the follo wing notation. F or an y

tetrahedral decomp osition T let

V

B

= the n um b er of b oundary v ertices of T ,

V

I

= the n um b er of in terior v ertices of T ,

E

B

= the n um b er of b oundary edges of T ,

E

I

= the n um b er of in terior edges of T ,

E = E

B

+ E

I

= the n um b er of edges of T ,

F

B

= the n um b er of b oundary triangular faces of T ,

F

I

= the n um b er of in terior triangular faces of T ,

F = F

B

+ F

I

= the n um b er of triangular faces of T ,

T = the n um b er of tetrahedra of T .

(4)

The follo wing is the main result of this pap er:

Theorem 4. Supp ose d ˘ 8, and T is a generic tetrahedral decomp osition. Then

dim S

1

d

(T ) = d(d Γ 1)(d Γ 5)

6

T + 3(d Γ 1)V

I

+ d(d Γ 1)V

B

+ 1 + 5d Γ 2d

2

: (5)

Remark 5. The dimension of S

1

d

(T ) can b e predicted b y a simple heuristic

argumen t as follo ws. There are a total of

Γ

d+3

3

Δ

co efficien ts for eac h p olynomial

piece. Across eac h in terior triangular face there are a total of ( d + 1)

2

smo othness

conditions. Surrounding eac h in terior edge there is a duplication of 3 d + 1 of these

conditions, but at eac h in terior v ertex, the duplications are ov ercounted by 4.

Com bining these terms giv es the follo wing estimate for the dimension of S

1

d

(T ):

Ø

1

d

(T ) = d + 3

3

T Γ (d + 1)

2

F

I

+ (3d + 1)E

I

Γ 4V

I

: (6)

This is called the Euler char acteristic of S

1

d

(T ), and arises in connection with

certain c hain complexes corresp onding to S

1

d

(T ); see Billera, 1988. Using the

w ell-kno wn relations

3F

B

= 2E

B

; F

B

= E

B

Γ V

B

+ 2; 4T = 2F

I

+ F

B

; T Γ F + E Γ V = Γ1 ; (7)

an elemen tary calculation sho ws that

E

B

= 3V

B

Γ 6; F

B

= 2V

B

Γ 4; E

I

= V

I

Γ V

B

+ T + 3; F

I

= 2T Γ V

B

+ 2: (8)

Inserting these iden tities in form ula (6) and collecting terms, it is easy to see that

(6) reduces to (5), and th us the form ula for the dimension as predicted b y the

Euler c haracteristic is indeed correct.

Remark 6. The dimension form ula can also b e rephrased in the follo wing w a y .

Supp ose the tetrahedral decomp osition has b een built b y adding one tetrahedron

at a time, at eac h stage joining the new tetrahedron at precisely 1, 2, or 3 trian-

gular faces, and main taining at eac h step a v alid tetrahedral decomp osition. (A

tetrahedral decomp osition for whic h this is p ossible is called shel lable . Not all

tetrahedral decomp ositions are shellable. A simple nonshellable example, consist-

ing of 14 p oin ts and 41 tetrahedra, is giv en in Rudin, 1958.) Let a

i denote the

n um b er of times a tetrahedron w as joined at i faces, i = 1; 2; 3. Then, it is easy

to see that

V

B

= 4 + a

1

Γ a

3

V

I

= a

3

E

B

= 6 + 3a

1

Γ 3a

3

E

I

= a

2

+ 3a

3

F = 4 + 3a

1

+ 2a

2

+ a

3

F

I

= a

1

+ 2a

2

+ 3a

3

T = 1 + a

1

+ a

2

+ a

3

:

(9)

In terms of these parameters, if T is a generic tetrahedral decomp osition, then for

d ˘ 8,

dim S

1

d

(T ) = ø

0

+

3

X

i=1 ø

i a

i

; (10)

where

ø

0

=

(d + 3)(d + 2)(d + 1)

6

= d

3

+ 6d

2

+ 11d + 6

6

ø

1

=

(d + 1)d (d Γ 1)

6

= d

3

Γ d

6

ø

2

= d(d Γ 1)(d Γ 5)

6

= d

3

Γ 6d

2

+ 5 d

6

ø

3

=

(d Γ 1)(d Γ 2)(d Γ 9)

6

= d

3

Γ 12d

2

+ 29d Γ 18

6

:

(11)

In the generic case, this equals the v alue of the lo w er b ound giv en in Alfeld, 1986;

see also Alfeld, 1989. F or generic shellable tetrahedral decomp ositions, Sirven t,

1990 sho w ed that equations (6) and (10) agree for all v alues of d.

T o pro vide the reader with some b enc hmarks to c hec k our formulae and oth-

ers against, w e no w presen t t w o simple examples where the dimension has b een

calculated directly b y analysis of a system of smo othness conditions.

Example 7. Consider the Clough-T o cher split T

C T consisting of a tetrahedron

whic h has b een split ab out an in terior p oin t in to four subtetrahedra. In this case,

V

B

= 4, V

I

= 1, E

B

= 6, E

I

= 4, F = 10, and T = 4. Th us form ula (5) (as w ell

as direct calculation) giv es

dim S

1

8

(T

C T

) = 270 and dim S

1

9

(T

C T

) = 388: (12)

The dimension can also b e computed from (10), noting that a

1

= a

2

= a

3

= 1. F or

completeness, w e ha v e computed the dimensions of S

1

d

(T

C T

) for d ˇ 7 n umerically:

d 1 2 3 4 5 6 7

dim S

1

d

(T

C T

) : 4 10 20 38 68 114 180

It is of in terest to note that these v alues coincide with those pro duced b y form ulae

(5), (6) and (10) for all d ˘ 1 .

Example 8. Consider the generic trivariate Mor gan-Sc ott split T

M S

, cf., Alfeld,

1987. Th us w e consider the decomp osition of a tetrahedron with v ertices v

1

, v

2

,

v

3

, v

4 b y the 15 tetrahedra

fv

5

; v

6

; v

7

; v

8 g ; fv

5

; v

6

; v

7

; v

4 g ; fv

5

; v

6

; v

3

; v

8 g ; fv

5

; v

2

; v

7

; v

8 g ; fv

1

; v

6

; v

7

; v

8 g ;

fv

5

; v

6

; v

3

; v

4 g ; fv

5

; v

7

; v

2

; v

4 g ; fv

5

; v

8

; v

2

; v

3 g ; fv

6

; v

7

; v

1

; v

4 g ; fv

6

; v

8

; v

1

; v

3 g ;

fv

7

; v

8

; v

1

; v

2 g ; fv

1

; v

2

; v

3

; v

8 g ; fv

1

; v

2

; v

7

; v

4 g ; fv

1

; v

6

; v

3

; v

4 g ; fv

5

; v

2

; v

3

; v

4 g :

As in the biv ariate case, there is one inner simplex (i.e., fv

5

; v

6

; v

7

; v

8 g) connected

to the b oundary of the outer simplex b y other simplices. The sequence of tetra-

hedra giv en here migh t b e used to build the tessellation, starting at the inner

tetrahedron and w orking out w ards to w ard the b oundary

. Here V

B

= 4, V

I

= 4,

E

B

= 6, E

I

= 18, F = 32, and T = 15 , and form ula (5) giv es

dim S

1

8

(T

M S

) = 641 and dim S

1

9

(T

M S

) = 988: (13)

The dimension can also b e computed from (10), noting that a

1

= 4, a

2

= 6,

a

3

= 4. The dimensions of S

1

d

(T

M S

) for d ˇ 7 are:

d 1 2 3 4 5 6 7

dim S

1

d

(T

M S

) : 4 10 20 43 104 214 388

These v alues coincide with those pro duced b y form ula (5), (6) and (10) for all

d ˘ 4.

