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Abstract. An analytical solution for the three-dimensional stress field in a plate of an arbitrary thickness, 2h, and weakened by 
a cylindrical hole of radius a is presented. Far away from the hole, the plate is subjected to a uniform tensile load, ~o, in a 
direction parallel to the plane of the plate. The solution is shown to be derivable from a general 3D solution, which the first 
author constructed in a previous paper. The analysis shows the stress concentration factor to vary across the thickness and to 
be sensitive to the value of the radius to thickness ratio, a/h. Furthermore, it is shown that for ratios of (a/h) > 4, the results 
predicted by plane stress theory are more than adequate for engineering applications. Finally, the transition between plane 
stress and plane strain appears to occur at a/h = 0.5. 

1 Introduction 

It is well known that corner cracks at holes are among the most common flaws in aircraft structures 
(Fig. 1). In one case history, e.g., a certain aluminum alloy was chosen for the wing skin of a military 
aircraft because of its high strength and light weight ratio. Moreover, the design stress on the wing 
was set at a high level to increase the aircraft's payload capacity. Inevitably, a fatigue crack grew 
out from a rivet hole, in one of the aluminum wing plates, and progressed to the point where 
catastrophic failure took place. What was most unfortunate about this particular failure was the 
fact that the allowable flaw size that could be tolerated by the material under the applied stress 
was smaller than the diameter of the rivet head covering the hole. As a result, it was impossible 
for maintenance and inspection crews to know that the crack was growing from the rivet hole until 
it was too late. While this catastrophic failure could have been avoided in several ways, the best 
design philosophy would have been to take appropriate measures so that no crack, however, small, 
would manifest itself. 

Experimental evidence shows that for relatively thin plates the crack either originates at the 
corner x, where the hole meets the free surface of the plate, or at the center of the plate. On the 
other hand for relatively thick plates the crack almost always originates in the vicinity of the corner 
(Brock 1974). Of course, cracks in general originate from small imperfections or discontinuities 
that may be present in the material. Such discontinuities may either be man-made or may be 
introduced in the material during the process of fabrication. 

Thus, one possible explanation for this phenomenon is that such discontinuities are most likely 
to be present in the vicinity where the hole meets the free surface of the plate. Another possible 
explanation could be that at such neighborhoods the stress levels may actually be higher than 
those predicted by the two-dimensional elasticity theory, i.e., the usual stress concentration 
factor of 3. 

This problem, of course, has been studied by several researchers. At first, due to the difficulty 
posed by three-dimensional elasticity problems, most analytical studies were based on two- 
dimensional linear theory of homogeneous and isotropic materials. In 1898, the 2D solution 
for the case of a single circular hole in an infinite plate was obtained by Kirsch (1898). Problems 

1 Comment refers to an in-plane tensile load 
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Fig. 1. Circular  corner  crack at a fastener hole 

dealing with finite-plate dimensions, multiple holes and different shapes of holes were solved by 
Muskhelishvili (1953). Most of this work was accomplished by means of conformal mapping 
techniques. Comprehensive reviews on this subject have been given by Neuber (1985) and Savin 
(1961). However, in the case where the diameter of the hole 2a is of the same order of magnitude 
as the thickness 2h of the plate (Izl < h), these two-dimensional solutions can no longer provide 
accurate approximation due to the very "thin" or very "thick" assumptions. 

In order to obtain a more general solution to the stress concentration problem, studies on the 
three-dimensional theory of elasticity become essential. It was not until 1948 that Green (1948) 
developed a formal 3D solution which was in an infinite series form. Unfortunately, he did not 
have access to modern computing facilities and as a result the numerical work is limited to the 
case where (a/h) = 1. The work, however, opened up new areas for further research. 

An approximate solution to the problem was given in 1949 by Sternberg and Sadowsky (1949). 
Their approach was a modified version of the Ritz method. Specifically, a z-dependence of the form 

and a 0-dependence of the form e i2~ were assumed (r, 0 polar coordinates in the plane of the plate). 
The stress field was, subsequently, substituted into the strain energy which was then minimized to 
give the functional dependence in r. 

Subsequently, in 1957, Alblas (1957) using the same solution proposed by Green (1949) 
extended the numerical results to also include other ratios of practical interest. In order to satisfy 
the boundary conditions at the hole, he reduced the problem to that of the solution of an infinite 
system of equations for the unknown complex coefficients. The system was subsequently truncated 
and its solution was sought numerically. The results are given in Fig. 2 where it is shown that the 
stress concentration factor attains a maximum at the center of the plate and that it decreases 
parabolically as one approaches the free surfaces of the plate. 
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Figs. 2-4 .  Stress concent ra t ion  factor across  the thickness  for Po isson ' s  ratio v = 0.25 and  var ious  a/h ratios 2 (Alblas 1957); 
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3 (Reiss 1962). 4 Stress concen t ra t ion  factor as a funct ion of the dep th  ~ = -.  (Youngdahl  and  Sternberg 1966). v = Poisson ' s  ratio 
a 
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In 1962, Reiss (1963) using a perturbation analysis was able to obtain a solution which yielded 
"three-dimensional" corrections to those of the generalized plane stress. The problem was ulti- 
mately reduced to a series form where an approximation was introduced in order to obtain 
numerical results. The results which are valid for small values of thickness to diameter ratios, 
substantiate the findings by Alblas and are shown in Fig. 3. 

In Alblas (1957) and Reiss (1963) it appears that the focus of the investigation has been on 
diameter to thickness ratios greater than or equal to 0.5. The authors suspect that this was due to 
the enormous numerical difficulties that this problem presents. Be that as it may, their results 
showed the stress concentration factor to attain its maximum in the middle of the plate and to 
decrease parabolically as one approaches the, free of stress, plate surfaces. 

This trend, however, does not seem to explain the experimental observations that for thin plates 
fatigue cracks either develop at the corner, i.e., where the hole meets the free surface, or at the 
center of the plate. On the other hand, for relatively thick plates the crack almost always appears 
at the corner. Moreover, there exists no precise definition as to what constitutes a thin or a thick 
plate. For this reason Youngdahl and Sternberg (1966) investigated the stress field in an elastic 
half-space with a semi-infinite transverse circular cylindrical hole. The problem was finally for- 
mulated as a Fredholm integral equation of the second kind, the solution of which was sought 
numerically. Their results showed that all of the three-dimensional effects were highly sensitive to 
changes in Poisson's ratio and became more pronounced at larger values of this parameter. 
Furthermore they discovered the presence of a stress boundary layer in the vicinity of the free 
surfaces (Fig. 4). 

The purpose of this paper is three-fold. First to show that the solution of the cylindrical hole 
problem is derivable from the same general analytical solution from which the 3D crack problem 
can be derived. Second to acquire enough experience and a "feel" for the ultimate construction of 
an explicit analytical solution to the crack problem. Third to show that the two existing asymptotic 
solutions can be extracted from the same analysis, bridging, therefore, the gap between "thin" and 
"thick" plates. 

2 Formulation of the problem 

Consider the equilibrium of a homogeneous, isotropic, elastic plate which occupies the space 
I xl < ~ ,  I zl _-< h and contains a cylindrical hole of radius a whose generators are perpendicular to 
the bounding planes, namely, z = + h. Let the plate be subjected to a uniform tensile load a0 along 
the y-axis and parallel to the bounding planes (Fig. 5). 