The remainder of this pap er is dedicated to pro ving Theorem 4. Our pro of

will b e based on the results of Alfeld, Sc h umak er and Sirv en t, 1991 whic h reduce

the dimension problem for generic tetrahedral decomp ositions to that of finding

the dimension of spline spaces defined on sp ecial tetrahedral decomp ositions sur-

rounding a v ertex.

W e will analyze these lo cal spline spaces b y pro jecting the sp ecial tetrahedral

decomp ositions in to what w e will call gener alize d triangulations in I R

2

. These

pro jected decomp ositions are un usual in that the triangles in the t w o-dimensional

triangulation ma y o v erlap.

In the follo wing sections w e generalize the concept of a triangulation, in tro-

duce spaces of splines defined on them, discuss the use of cofactors to describ e

smo othness conditions, establish the dimension of these spline spaces, in tro duce

the generalized Bernstein-B ´ ezier form, analyze spline spaces on three dimensional

v ertex stars, and, finally

, pro v e Theorem 4 in Section 9 for d ˘ 9 and in Section

10 for d = 8. In Section 11 w e discuss the extension of our results to tetrahedral

decomp ositions of domains with holes or ca vities. W e conclude the pap er with

some remarks and references.

x2. Generalized T riangulations. In this section w e in tro duce the generalized

triangulations whic h will b e needed later. W e b egin b y recalling the definition of

an ordinary triangulation in the plane.

Definition 9. Giv en a set P = fp

i g

V

i=1 of distinct p oin ts in I R

2

, supp ose G =

f4

i

= (u

i

; v

i

; w

i

)g

F

i=1 is a set of nondegenerate triangles, where eac h of the v ertices

u

i

, v

i and w

i lies in the set P . W e sa y that G is a triangulation pro vided that

1. The in teriors of the triangles in G are pairwise disjoin t;

2. The union of the triangles, i.e.,

Ω :=

[

42G

4: (14)

is homeomorphic to the unit square;

3. Eac h edge of a triangle in G is either on the b oundary of Ω (in which case

w e refer to it as a b oundary e dge ), or else is a common edge of exactly t w o

triangles in G (in whic h case w e refer to it as an interior e dge ).

T o generalize these triangulations, w e consider the tetrahedra surrounding a

v ertex in a tetrahedral decomp osition. The collections of these tetrahedra are the

source of our generalized triangulations.

Definition 10. Giv en a vertex v in a tetrahedral decomp osition T in I R

3

, the

star of v , denoted b y S t(v ), is the collection of all tetrahedra whic h share the

v ertex v , and all their triangular faces, edges, and v ertices. Giv en a star S t(v ),

the set of all triangles, edges and v ertices in S t (v ) which do not contain the v ertex

v is called the link of v to T and is denoted b y Lk (v ).

The v ertices, edges and triangles of an y link Lk ( v ) share a n um b er of prop-

erties with ordinary triangulations. A general reference for the top ology of com-

plexes, stars, links, etc. is Munkres, 1984. The follo wing prop erties follo w easily

from the definition of a tetrahedral decomp osition:

Prop osition 11. Let Lk (v ) b e the link of a v ertex v in a tetrahedral decomp o-

sition T . Then

1. The in teriors of the triangles in Lk (v ) are pairwise disjoin t.

2. The union of the triangles is homeomorphic to the unit square if v is a b ound-

ary v ertex of T , and to the unit sphere if v is an in terior v ertex of T .

build link giving rise to

~G .) S rd(~G ) is isomorphic to S rd(I2). or = 1its dimension is giv en in Theorem 33 b elo w.W e form ulae for the dimensions of the spaces S

1d(G ) on generalized tri-angulations in Sections 5 and 6.x4. of the dimension of spline spaces on g-triangulationswill e based on analyzing the rank of a certain homogeneous system of equations.

First w e need some notation.Supp ose is a g-triangulation, and that s 2 S

1d(G ). 1 and 42 b et w o triangles in G sharing an oriented edge e

= v w , with this order in 41 andthe erse in 42

. of generalit y , we may assume that no edges arev ertical (otherwise, w e simply rotate the co ordinate system appropriately). Then e is describ ed b y an equation of the formLe

(x; ) y + me x + ce

= 0; where, v = [ xv ; v ]Tand = [xw ; w ]T,me

=ywΓ y vxwΓ xv ; e = yv

Γ me xv= Γyw xw: It w ell-kno wn thats42

(x; ) Γ s41

(x; y ) fie

(x; )L

2e(x; y ); where e is a p olynomial of total degree d 2. olynomials fie are called“smo othing cofactors”; W or Ch ui and W ang, 1983. fiw v = Γ fiv w

: Clearly ciated with eac h spline s 2 S

1d(G ) there is a unique smo othingcofactor fie for eac h orien ted in terior edge e. Tw o splines s1 ; 2 21d(G ) generatethe same cofactors iff they differ b y a globally defined p olynomial. other hand, all sets C = ffie 2 I 2dΓ2

: 2 E p olynomials of total degreed 2 b y the set of in terior edges E G can b e used a set of cofactors corresp onding to spline s 2 S

1d(G ). or to b e a set of cofactors, the p olynomialsfie m ust certain consistency conditions. closed path40 ; 1 ; 41

; e2

; Δ Δ Δ ; ep

; 4p = 0 (23)in . sum of the differences (21) m ust add to zero along the closedpath. ust hold in particular for the path asso ciated with eac h in terior v ertex . out (cf., Whiteley 1991a) that the condition that this hold for all in terior v ertices is sufficient to b e in S

1d(G ). 10

Prop osition Let b e a g-triangulation, and supp ose that C = ffie 2 I 2dΓ2

:e E a set of p olynomials of total degree d 2 b y the set E in terior edges G . is the set of cofactors corresp onding to a spline s 2 S

1d(G ) iff forall in terior v ertices v and their asso ciated paths 40 ; 1 ; 41

; e2

; Δ Δ Δ ; epv

; 4pv = 0 ,pvXk =1 fiek(x; )L

2ek(x; y ) 0: Moreo v er,dim

1d(G ) dim

2d+ ; where n um b er of linearly indep enden t solutions of the homogeneoussystem Remark of of Prop osition 22 mak es significan t use of prop ert y 4in osition 14. distinguishes a triangulated disk or sphere, for example, from a triangulated torus or ann ulus. The theorem do es not hold on as simple an ob ject as a triangulated ann ulus without in terior v ertices.W w describ e explicitly the linear system describ ed in Prop osition 22.Eac h fie

(x; y ) is a biv ariate p olynomial of degree d Γ 2 with

Γd2Δco efficien ts.Letfie

(x; y ) =

Xi+j ˇdΓ20ˇi;j bijexiyj: W the asso ciated v ector of co efficien tsbe = ( 00e;01e; b

10e; Δ Δ ;

0;dΓ2e

; Δ Δ ;

dΓ2;0e

)T: Let b e an in terior v ertex, and let e1

; : : ; epv b e edges on a closed patharound v . asso ciated equation (24) can b e written asΨv

(x; ) pvXk =1

L2ek(x; )fiek

(x; y )=

(y mek x + cek

)2Xi+j ˇdΓ20ˇi;j bijekxiyj=Xi+j ˇd0ˇi;j aijvxiyj= 0:

(28)This a set of

Γd+22

Δhomogeneous equations, one for eac h monomialx iyj. drop the three equations corresp onding to 1; y . o this, wenote that for all k = ; ; Δ Δ Δ ; pv

, y the fact that Lek v anishes at v , w e ha v e0 = L

2ek(v ) = @ L 2ek(v)@ x

=@ L

2ek(v)@ y

: 11 Th us, so on as we force Ψ˚

(x; ) b e a linear p olynomial, (29) will imply thatit m ust b e iden tically zero.It is no w easy to see that the homogeneous system of Prop osition 22 is equiv-alen t to the homogeneous systemAb = 0; where is a matrix with V

GIΘGIblo cks h of sized 22 Γ 3 d2: Here

GIis the n um b er of in terior v ertices of G and E

GIthe n um b er of in terioredges. This system b e assem bled as follo ws:1. h in terior edge e, let Ae b e the blo c k three diagonal matrix of size (31)defined b yAe =0BB

B@A20eA21eA22e0 Δ 0

31eA32eA33eΔ Δ 0

42eA43eΔ Δ ..

............0 0 0 Δ d;dΓ2e 1CC CA; where

¯˚eis a ( ¯ 1) Θ (

˚ whose ij entry is giv en b y(A ¯˚e)ij=8¿¿¿¿¿¿:1; = ˚ + i = j2me

; = ˚ + i = + 1m

2e; = ˚ + i = + 22ce

; = ˚ + i = 2ce me; = ˚ + i = j + c

2e; = ˚ and i = j0;

(33)The c ks with first sup erscript ¯ come from the equations in (24) corre-sp onding to the monomials fy

¯;¯Γ1; : : : ; x

¯g, the rows given in thatorder. The blo c ks with second sup erscript ˚ corresp ond to v ariables fb ijegwith i + j = ˚ , in the order fb

0;˚; : : ; b

˚;0g.2. in terior v ertices and in terior edges in some con v enien t order, andlab el the blo c k ro ws of the blo c k matrix A b y v ertices and the blo c k columns b y ordered edges. Let b denote the blo c k-v ector of the be

. ciate closedpath with eac h in terior v ertex. ro w corresp onding to suc h a v ertex v and column corresp onding to e, put the zero matrix if v is not an endp oin t of e, the Ae if v is the first v ertex of the edge, and the matrix ΓAe ifv is the second v ertex of the edge.W illustrate Step 2 of this pro cess with t w o explicit examples. egiv e ulae for the subblo c ks app earing in Step 1 for t w o simple cases.12

Example case r = 1 , d = 2 ,Ae

=0@12mem

2e1Aand e

=00e) : If = 1, d = 3:Ae

=A20eA21e0

31e=0BB

B@1 ce

02me

2mece2cem

2e0 me ce0 0 me

102e2me0 m

2e1CC

CAand e

=0@b00eb

01eb

10e1A: Example closed Clough-Tc her GC C T as de-scrib ed in Example 20. case there are six in terior edges. the simple binatorics, w e ma y lab el these edges as 12, 14, 13, 23, 24, and 34.

this notation, the corresp onding matrix A in (30) b ecomesA = 0B@ A12A14A130 0A21

0 0 23

A2400 31

A320 A340 A41

0 42

A431CA

(36)whereAij

= Aj i

; i; .

Figure The Morgan-Scott T riangulation.13

Example w ell-kno wn Mor gan-Sc ott triangulation Figure 2. a triangulation in the ordinary sense. the in terior v ertices in the order v4 ; 5 ; v6

, the in terior edges in the order (4 ; , ; ,(4; 5), ; , ; , ; , ; , ; , ; . corresp onds to first taking a path in the coun terclo c kwise direction around v4

, then one around v5

,and finally one around v6

. Using the same notation as in Example 25, w e ha v eA 0@A42A43A45A460 0 0 00 54

0 A53

A51A560 0 64

0 65

A61A621A: By osition 22, the dimension of S

1d(G ) is giv en b y Γd+22

Δ+ Γ R , C the n um b er of columns and R is the rank of the matrix A in (30).

co efficien ts the system (30) dep end only on the slop es of the in terior edges of the triangulation. v ertices are mo v ed, the slop es c hange. R of A is the size the largest non-singular square submatrix, and it will assume a maxim um v alue for some particular lo cations of the vertices. the t of a largest p ossible non-singular square submatrix. a r ational function of the lo cation of the v ertices. it is not trivially zero. cannot v anish iden tically in an y op en set. us, for a particular triangulation, the rank of the matrix is less than its maxim um v alue, an arbitrarily small p erturbation in the lo cation of the v ertices will restore the rank of A to its maxim um v alue, th us the dimension of S

1d(G ) to its minim um v alue. the generic dimensionof S

1d(G ).Th us, giv en d and a class of g-triangulations sharing the same com binatorialstructure but differing in the precise lo cations of the v ertices, there is a p olynomial p in the lo cations of the v ertices suc h that p 6= 0 completely c haracterizes generic g-triangulations. spaces defined on tetrahedral decomp ositions, a similar system can b e deriv ed (using for example the Bernstein-B ´ or 3D cofactors), and th us there is a similar p olynomial c haracterizing generic tetrahedral ositions.x5. of S

1d(G ) on Generalized T Bound-ary section w e establish the follo wingTheorem 27. en ˘ 2 , supp ose G is a generic g-triangulation with V

GB̆ 3b oundary v ertices and V

GIin terior v ertices. dim

1d(G ) d2VGB+ 2 d Γ 12

VGIΓ d

2+ 3d + 1: The of (giv en b elo w) will b e b y induction on the n um b er of v ertices, usinga pro cess called vertex splitting , 1991a and c). e consider the rev erse pro cess.Definition 28. b e a g-triangulation with b oundary and at least one in teriorv ertex, a closed g-triangulation with at least fiv e v ertices, and let e

= v w b ean edge of G . W y that the edge e is c ontr actible vided the pro cess of remo ving e and the triangles con taining e, and replacing all o ccurrences of w b y14 v the remaining triangles of G do es not result in t wo distinct edges sharing thesame endp oin ts.The o v e definition of con tractible edge can b e rephrased as follo ws. e

= w is an in terior edge separating the triangles fv ; ; u g f v ; ; z g, isno v ertex t 6= u; to b oth v ; . is a b oundary edge of the triangle fv ; ; ug, is no v ertex t 6= u connected to b oth v ; .W see b elo w that if an edge e of a g-triangulation G is con tractible,then con tracting it, w e get a new g-triangulation G

0. case w e sa y thatG generated from G 0b y a vertex split of v .