In the absence of body forces, the coupled differential equations governing the displacement 
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Fig. 5. Geometrical configuration of a plate weakened by a circular hole of radius a 
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f u n c t i o n s  u, v a n d  w are: 

m Oe 
Jr V2u = 0 

r n -  2 dx 

m Oe 

m - 2  3y 

m ~3e 
m - 2 O z  

(2) 

+ V2v = 0 (3) 

t- V2w = 0, (4) 

where V 2 
and 

Ou ~v Ow 

The stress-displacement relations are given by Hooke's law as 

((~2/~X2) q- (~2/r + (~2/0Z2) is the Laplacian operator, m - 1/v, v is Poisson's ratio, 

(5) 

2G(C~u e ) 2G(~3v e ) ( 3w  e ) 
axx= \ Ox + , = az~= m - 2 art \Oy + --m-2- ' 2G ~-z + ~-Z-~_ 2 (6-8) 

r ~ r = G ~ y + ~ x  ),  r,z = \ O z +  ?y } %, \Ox+-~z  , (9-11) 

with G being the shear modulus of the plate. 
As to the boundary conditions, one must require that 

as [ x l - , oe :G~  = r~y = ~x~ = 0  

as ] y] --. oe :~xr = zr~ = 0, art = ao 

at [z l=h: 'Gz=~r~=Gz=O 

at r = a : a r r  = "CrO = Z, r z  = O .  

It is found convenient to seek the solution of the problem in the form 

u = u (v) + u (c), etc., 

(12) 

(13) 

(14) 

(15) 

(16) 

where the first component  represents the usual "undisturbed" or "particular" solution of a plate 
without the presence of a hole. Such a particular solution can easily be constructed and for the 
problem at hand is: 

u(p) _ fro 
2G-A (m -- 2)2x 

O-o(m -- 2) 
v { e ) = - [ 1 - ( r n - 1 )  2] 2GA Y 

(17) 

(18) 

o o w (P) = - (m - 2) 2 ~ z, (19) 

where 

k --- (m + 1)(m - 2) 2. (20) 

By using Hooke's law and the appropriate coordinate transformation, one can find the stress 
field due to the particular solution to be of the form 

vrr~'(e) = �89 [1 + cos (20)3, "00"(e) = �89 [1 - cos (20)], ~r0"(e) = - �89 o sin (20). (21-23) 



E. S. Folias and J.-J. Wang: On the three-dimensional stress field 383 

3 Mathematical statement of  the complementary problem 

In review of the particular solution, one needs to find three functions: u(C)(x, y, z), v(C)(x, y, z) and 
w(C)(x, y, z), such that  they satisfy the partial differential Eqs. (2-4) and the following boundary  
conditions: 

at I z[ " (~) ~(c)=~(~) = h. o--z = = 0 (24) - - X z  - - y z  

at r = a:a~ ) = - -  - - r r  G ( P ) ,  T;(co ) = -- ~rO*W), z~ ) = -- -~z c(e). (25-27) 

Finally, in order to complete the formulat ion of the problem, one must  also require that  all the 
complementary  displacements and the complementary  stresses do vanish as r ~ o0. 

4 Method of solution 

A general three-dimensional solution to Navier's equat ion for plates of uniform thickness, 2h, and 
with plate faces free of stress has previously been constructed by the first au thor  and the results 
are reported in Folias (1975). Perhaps  it may be appropria te  here to note that  the same dis- 
placement  field is also recovered if one uses a double Fourier  integral transform in x and y and 
the subsequent  use of a contour  integration. This mat ter  is discussed in great detail in Wilcox 
(1978) 2 . Without  going into the mathemat ical  details, the complementary  displacement and stress 
fields are3: 

(i) the displacement field: 

U ( C )  - -  _ _  

m 

1 3 ( c )  - -  _ _  

w ( C )  _ 

1 0Hv 
Av {2(m -- 1) cos (fl~h) cos (fl~z) 

-2  v = l  

+ mfl~h sin (fl~h) cos (fl~z) - rail E cos (flvh) sin (/3~z) } 

, ~  ~OH* - Y - ~ x  l~___z 2 0213 + x B" uy c ~ 1 7 6  1 OxOy" 