Figure An Example of a Non-Con tractible Edge.In general, not all edges of a g-triangulation are con tractible. con tracting dashed edge in Figure 3 w ould cause eac h of the t w o cross-hatc hed triangles to collapse to degenerate triangles with zero area. w sho w, ho w ev er, that ery g-triangulation with b oundary and ha ving at least one in terior v ertex alw a ys con tains at least one con tractible edge. , w e ha v e:Lemma ose is a g-triangulation with b oundary and at least one in-terior v ertex. Then there is some con tractible edge in G , and con tracting it leads to a new g-triangulation with b oundary ecifically follo wing holds:1. has an in terior v ertex v whic h is connected only to b oundary v ertices,then an y edge from v to a b oundary v ertex is con tractible;2. has t w o in terior v ertices connected b y an in terior edge, then there is acon tractible in terior edge.Pro of: 1991a for ordinary triangulations). that con-tracting con tractible edge of a g-triangulation with b oundary leads to another g-triangulation b oundary follo ws from the definition of con tractible edge whic h out the only p ossible failure of obtaining coinciden t edges.15

Supp ose is an in terior v ertex connected only to b oundary v ertices. eac h the edges terminating at v m ust b e an in terior edge shared b y t w o triangles with common v ertex v . h of these edges is con tractible.

Case The pro of of Case 2 pro ceeds b y induction on the n um b er of in terior v ertices.Supp ose there is an in terior edge e

= v w where b oth v and w are in terior v ertices.If this edge is con tractible, w e are done. then there m ust b e some v ertex t suc h that the edges v w

, w t

, tv form the b oundary B of a triangulated triangle G

0.Since w as not con tractible, G 0m ust con tain at least one in terior v ertex. w as an in terior v ertex of G , VI

(G0) ¡ I

(G ). w y the induction h yp othesis,G tain a con tractible in terior edge ~ h clearly is a con tractible edgefor G

.Remark b e constructed whic h ha v e arbitrarily man yin terior v ertices but for whic h Case 2 nev er applies, example, b y nesting a n um b er Clough-Tc her Figure Examples of V ertex Splitting.Figure 4 sho ws ho w the Morgan-Scott triangulation can b e generated froma single triangle b y rep eated v ertex splits. t h stage, the con tracted edge is indicated b y a dashed line. of v ertex splittings is of course not unique.

Pro of Theorem 27: ceed b y induction on the n um b er of in terior v ertices. is easily c hec k ed for V

GI= 0, since in this case there are noconditions the smo othing cofactors to con tend with. w ose that V

GI¿ 0,and that the theorem has b een established for all generic g-triangulations with less thanGIin terior v ertices. thatE

GI= V

GB+ V

GIΓ 3: This w ell kno wn for ordinary triangulations, and also holds for g-triangulationswith b oundary since eac h of these shares its com binatorial structure with some or-dinary triangulations. consequence, and since V

GB̆ 3, the ıΓd+22

ΔΓ 3 ȷVGIΘ16

Lemma Supp ose G is a closed g-triangulation with at least fiv e v ertices.Then is alw a ys at least one contractible interior edge, and contracting it leads a new closed g-triangulation with one less in terior v ertex.Pro of: g-triangulation G

0with b oundary obtained b y remo vingone triangle in G .

0con tains least t w o in terior v ertices, and b y Lemma 29there is an in terior con tractible edge e. tracting leads to a g-triangulation

G00with three b oundary v ertices and one less in terior v ertex. is alsocon tractible in G , and con tracting it leads to a closed g-triangulation whic h can also e obtained b y reinserting the remo v ed triangle in G

00.T v e Theorem 33, w e follo w the metho d of pro of of Theorem 27. w e see b elo w, ho w ev er, in this case the induction only establishes that the righ t-hand side in (51) pro vides an upp er b ound on dim

1d(G ). us, e b eginb y establishing that the form ula in (51) is in fact a lo w er b ound.Lemma 35. ose is a generic closed g-triangulation with V

GĬ 4 in teriorv ertices, and d 2. dim

1d(G )

Γd2Γ 3d + 2

ΔVGIΓ 2d

2+ 6d + 2: Pro of:

~G e the g-triangulation obtained from G b y remo ving one triangle.Applying 27 w e ha v edim

1d(~G ) 3 d2+ (d

2Γ 3d + 2)(V

GIΓ 3) Γ d

2+ 3d + 1; where

GIis the n um b er of in terior v ertices of G . w e reinsert the remo v edtriangle, consider ho w the dimension c hanges. p olynomialpieces written in standard Bernstein-B

´ it is clear that there are

ΓdΓ12

Δnew parameters. other hand, for eac h edge there are d 2 tiabilit yconditions. that the dimension of the spline space on

~G m ust increaseb y at least

ΔΓ 3(d Γ 2), and the assertion follo ws.Pro of of Theorem 33: ose is a generic closed g-triangulation with V

GĬ 4in terior v ertices. has precisely four v ertices, then it must b e the closed Clough- T c her GC C T discussed in Example 20. case the dimensionassertion follo ws from equation (18). w pro ceed b y induction on V

GI.It can b e seen b y remo ving one triangle, using (40), and reinserting the tri-angle that, for the closed g-triangulation GE

GI= 3V

GIΓ : No w view of the lo w er b ound (52), w e need only sho w that the rank of A in(30) satisfiesrank (A) #ro ws(A) Γ d + 22

; 20

since using (54), w e get the corresp onding upp er b ounddim

1d(G ) dim

2d+ A) Γ rank A)ˇ dim

2d+ A) Γ ws( A) d + 22= d + 22

+d + 22 Γ 3 GIΓd2EGI+d 22= 2 d Γ 12

VGIΓ 2d

2+ 6d + 2:

(56)W w pro ceed b y induction as in Section 5. 34, ev ery closedg-triangulation with V

GĬ 5 in terior v ertices p ossesses a con tractible (in terior)edge. ma y apply the edge con traction pro cess. ose has

VGĬ in terior v ertices, and G

0is the reduced g-triangulation with V

GIΓ teriorv ertices. notation of Section 5, it is clear thatrank A

(4)= rank A

(1)= rank

¯A rank ; whererank

¯A #ro ws( ¯A) Γ

(58)b y the induction h yp othesis, and C is of full (row) rank. w, hanging the entriesof A

(4)to obtain A

(5)generically can only increase the rank, and sorank A ˘ rank

¯A + rank C˘ #ro ws(A) Γ

:(59)Th usdim

1d(G )

Γd2Γ 3d + 2

ΔVGIΓ 2d

2+ 6d + 2: and theorem follo ws b y Lemma

35.Remark 36. F sp ecial case S

12(G ), Theorem 33 w as established b y Whiteley

1990.x7. Bernstein-B

´ section w e pro vide ashort summary of the generalized B

´ of a triv ariate p olynomial. or more thorough treatmen t of the general m ultiv ariate case see de Bo or, 1987, or

Alfeld, Sc h umak er, and Sirv en t, 1991.Let T e tetrahedral decomp osition and let S b e the set of all v ertices,edges, faces, and tetrahedra in T . use the set V of its v ertices as an index set. ectors i = [iv

]v 2V 2 I Vand = [av

V, jij =

Xv 2V iv; 21

ai=jij!Yv 2V iv!Yv 2V aivv; where0

0:= : F h v 2 V e define a gener alize d b aryc entric c o or dinate function as thecardinal piecewise linear function bv 2 S 01(T ) with the prop ert ybv (w ) = ffiv w

=1; = w0;

8w V Clearly eac h tetrahedron T bv

, where v is a v ertex of T reduce the ordinary barycen tric co ordinates. for all x 2 Ω, they satisfyXv 2V bv= 1; v

˘ v V

Xv 2V bv(x)v : Asso ciated these co ordinate functions, w e define the v ector-v alued functionb(x) = [bv

(x)]v 2V

: Ev ery s 2 S

0d(T ) can b e written uniquely ass(x) =

Xi2Id cibi(x); where iis defined in (62). d is of domain indic esId

=Φi 2 I

V: ij = d œ (i) S

Ψ(68)whereœ (i) = fv 2 V v

¿ 0g The efficien ts ci are the B́dinates s .W think of a domain index i as b eing lo cated at a p oin tPi =Xv 2V ivjijv : Th us, example, w e can talk ab out the domain indices in a certain face of acertain T S

1d(T ), w e need to tak e accoun t of smo othness conditions b et w eenthe p olynomial pieces. egin with a function s 2 S

0d(T ), and give conditions forit b elong to S

1d(T ). e interior b y the t w o tetrahedraT1 ; 2 2 . v ertices v and ¯ e the remaining v ertices of the t w o tetrahedra22

T1and 2

, resp ectiv ely a = [aw

]w 2V 2 I Vb e v ector ofgeneralized tric co ordinates of v with resp ect to T2

, i.e.,v =

Xw 2T2 aww ;

aw= 1; w

= w T2

: Let v

= [ew

Vb e b y ew

= ffiv w

. is w ell-kno wn (cf., deBo or, 1987) that s S

0d(T ) is differen tiable ev erywhere on ø ci

=Xjjj=1PiΓev

+j2T2ciΓev

+jaj(72)for all i Id suc h that iv

= 1 and Pi

2 T1

. follo ws w e will refer to theequations (72) simply as the smo othness c onditions x8. Spaces on Three Dimensional V section w ecompute the dimension of spline spaces defined on v ertex stars.Theorem 37. t(v ) b e the star of a v ertex v in a tetrahedral decomp ositionT , and let G b e the corresp onding generalized triangulation obtained b y pro jecting the link of v on to a plane P Definition 15. dim

1dΓS t(v )

Δ=dXffi =0 dim S

1ffi(G ): Pro of: is easily seen b y examining in detail the smo othness conditionsin of the generalized Bernstein-B ´ t w o adjoining tetrahedra T1

= fv1 ; 2 ; v3

; v4 g T2

= fv2 ; 3 ; v5 g. ertex v3 will pla ythe role of v . ~T T1 g ; and v5

=4Xi=1 fiiviwith4Xi=1 fii= 1; where fii are the familiar barycen tric co ordinates. y s 2 S

0d(~T b e written uniquely ass

Xi1+i2+i3+i4+i5=dd!i1!i2!i3!i4!i5!ci1i2i3i4i5bi11bi22bi33bi44bi55; where ci1 i2i3i4i5are the generalized B

´ othness condi-tions require that for all triples i2

; i4

, h that i2 + 3 + i4

= d Γ 1,c0i2 i3i41= fi1 c1i2i3i40+ fi2 c0;i2

+1;i3 i40+ fi3 c0i2;i3+1;i4

0+ fi4 c0i2i3;i4+1;0

: Let b e the plane in I

3defined y the v ertices v2

, v3

, and v4

. restrictedto eac h of the tetrahedra T1 and T2 can b e regarded as a p olynomial on all of I

3,23

the alues and first deriv ativ es are iden tical on an y triangle lying in Q iff they areare iden tical on an y other triangle lying in Q .Let wi b e the pro jection of the vi on to the plane P for i 2 f1; ; 4; 5g. ab o v e othness conditions are equiv alen t to a similar set obtained for the t w otetrahedra

~T1= fw1 ; 2 ; v3

; w4 g̃T2= fw2 ; 3 ; w5 g. barycen tricco ordinate with resp ect to the tetrahedron

~T1of w5 corresp onding to v3 is zero,and the conditions are equiv alen t to d 1 of biv ariate conditions along theedge w2 w4, one for eac h degree ffi = 0 ; ; Δ Δ Δ ; d .No w consider the full tetrahedral decomp osition S t(v ), assume all v erticesare jected in to P d 1 of biv ariate smo othness conditions on the generalized triangulation G , eac h describing a space S

1ffi(G ), for ffi = 0; ; Δ Δ Δ ; d.Since systems are decoupled, the dimension of S

1dΓS t(v )

Δis the sum of thedimensions of the biv ariate spaces.

Figure Pro of of Theorem 37.The pro of of Theorem 37 is illustrated in Figure 6. F or ease of dra wing, andb etter y

, it sho ws a similar reduction of the smo othness conditions in 2-dimensional v ertex star to the smo othness conditions in the 1-dimensional equiv alen t of a g-triangulation. ertex v is a b oundary v ertex, and its star

S t(v ) is b elo w the dashed horizon tal line through v . of v is pro jected in to the upp ermost horizon tal line. piecewise p olynomial function will b e differen tiable on the star of v iff it is globally differen tiable on the pro jection. oin ts in the figure corresp ond to the p oin ts Pi defined in (70).Corresp onding to eac h of them is a ‘ c ontr ol p oint’ (Pi ; i ) I 3. oth-ness in the star of v are equiv alen t to requiring that the con trol p oin ts corresp onding to quadrilaterals lik e the one indicated are coplanar. projection of S t( v ) the quadrilaterals degenerate into triangles. 24

indicated y dashed lines is pro jected to the triangle indicated b y dashed lines.)Th us the requiremen t that a quadrilateral of con trol p oin ts b e coplanar reduces to the requiremen t that the three con trol p oin ts corresp onding to the base of the triangle e collinear. efficien t of the fourth con trol p oin t is irrelev an t. w, the set of con trol p oin t conditions so obtained along the line corresp onding to a sp ecific alue of ffi is equiv alen t to the set of co efficien ts and smo othness conditions of1ffion the partition of the upp ermost horizon tal line in to subin terv als. usthe alen t of Theorem 37 follo ws.Remark 38. and Sirv en t, 1990 ha v e b oth recognized the fact stated inTheorem 37 for the sp ecial case that v is a b oundary v ertex whose link is con tained in a plane. and its pro of can b e extended in a straigh tforw ard w a y to the case r ¿ 1.Remark implies that an y t w o pro jections G ;

~G of a v ertexstar v e isomorphic spline spaces S

1r(G )

¸=S1r(~G ). the pro jectiv ein v ariance these spline spaces in the plane (Whiteley 1991a). can b e generalized to v ertex stars of b oth simplicial and nonsimplicial decomp ositions in an y dimension, connecting splines of v ertex stars in ˇ-space with splines o v er the pro jection in to ( ˇ 1)-space, establishing the pro jective inv ariance of spline spaces in an y dimension.W w com bine Theorem 37 with our earlier Theorems 27 and 33 to obtainan explicit dimension form ula for b oundary stars. triviallydim

10(G ) + dim S

11(G ) 1 + 3 = 4 for y G , w e ha v eCorollary 40. t(v ) b e a v ertex star asso ciated with a b oundary v ertex v ofa generic tetrahedral decomp osition T , and let G e the obtained b y pro jecting the link of v on to a plane P Theorem 27.