1 

m - - R v = l  

+ mfl~h sin (fl~h) cos (fl~z) - mfl,,z cos (fl~h) sin (fl~z) } 

,,~1 0H* 3m - 1 1 013~yy 
- B , ~ - x C O S ( ~ . h ) c o s ( % z ) + - ~  3 + I 2 - Y  

1 
m - 2 ~ A~Hvflv{(m - 2) cos (fl~h) sin(fl~z) 

v = l  

- mfl~h sin (fl~h) sin (fl~z) - mfl,,z cos (fl~h) cos (flvz) } - 

(28) 

1 2 0213 
- - - m +  1 z ~-x  2" (29) 

(ii) the stress field: 

2 1 z 013 (30) 
m + 0y " 

1 
or(c) --  

2G -~x 
2 ~ 2 (fl~h) cos (fl~z) m 2 A,,fl,, H,, cos 
- -  v = l  

1 02Hv 
+ - - m _ 2 ~ = l A ~ - x 2 ~  {2(m - 1) cos (fl~h) cos (fiE) 

2 Folias, independently also investigated this matter in 1977 
3 Due to symmetry, we assume y = > 0 
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+ mfl~h sin (fl~h) cos (fl,,z) - mfl~z cos (fl~h) sin (fl~z) } 

02H * 011 0213 1 2 0313 2 013 (31) 
+.=1 ~ B" o ~ y  c~176 +~ x  - Y~x2 + m ~ - ( z  OxZOy+m +~ @" 

1 
a(c) - _2 ~ flZA~Hvcos(B~h)cos(fi~z) 

2GvYr m 2 ~=1 

_1 A } 
. -  flZH~ {2(m - 1) cos (fl~h) cos (fl~z) m 2 ~[ 0x 2 v=l 

+ rnfl~h sin (fl~h) cos (fl~z) - mfl~z cos (fl~h) sin (fl~z)} 

02H * -' 2m 013 011 0213 1 0313 
- ~ B .o -~yCOS(o~ .h )cos (%z)+- -  + - - - z  z (32) 

.= 1 m + 1 Oy Ox Y OX 2 m + 1 Ox20y" 

l a ( c )  - m ~ A~H~flz{-fl~hsin(fl~h)cos(~z)+ fl~zcos(fl~h)sin(~z)}. (33) 
2G zz m - 2 ~ = 1  

G ~'y m C 2 ~= 1 ~ {2(m - 1) cos (fl~h) cos (fl~z) 

+ mfl~h sin (fl~h) cos (fl~z) - mfl~z cos (fl~h) sin (fl~z) } 

f 02H * } 
_ n ~ H n  . . { 2  * co I .h/cos/ .zl 

n=l 

_ I ' m -  I '~0I  3 _0I  2 2 20313 0213 (34) 
+ ~ h G S ) F + ~  m+l z ~ 2Y0~0--S" 

G :'~ m - 2  ~=1 -~x-x fl~{c~ 

+ fl~h sin (fl~h) sin (fl~z) + flvz cos (fl~h) cos (fi~z) } 

0/4.* 
- .=1 B.~f-y%COS(c~.h)sin(o~,,z) (35) 

1 .r(c )_  2m ~ A~fl~ OH~ {cos(fl~h) sin(fl~z) 
~-rz m - 2  ~=1 ~-Y 

+ fl~h sin (fl~h) sin (fl~z) + fl~z cos (fl~h) cos (fl~z) } 

+ ~ OH* 
. = 1 B.% ~ cos (%h) sin (%z), (36) 

where in order  to express the solution in a more  convenient  form, we have adopted  the following 
definitions'~: 

A~ x H~(x,y;fl)= { 
F~ e-x/s2 +/~tyl 
- -  ~ c o s ( s x )  ds, (37) 