GIand V

GBb ethe n um b er of in terior and b oundary v ertices of G . d ˘ ,dim

1dΓS t(v )

Δ= + dXffi =2 ffi2VGB+ 2 ffi Γ 12

VGIΓ ffi

2+ 3ffi + 1=

2d(d

2Γ 3d + 2)V

GI+ d(d

2Γ 1)V

GB+ 2(Γd

3+ 3d

2+ 7d +

3)6:(79)In particular,dim

14ΓS t(v )

Δ= V

GI+ 10V

GB+ 5: Corollary t(v ) b e the star of an in terior v ertex v of a generic tetrahedraldecomp osition let G and V

GIb e as in the previous corollary d 2,dim

2ffi Γ 12

VGIΓ 2ffi

2+ 6ffi + 2= d(d2Γ 3d + 2)V

GI+ 2(Γd

2+ 7d Γ

3)3:(81)25

In dim

14ΓS t(v )

Δ= V

GI+ 6: Remark tetrahedral decomp osition of the typ e discussed in eitherCorollary 40 or 41, then a simple c hec k sho ws that on suc h tetrahedral decomp ositions, the dimension form ulae for S

1d(T en in (5), (6) and (10) hold for allv alues d 1.x9. of of the Main Result for d 9 . section w e pro ve Theorem 4for ˘ 9. of for d = 8 requires sp ecial tec hniques and is giv en in the next section.) ofs are based on Theorem 24 in Alfeld, Sc h umak er and Sirv en t, 1991. e need some additional notation.As Section 7, let S denote the set of all v ertices, edges, triangles andtetrahedra T . or h œ 2 S , letB (œ ) = fi 2 Id

:Xv 2œ iv̆ d 2

2Γdim g

[ø œ

B (ø : This a recursiv e definition; w e b egin with v ertices, then tak e edges, triangularfaces, and finally

, tetrahedra. us, set B ( œ ) consists of domain p oin ts whic hare at a distance no more than 2

3Γdim(œ )Γ1from œ , and whic h do not lie in an yof the sets B (ø an y lo w er dimensional face ø . is a tetrahedron then

B (œ ) of domain p oin ts in œ whic h are at a distance of 2 or more from ev ery of œ .Definition 43. 2 S . a set D (œ ) æ B (œ ) a determining set ( œ )pro vided that for all s 2 S

1d(T ),ci

= 0 i D (œ ) [

B (ø i

= i B (œ ): The D (œ ) is a minimal determining set of B (œ ) if there is no smaller deter-mining set.The follo wing theorem is pro v ed in Alfeld, Sc h umak er and Sirv en t, 1991:Theorem 44. or h œ 2 S , let D( œ ) be a minimal determining set for B ( œ ) .Supp ose that d ˘ 9 . dim

1d(T =

Xœ 2S jD (œ )j: T our main result w e need to find explicit expressions for the n um-b ers jD (œ )j in the ab o v e equation.Lemma 2 S e a ertex, and S t ( œ ) the star of œ . jD (œ )j dim

14(S t(œ ))

8EœI+ 10E œB+ 5; is a b oundary v ertex8E œI+ ; is an in terior v ertex,

(86)26

Remark but less insigh tful—and not rigorous—in terpretation ofthis ting pro cess is that the o v erlap in the v ertex sets is accoun ted for b y the term 3d 25 the edge terms.T the pro of of Theorem 4 for d = 8, w e no w sho w that the expres-sion in (94) is also a lo w er b ound. e ha v eTheorem e tetrahedral decomp osition and d ˘ 3. dim

1d(T˘ d(d Γ 1)(d Γ

5)6T d Γ 1)VI

+ d(d Γ 1)VB

+ 1 + 5d Γ 2d

2: Pro of: tetrahedral decomp ositions, this result w as pro v ed in Alfeld,1986. w giv e a pro of whic h do es not require shellabilit y of uses the hniques emplo y ed in Alfeld, 1986 to deriv e lo w er b ounds on the dimension of biv ariate spline spaces. of S

1d(T a subspace of a larger space Lwhere it is easy to compute the dimension. define a set of smo othness conditions that are sufficien t to force a function s L to b e an elemen t of S

1d(T ),and the cardinalit y of this set from the dimension of L to obtain the lo w er ound on the dimension of S

1d(T c hosen smo othness conditionsma y b e dep enden t, this tec hnique establishes a lo w er b ound and not necessarily the true dimension.LetL =

Φs 2 S

0d(T : differen tiable at the v ertices of T

Ψ: W establish the dimension of L. are four degrees of freedomon eac h v ertex. degrees of freedom can b e obtained b y coun ting the domain p oin ts outside the 1-balls around the v ertices. Th us, using (8)dim 4V d Γ 3)E + d Γ 12

Fd 13

T=d3Γ d Γ

126T d + 1)VI

+d2+ d Γ

22VBΓ d

2+ 7:

(98)Next, e define a set of smo othness conditions (in the standard B ´ whic h force s 2 L to b e in S

1d(T ). en edge e , let n( e) denote the n umb erof con taining e. d 2 of radius 1 around e

; h of these, n(e) 2 othness conditions hav e to b e enforced. to b oth b oundary and in terior edges.) w an in terior face t. a totalof

Γd+12

Δsmo othness conditions across t, but those on the edges ha v e already b eenimp osed. us, suffices to enforce the remaining

ΓdΓ22

Δsmo othness conditionsacross eac h face.30

Using and (90), w e no w obtaindim

1d(T ˘ L Γ

Xe(d 2)(n (e ) Γ 2) Γ d Γ 22

FI=d3Γ d Γ

126T d + 1)VI

+d2+ d Γ

22VBΓ d

2+ 7Γ 3(d Γ 2)F d Γ 2) E d 22

FI=d(d Γ 1)(d Γ

5)6T d Γ 1)VI

+ d(d Γ 1)VB

+ 1 + 5d Γ 2d

2;(99)and pro of is complete.Remark cardinalit y of the determining set constructed in thepro of Lemma 52 equals the dimension of S

18(T ), the determining set is actuallya minimal determining set.Remark ula ma y b e v alid for v alues of d satisfying 5 ˇ d ˇ 7. (generic) terexample is kno wn. p ossible that this could b e established using a differen t sub division of the B

´ than used in Sections 9 and 10 (cf.,

Hong, Ibrahim and Sc h umak er, 1991, and Alfeld and Sc h umak er, 1990 in the ariate case).Remark imp ossible for form ula (5) to b e v alid for d ˇ 4 since forsome decomp ositions the v alue of this form ula b ecomes less than theminimal v alue of