~/s~ +/~ 

s S  n 
xfs2~2~.2 ly I 

( -- 1)"B.H*(x, y; %) = 
e 

cos (sx) dx, (38) 
o v ~ + ~ .  ~ , / s~  + ~. ~ 

with A~ and B. as constants  but  functions of ]3~ and a., respectively, 

g/7~ 
n = 1, 2, 3 , . . . ,  (39) 0~n~ h 

4 Due to symmetry, in the case of the hole problem one need only to consider the first quadrant 
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fly are the roots of the transcendental equation 

sin (2flvh) = - 2(fl~h), (40) 

and s 

11 = ~ P(s)e-=lrlsin(sx)ds, 12 = ~ P(s)e-=lrlcos(sx)ds, 13 = ~ Q(S)e-=lrlcos(sx)ds. (41-43) 
0 0 0 S 

It is an easy matter  now to verify that the above displacement field does indeed satisfy Navier's 
equations and that the stresses #el ~-Ic) and r t~l do vanish at the plate faces. Moreover, the - - Z Z  ' ~ X Z  --~)2 

displacements do vanish as r ~ co and the functions H,  and H* satisfy the following differential 
equations: 

2 , 2 0 2 H ~  0 2 H v  2 (~ H. 0 H. 2 * 
~X 2 "~ --~y2 fly Hv = 0, --t~x2 -1- - - 0 y  2 ~, H. = 0. (44, 45) 

As a practical matter, by constructing appropriate solutions to the simplified differential 
Eqs. (44) and (45), one can now solve a whole class of 3D linear elastic problems, e.g., the problem 
of a cylindrical hole, an elliptical hole, a crack, a cylindrical inclusion, etc. 

For  the cylindrical hole problem for example, guided by the boundary conditions at the surface 
of the hole, i.e., at r = a 

tr~ ) = -(O-o/2)[1 + cos(20)], z~ ) = (ao/Z)sin(20), "ffz ) = O, 

and utilizing the local coordinates, i.e., 

2 ~) (20) z~  (49) a~ ) = sin z (O)a~ + cos (0)%r + sin 

z~ ) �89 a ~  1 �9 ~) = - ~ sm (20)o-rr + cos (20) ~r) (50) 

a~ ) = cos (O)z~)~ + sin (0)z~=), (51) 

arrives at the conclusion that 6 

Hv - K2(fl~r) cos (20), H* = K2(2~"r) sin (20), 

4GI1 _ Oc~ 4GI2 _ Odp 2GI3 = o.~ 2 y ~x ' Oy ' X2 + y2 

with 

(46-48) 

(52, 53) 

(54-56) 

2{v 2v 
q~ = o.oa 1 + 3(1-+ v) 

2vG 
(1--2-v)o. o ~ AvKz( f lva) I~a  Kx(fl~a, 6 ] T a  z ) 

Thus the boundary  conditions at the surface of the hole, i.e. Eqs. (46-48), become l:espectively7: 

1 m ~2K2(flva ) 
2 AvK2(flva)cos(flvh)cos(fl,z)+ - ~ Av 

m - 2  m - 2  ~=1 v= 1 a(fi~a) 2 

x {2(m - 1) cos (fivh) cos (flvz) + mflvh sin (flvh) cos (flvz) - mfl~z cos (fl~h) sin (fivz)} 

5 The reader should notice that 11 , 12, and 13 are 2D harmonic functions 
6 The second solution, 12(fl~r), must be discarded for the displacement and stresses must be finite far away from the hole 
7 The reader should realize that Eqs. (58 60) do not necessarily need to be satisfied at z = + h. The problem may very well 

possess a stress singularity at such points and as a result one does not want to be too restrictive. The only admissible physical 
requirement which must be imposed is that  at every point in the body the local strain energy must be finite. This matter is 
discussed in Wilcox (1979) and will also be investigated in Sect. 6 
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~ { 2 t3Kz(~"a) (~@a~2 } + B. + K2(~.a) cos (~.h) cos (7.z) 
. = i  

3~ (7 - ( m +  1)G - C ;  Izl<h. (58) 

2 c3K2(fl~a ) 1 ~ A~ -- §  2K2(/?~a ) 
m -  2~= 1 fl~a ~(/~va) 2 (fl~a) J 

x {2(m - 1) cos (fl,h) cos (//~z) + mfl~h sin (fly h) cos (fl~z) - m~z  cos (fl~h) sin (fl~z) } 

~o _ f ~32K2(o~,a)~ )t +n;xB,  J �89 ) x cos (~.h) cos (0c,z) 

- (m + 1 )G - C; Izl  < h (59)  

and 
m ~ �9 8K2(fl~a ) 

{cos (fl,h) sin (fl~z) + fl~h sin (fl~h) sin (fl~z) + ~ z  cos (fl~h) cos (fl~z) } m S  2 2., a~ 
v = l  

- -  B.--Kz(c .a)cos(o .h)sin(o .z)=O; Izl < h, (60)  
. : 1  = 

and 

va ~ (~)2  3v ~ A~Kz(flva)F 1 Kt(fl~a) 6 3 
C ~ (1 + v)G 1 - 2v ~=1 Lfl~a K2(~,a~) + (~a) 2 " (61) 

It is interesting to note that the 0-dependence has now been eliminated and that it finally 
remains to solve the three equations for the unknown complex coefficients A~, and for the unknown 
real coefficients B,. In order to accomplish this, we use the method discussed in Kantorovich and 
Krylov (1964). Specifically, we expand the functions cos (fl~z) and (/~z) sin (fl,z) in terms of cos (~,z) 
and then equate terms. It should be noted that the system is extremely sensitive to even small 
changes of the coefficients. As a result, the methods of"collocation" and "least squares" lead to a 
nonconvergent solution. The aforementioned method, however furnishes us with coefficients that 
do converge as the number of roots used increases. 

Once the unknown coefficients have been established, the stress o-00 may then be computed at 
any point in the body. Specifically, 

21 2 ~ A~K2(fl~a)cos(fl~h)cos(fl~z ) 

1 , [8ZKz(13~a)  + - -  

x {2(m - 1) cos (B~h) cos (B~z) + mfl,h sin (/~h) cos (/~z) - rnB,z cos (fl~h) sin (/~,,z) } 

+ ~ B. { 2 0K2(~.a ) 2 } 
,= 1 (7.a) 8(~,a) + ( ~  Kz(c~"a) cos (~,h) cos (~.z) 

ao{ 3v ( z )  / } 
+ -~- 1 - ~ + C, (62) 

which in view of Eq. (58), finally leads to 

o-o0l~;i/2 V,,-(c) + _(t')q,_a : 2G = c"oo o00,0-~/2 1 2v A~K2(~a) 
- -  v = l  

x {2(1 + v) cos(fl~h)cos(fl~z) + fl~hsin(fl~h)cos(fl~z) - fl~zcos(~h) sin(fl.z)} + 3a o. 
(63) 
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As a practical matter,  Eq. (63) describes the behavior of the stress concentrat ion factor through 
the thickness of the plate. It would be interesting at this point  to see what  happens to Eq. (63) as 
the Poisson's ratio v ~ 0. F rom Eqs. (58-60), it becomes clear that  

v (64) 
A ~ " I  + v 

from which one may now easily deduce that  

lim aoo(a, re/2, z) = 30- 0. (65) 
v - ~ O  

This result is in agreement with our expectations for it represents the result of an exact solution. 
[t is also of interest to note that  

aoo(a, O, z) = - aoo(a, 7z/2, z) + 20"0, (66) 

which shows the point  (a, 0, z) to be in a state of compression, a result that  clearly meets our  physical 
expectations. 

5 The stress concentration factor 

Without  going into the mathemat ical  details, the system was solved numerically s and the stress 
concentrat ion factor at 0 = 7t/2 and r = a was computed  for various radius to thickness ratios, a/h, 
and for Poisson's ratio of v = 0.33. The results are presented in Figs. 6-9. It may be noted that  
double precision was used th roughout  the numerical  work and that  a very sophisticated algori thm 
was used for the evaluation of the modified Bessel functions of the second kind. 