Γd+33

Δ. 8 for a coun terexample when d = 3. coun terexample d = 4 can b e constructed b y c ho osing ˚ 7 ¯ sufficien tly large Example 3 in Alfeld, 1986.)x11. to Holes and Ca vities. or applications, it is of in ter-est to consider tetrahedral decomp ositions of domains that con tain holes h pass from the b oundary to the b oundary through the old in terior), and c avities whic h not connect to the original b oundary might remov e a ball, a torus, or a more complicated ob ject from the old in terior; cf., Ewing, Fwk es Grif-fiths, 1970. section w e giv e a dimension form ula for spline spaces on suc hdecomp ositions.The k ey to our pro of of Theorem 4 w as Theorem 44 whic h w as based on agrouping of the domain p oin ts in to sets asso ciated with v ertices, edges, faces, and tetrahedra. same grouping, it can b e sho wn that (85) also holds for decomp ositions with and ca vities. e the rest of the pro of w ork, and in particular to obtain (92), w e needed thati) ertex links b e a disc or a sphere (for (86));ii) h oundary edge con tacts exactly t w o b oundary faces (for (87)).Condition actually follo ws from Condition i), since a b oundary edge m ustha v e a b oundary v ertex at eac h end. to mak e a similar pro of w ork for decomp ositions with holes and ca vities, w e no w generalize the concept of a tetrahedral osition to preserv e these prop erties.31

Definition tetr ahe dr al de c omp osition T set of non-degeneratetetrahedra I

3satisfying follo wing requiremen ts:1. teriors of the tetrahedra in T disjoin t.2. of an y v ertex is either a disc (for a b oundary v ertex), or a sphere(for an in terior v ertex).3. h face of a tetrahedron in T on the b oundary of Ω orelse is a common face of exactly t w o tetrahedra in T .The second condition is equiv alen t (Munkres 1984) to2

0. Ω of the tetrahedra in T manifold.By the same argumen ts as those used in Sections 8, 9 and 10, w e can showthat if d ˘ 8 and T generic manifold tetrahedral decomp osition then (92) also holds.In to simplify this to a form ula analogous to those in (5) and (6), w eneed use some iden tities connecting edges, faces, etc, corresp onding to (7).

The first equalit y in (7) simply states that eac h b oundary edge meets precisely t w o b oundary triangles, th us also holds for a manifold decomp osition.

third y also carries o v er, and simply states that eac h tetrahedron has four faces while if w e coun t faces of tetrahedra, w e get those on the in terior t wice and those on the b oundary only once. w ev er, second iden tit y FB = B Γ VB

+ 2; B Γ B + FB

= 2; requires the b oundary b e a triangulated sphere (whic h is homeomorphic tothe surface of a cub e). or more general manifold tetrahedral decomp osition, w e ha v e insteadVB

= ØB

(101)where B is called the Euler char acteristic of the b oundary (Munkres 1984, p.124). This a top ological constan t whic h can b e found from the top ology of the b oundary of Ω. ball, with its b oundary sphere, ØB

= 2.The fourth equalit y in (7) is also based on the assumption that Ω is home-omorphic to a ball (or cub e). general tetrahedral manifold decomp osition, the analog isV + F Ω

; where Ω is the Euler char acteristic of the manifold ball, or solid cub e,ØΩ

= On tetrahedral decomp osition w e are in terested in, the t w o Euler Char-acteristics are not indep enden t. e ha v e (Vic k, 1973, p. 167).Theorem y b ounded manifold Ω with b oundary B , em b edded in the3-sphere S ,ØB

= 2ØΩ

: W no w use these iden tities to create analogs of (5) and (6) for a tetra-hedral manifold decomp osition.32

Corollary ose ˘ 8, and T generic manifold tetrahedral decom-p osition. Thendim

1d(T = d + 33

T d + 1)

2FI+ (3d + 1)EI

Γ 4VI= d(d Γ 1)(d Γ

5)6T d Γ 1)VI

+ d(d Γ 1)VB+ (1 + 5d Γ 2d

2)ØΩ

:(104)Pro of: tities3FB

= 2EB ; B = B Γ VB

+ ØB

; T FI

+ FB

; Γ V ØΩ(105)together with (103) implyEB

= 3VB

Γ 6ØΩ

FB= 2VB

Γ 4ØΩEI

= T B

+ VI

FI= ΓVB

+ 2T ØΩ

:(106)An tary calculation no w sho ws that the form ula (92) is equiv alen t to thet w o ulae in (104). the pro of for d ˘ 9. or = 8 w e also need to the equiv alen t of Theorem 54. of follo ws the same lines but do es require

(103).Remark e set ØΩ

= 1 in (104), w e get our original form ula (5) fortetrahedral ositions homeomorphic to a cub e.Remark ula (104) ev en applies to ‘closed tetrahedral decomp osi-tions’ whic h the original b oundary w as a tetrahedron, and the ‘exterior region’ is added as a final ‘tetrahedron’. case ØB

= 2ØΩ

= 0.Remark metho ds do not dep end on Ω b eing a manifold. particular, w ould b e p ossible to deal with tetrahedral decomp ositions whic h include h p oin ts and pinc h edges where t w o tetrahedra meet at one p oin t or edge, but without b eing connected b y a sequence of tetrahedra and common faces all con taining the p oin t or edge. w ev er, pinc h p oin ts and pinc hed edges, the form ulae for the v ertex stars and the oranges (edge stars) m ust b e mo dified.

in turn, requires a straigh tforw ard, but more careful description of the biv ariate splines the pro jections, whic h can now include pinc hes, holes etc. 1991, and Pip er and Sc h umak er, 1987c.) v er, iden tit y (103) will no longer not analyze suc h decomp ositions in this pap er.x12. Remarks. e the pap er with sev eral remarks andsome op en problems.Remark 64. of of Theorem 4 en tails the partial construction of a mini-mal determining set of S

1d(T is explicit ev erywhere except in the v ertexstars. explicit for the v ertex stars w ould amoun t to constructing explicit minimal sets of S

1d(G ) on generic g-triangulations G for d = 2; ; 4.This an extremely difficult problem whic h has b een solv ed only for d = 4 on33

ordinary see Alfeld, Pip er and Sc h umak er, 1987a. hniquesthere apply immediately to generic g-triangulations with b oundary en mal determining sets on the v ertex stars, the corresp onding dual basis of S

1d(T isminimal ly orte d the supp ort of a basis function is contained in the star of a v ertex, cf., Alfeld, and Sc h umak er, 1987, and Alfeld, Pip er and Sc h umak er, 1987b.Remark hniques dev elop ed here could b e used to compute the di-mension of S rd(T a generic tetrahedral decomp osition T alues r ¿ 1 andd ˘ 8 r + 1 if the problem of finding the generic dimension of S rd(G ) w ere solv edfor generalized triangulations G al l v alues of d ˘ 0. w ev er, problem app ears to b e v ery difficult ev en with the use of the edge con tracting tec hnique, and not b een solv ed at presen t for v alues

32(r 1) d ¡ 3r 1; Whiteley1991a, Alfeld and Sc h umak er, 1991.Remark oin ted out in Alfeld, Sch umaker and Sirv ent, 1991, it is im-p ossible to giv e explicit dimension form ulas for S

1d(T general (i.e., p ossiblynon-generic) decomp ositions, (ev en for lar ge v alues of d), without having general form ulae for S

1d(G ) on t w o-dimensional triangulations for al l alues d. us for general tetrahedral decomp ositions will ha v e to w ait un tilS

12(G ) S

13(G ) are fully understo o d in the biv ariate case.Remark analyze spline spaces on four-dimensional triangula-tions using our pro jection metho d requires kno wledge of the exact dimensions of triv ariate spline spaces (on tetrahedral decomp ositions of three-dimensional projections four-dimensional v ertex stars) for al l alues d. the presen t state of the art ev en generic results cannot b e obtained in this w a y .Remark 68. presen tly exploring the p ossibilit y of using the tec hniques de-v elop ed here for other problems, for example, to determine the generic dimensionin case that r ¿ 1, and to in v estigate the solv abilit y of certain in terp olationproblems.Remark 69. Spline on t w o-dimensional stars were completely analyzed inSc h umak er 1979, 1988. jection metho d used here could b e used to pro vide an alternate a y of analyzing S