The results show the stress concentrat ion factor to be sensitive to the ratio of (a/h) and to 
Poisson's ratio v: For  example, for v = 0.33 and ratios of (a/h)> 0.5 it is found that the stress 
concentrat ion factor attains its max imum in the middle of the plate and decreases parabolically 
as one approaches the free surfaces. On the other hand, for (a/h)< 0.5 the stress concentrat ion 
factor attains its max imum close to the plate faces. Moreover,  as the ratio of a/h decreases further, 
the following numerical  trends are observed for the stress concentrat ion factor (s.c.f.): (a) the 
magni tude of the rise slowly increases 9, (b) the max imum occurs closer and closer to the free surface 
(approximately a distance a away from the free surface), (c) at the surface of the plate it drops rather 
abruptly, (d) the magni tude  at the surface slowly decreases. 
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Fig. 6. Stress concentration factor across the thickness for 
Poisson's ratio v = 0.33 and various a/h ratios 

8 It should be noted that we have also constructed the orthogonality condition of these eigenfunctions 
9 The reader should be cautioned that this remark does not necessarily imply that the s.c.f, will increase indefinitely 
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Figs. 7 and 8. Stress concen t ra t ion  factor across  the  th ickness  for Po isson ' s  ratio ofv = 0.33 and  7 var ious  a/h ratios; 8 a/h = 0.1 

We next compare our results with those already existing in the literature. For ratios v --- 1/4 
and (a/h) > 1 our results t~ are identical to those obtained by Alblas (1957). Moreover, for the ratio 
of (a/h) = 1 the difference is minimal as can be seen by the comparison of the results in Fig. 10. The 
small difference is attributed to the fact that Alblas at that time did not have access to modern day 
computer facilities, consequently, he was forced to truncate the system to fourteen roots. Our 
results on the other hand, reflect the use over 300 roots. Even so, the agreement for ratios of 
(a/h) > 1 is remarkably good. For ratios of (a/h) < 1, however, many more roots are necessary in 
order to eliminate undesirable oscillations and as a result the authors believe that Alblas was forced 
to limit his calculation to ratios of (a/h) >= 0.5. Be that as it may, Alblas leaves the reader with the 
impression that the s.c.f, always decreases as one approaches the free surfaces of the plate. 

Our present results substantiate the existence of a boundary layer at the vicinity of the free 
surfaces. In fact, if we examine the local behavior of the rise, e.g., for the ratio of (a/h) = 0.01, and 
stretch the variable, by letting ~ = 100 (1 -z /h) ,  we observe (Fig. 11) that the behavior is similar 
to 1 t that obtained by Youngdahl and Sternberg (1966). We also observe that the rise here is not 
quite as noticeable as it is in Fig. 9. This is due to the vertical scale which Youngdahl and Sternberg 
(1966) used and due to the stretching of the horizontal variable z/h. In view of the findings of 
Youngdahl and Sternberg (1966), one concludes that the surface effects become dominant and the 
amplitude of the characteristic rise ultimately reaches an upper bound. ~2 

Finally, taking into account the loading in Youngdahl and Sternberg (1966) and using our 
present results for a/h = 0.05 together with the principle of superposition, we calculate the dis- 
placement function w at z = h. A comparison of these results with those of Youngdahl and 
Sternberg (1966) shows a very good agreement as can be seen in Fig. 12. 

Perhaps it is appropriate to point out an interesting observation made by Youngdahl and 
Sternberg (1966) "... ,  the burden of the numerical analysis of the solution established was at least 
equal to the effort expended on its derivation". 

The present authors also concur with this observation for the nature of this problem is such 
that it does not lend itself to routine numerical calculations. 

Finally it is appropriate to comment on the conditions of plane stress and plane strain. For 
(a/h) ~ ~ ,  our numerical results give precisely the value of plane stress, i.e. the value of 3. In the 

~o Alblas  compu t ed  the  s.c.f, for a/h > 0.5 and  for v = 1/4 only 
11 In  Y o u n g d a h l  and  Sternberg (1966), the reader  should  notice tha t  the loading is in bo th  the  x and  the y directions 
12 For  a/h = 0.01 and  v = 0.33, our  numer ica l  results show the max.  value of the s.c.f, to be 3.3675. The  value shou ld  be very 

close to the upper  bound .  It is interest ing to note  tha t  it is ~ 3/(1 - v z) 
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case of plane strain, the boundary planes z = _+ h are thrown to infinity and simultaneously the 
boundary conditions must be relaxed by requiring that all stresses and displacements must be 
finite. Assuming that the radius of the hole is sufficiently large, the author suspects that the s.c.f. 
at the center of the plate will begin to slowly decrease, as the ratio of (a/h) decreases beyond the 
value of 0.05, until it finally reaches the value of plane strain. To establish this, however, would 
require considerable more computer time and this was not available to us. 

6 The stress behavior at the corner 

Finally, it is of some academic and practical interest to examine the behavior of the stress field in 
the very immediate vicinity of the corner point, i.e., the point where the hole meets the free surface 
of the plate. Such information, however, is best if it is extracted by analytical rather than numerical 
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means. Utilizing the local coordinates of the corner point, an asymptotic analysis 13 was carried 
out for the exponent e of an assumed displacement field u~ ,-~ p~, where p << a and r = a + p cos qS, 
z = h - p sin ~b. Without going into the mathematical details, the satisfaction of all the boundary 
conditions of the 3D stress problem lead to a characteristic equation which has an infinite number 
of complex roots. It is interesting to note that the first root is the same as that obtained by 
the Williams solution (Williams 1952) for a 90 ~ corner with free-free stress boundaries, i.e., 

= 2.73959 _ i 1.11902. While this result was to be anticipated on intuitive grounds, it could not 
be taken for granted. 

Returning next to the footnote number 7, we observe that the numerical results show all three 
Eqs. (58-60) to be satisfied for all values of z, including the end points. Moreover, the asymptotic 
analysis for p << a clearly shows that no stress singularity is present at the corner. 

7 Conclusions 

Despite careful detail-design, practically any structure contains stress concentrations due to holes. 
Bolt holes and rivet holes are necessary components for structural joints, e.g., connection holes for 
pipes, access holes etc. It is not surprising, therefore, that the majority of service cracks nulceate 
in the area of stress concentration at the edge of a hole. The subject of eventual concern, therefore, 
is the use of the principles of modern fracture mechanics for the derivation of appropriate and 
reliable design criteria that will insure the structural integrity of the joints. In deriving such criteria 
a knowledge of the three-dimensional stress concentration factor is a prerequisite. 

The present analysis describes the effect which specimen thickness has on the stress con- 
centration factor and suggests the following conclusions: 

The solution is derivable from a general 3D solution to Navier's equations; the solution recovers 
the existing limiting results for thin plates (Alblas 1957; Reiss 1963) as well as for thick plates 
(Youngdahl and Sternberg 1966) and bridges the gap in between; for ratios of (a/h)> 0.5, the 
maximum stress occurs at the middle plane; for ratios of (a/h) < 0.5, the maximum stress occurs 
close to the free surface (approximately one radius distance away from the surface); the results offer 
a definition of what is considered to be a thin or a thick plate this (depends on v and a/h); as (a/h) 
becomes small there exists in the neighborhood of the free surfaces a boundary layer solution 
similar to that reported in Youngdahl and Sternberg (1966); depending on the value of the ratio 
of a/h, the fatigue life of the structure may be substantially shorter than that predicted by the 2D 
elasticity theory; for p << a there is no stress singularity present at the corner where the hole meets 
the free surface of the plate. 
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