1d(G ) on suc h t w o-dimensional v ertex stars b y re-ducing the problem to the study of univ ariate spline spaces defined on generalized partitions an in terv al. star of an edge, an orange in 3-space, could b e analyzed b y pro jection from one end p oin t of the edge to a v ertex star in theplane, the observ ations in Alfeld, Sch umaker and Sirv ent 1991 and Sirven t,1990.Remark jection b e used rep eatedly oranges in 3-spacecould e analyzed b y double pro jection from the edge to univ ariate splines on generalized same spirit, splines on the star of a k -simplex in I

ˇcan e analyzed b y pro jecting up to k + to a space of dimension 1 lo w er.Remark shows that on generic (g-)triangulations with 3b oundary ertices, all splines are actually p olynomials for alld ˇ

3r12: 34

On closed g-triangulation obtained b y adding a triangle there are also onlythe trivial splines. the case (107) there are only trivial splines on the of in terior v ertices. simple induction, the same is true on the class of tetrahedral decomp ositions where an y t w o tetrahedra are connected b y path of tetrahedra and faces suc h that eac h face of the path con tains some in terior v ertex. oin ted out b y Lai, 1991, a consequence of this observ ation is that splines s 2 S rd(T actually

3r+12times differen tiable at in terior v ertices.This phenomenon is similar to one observ ed in the biv ariate case: in terior v ertex a triangulation G with three edges attac hed, a spline in S

1d(G ) is actuallyt wice differen tiable, see Alfeld, 1984.Remark 72. decomp ositions T simplices in I

ˇwhereˇ 3, this observ ation can b e generalized b y using our pro jection idea. us spline s S

1d(T ) will b e t wice differen tiable on all faces of dimension ˇ ˇ Γ 3.Remark v ariables, finite elemen ts are t ypically constructed assmo othly joined p olynomials defined ov er a tetrahedral partition.

this they are certainly splines of the t yp e defined in (2). w ev er, classical h to constructing suc h elemen ts is to build them tetrahedron b y tetrahedron, i.e., completely lo cally w ell-kno wn that this can b e done provided that d ˘ 8r + d is the degree of the p olynomial pieces, and r is the global smo othness. approac h to constructing the individual p olynomial pieces of finite elemen ts is to mak e them in terp olate deriv ativ es up toorder r at the v ertices and certain deriv ativ es of order 2r across the faces. follo ws these t yp es of finite elemen ts are memb ers of the linear space of sup er splines defined b yS S rd(T ) = fs 2 S rd(T ) : s is r 2

2Γidifferen tiable across all œ 2 Fi

, i = 0; g;where 0 and F1 are the sets of v ertices and edges of the tetrahedra in the par-tition ˘ 8r 1, sup erspline space can b e analyzed lo cally; see

Alfeld Sirv en t, 1989, for a dimension form ula and the construction of a lo cally supp orted basis. w ev er, the space of sup ersplines is a pr op er subspace of the spline space S rd(T of in terest here, the a v ailable results on finite elemen ts andsup ersplines not sa y an ything ab out dimension or existence of lo cal bases for our space S rd(T References[1] A T

1Clough-T o cher Interp olation Scheme ; Com-puter Aided Geometric Design J. 1, 169-181.[2] 1986; On the dimension of multivariate pie c ewise p olynomials Numerical , D.F. Griffiths and G.A. W Longman Scien tific

& hnical, [3] 1987; A Case Study of Multivariate Pie c ewise Polynomials Ge-ometric Mo deling, G. F arin (ed.), SIAM publication, 149–160.[4] 1989; Sc atter e d data interp olation in thr e e or mor e variables ; inMathematical ds in Computer Aided Geometric Design, T. Lyc he and

L. Sc h umak er (eds.), Academic Press, N. Y., 1–33.35

[5] and L. L. Sc h umak er, 1987; The dimension of bivariate spline sp ac esof othness r for de gr e e d ˘ 4r 1; e Approximation 3 , 189–

197.[6] P Sc h umak er, L.L., 1990; On the Dimension of BivariateSpline Sp ac es of Smo othness r and De gr e e d = 3 r 1; Math. 57,

651-661 [7] B. Pip er, and L.L. Sc h umak er, 1987a; A n Explicit Basis for C

1Quartic Splines J. Num.Anal. 24, 891–911.[8] B. Pip er, and L.L. Sc h umak er, 1987b; Minimal ly Supp orte d Basesfor ac es of Bivariate Pie c ewise Polynomials of Smo othness r and De gr e e d 4r + 1; Computer Aided Geometric Design 4, 105–124.[9] B. Pip er, and L.L. Sc h umak er, 1987c; Sp ac es of bivariate splineson triangulations with holes Appro x. Theory Appl. 3, 1–10.[10] L. L. Sc h umak er, and M. Sirv en t, 1991; On Dimension and Ex-istenc e of Multivariate Spline Sp ac es of Appro ximation Theory app ear.[11] and M. Sirv en t, 1989; A R e cursion F ormula for the Dimensionof Sup erspline Sp ac es of Smo othness r and De gr e e d r 2 k; in Multiv ariateAppro ximation Theory IV, C. Ch ui, W. Sc hempp and K. Zeller (eds), ISNM90, Birkh¨ [12] 1982; Gener ating triangulations of the pr oje ctive plane ; J. Com-binatorial Theory B 33, 222–230.[13] Billera, 1988; Homolo gy of smo oth splines: generic triangulations and ac onje ctur e Str ang rans. A.M.S. 310, 325–340.[14] Bo or, 1987; B-F orm Basics Geometric Mo deling: Algorithms andNew T, F arin (ed), Siam Publication, 131–148.[15] ui and R. H. W On smo oth multivariate spline functions Math. 41 , 131–142.[16] Ewing, A.J. F a wk es, and J.R. Griffiths, 1970; ules thenumb ers no des and elements in a finite element mesh ; In t. J. Numer. Meth.

Eng. 2, 597–600.[17] Hong, 1991; Sp ac es of bivariate spline functions over triangulations ; J.Appro x. Applic. 7 , 56–75.[18] and L.L. Sc h umak er, 1991; Sup er spline sp ac es of smo othness rand de gr e e d 3r + 2; Constructiv e Appro ximation 7 (1991), 401–423.[19] 1990; L ower b ounds on the dimension of sp ac es of bivariate splines in ariate Appro ximation and In terp olation, W. Haussmann and K.

Jetter ISNM 94, Birkh¨ erlag, Basel, 1990, 155–165.[20] E. Munkres; Elements of Algebr aic T olo gy , Massac h usetts, [21] Rudin, 1958; A n unshel lable triangulation of a tetr ahe dr on ; Bull. Amer.Math. c. , [22] Sc h umak er, 1979; On the dimension of sp ac es of pie c ewise p olynomialsin variables ; in Multiv ariate Approximation Theory , W. Sc hempp and

K. (eds.), Birkh¨ 396–412.36