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ABSTRACT 

The deformation of a thin sheet having init ial  spherical curvature is shown to be associated 
with that of an init ially flat plate resting upon an elastic foundation. Using an integral 
formulation the coupled Reissner equations for a shell with a crack of length 2c are solved 
for t h e  in-plane and Kirchhoff bending stresses, and, among other things, it is found that 
the explicit  nature of  the stresses near the crack point depends upon the inverse half power 
of  the non-dimensional  distance from the point z. The character of the combined extension- 
bending stress field near the crack tip is investigated in detail  for :he special case of a 
rad~.al crack in a spherical cap which is subjected to a uniform internal pressure qo and is 
c lamped at the boundary R = R o. Pending a complete  study of the solution, approximate 
results for the combined surface stresses near the crack tip normal and along the line of 
crack prolongation are respectively of the form 

%R 
Wy(C'°)[' ,~=1/3 = 0.45 Vl,'~ - - i f - -  + . . .  

k=0.98 
c=0.28 in 

Ro = 4. 25 in 
and similarly 

qo R 
,~x(,.o)[ ,~=zls= o..~'V'z/, --U+ . . .  

k=0 .98  
c = 0 . 2 3  in 
Ro=4.25  in 

It is interesting to note that the stress er x and ~y, along the line of crack prolongation, for this 
geometry are equal,  In general,  they will be of the same sign and will differ only slightly 
in magnitude due to the bending component.  Finally, the experimental  and theoretical r e -  
sults for C y, along the line of crack prolongation, compare very well.  

INTRODU C TION 

In the field of fracture mechanics, considerable work has been 
carried out on initially flat sheets subjected to either extensional 
or bending stresses, and for small deformations the superposition 
of these separate effects [i] is permissible. On the other hand, 
if a thin sheet possesses initial curvature, a bending load will 
generally produce both bending and extensional stresses, rand 
vice versa. The subject of eventual concern therefore is that 
of the simultaneous stress fields produced in an initially curved 
sheet containing a crack. 

It is of some practical value to be able to correlate flat sheet 
behavior with that of initially curved specimens. In experimental 
work, for example, considerable time couldbe saved if a reliable 
prediction of curved sheet response behavior could be made from 
flat sheet tests. For this reason an exploratory study was under- 
taken to assess analytically the manner in which the two problems 
might be related. Although it is recognized that' elastic analysis 
is not completely satisfactory due to plastic flow near the crack 
tip, considerable information can be obtained. 

Two initially curved geometries immediately come to mind: 
a spherical shell and a cylindrical shell. In the latter case one 
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of the principal radii of curvature is infinite and the other constant. 
It might appear therefore that this geometric simplicity leads to 
a rather straightforward analytical solution. However, the fact 
that the curvature varies between zero and a constant as one 
considers different angular positions -- say around the point of 
a crack which is aligned parallel to the cylinder axis -- more 
than obviates the initial geometric simplification and therefore 
increases the mathematical complexities considerably. For this 
reason, Sechler and Williams [2] suggested an approximate 
equation, based upon the behavior of a beam on an elastic 
foundation, and were able to obtain a reasonable agreement 
with the experimental results. Since then, the present author 
has investigated this problem in a more sophisticated manner 
and has obtained a solution which will be reported separately. 
In this paper, a spherical section of a large radius of curvature 
constant in all directions is chosen for consideration. 

CRACKED SPHERICAL SHELL 

Formulation of the Problem 

C o n s i d e r  a s e g m e n t  of a thin, shal low* s p h e r i c a l  she l l  of 
cons t an t  t h i ckness  h and sub jec t ed  to an i n t e rna l  p r e s s u r e  q(X, Y). 
The m a t e r i a l  of the she l l  is a s s u m e d  to be h o m o g e n e o u s  and 
i s o t r o p i e  and at the apex  the re  ex i s t s  a r a d i a l  cut  of length 2c 
o r i e n t e d  s y m m e t r i c a l l y  with r e s p e c t  to the apex.  Fo l lowing  
R e i s s n e r  [3], the coupled  d i f f e r e n t i a l  equa t ions  gove rn ing  the 
bending de f lec t ion  W(X, Y) and the m e m b r a n e  s t r e s s  funct ion 
F(X, Y), with X, Y as  r e c t a n g u l a r  c o o r d i n a t e s  of the base  plane 
(see  F ig .  1), a r e  given by: 

Ehv2w(x,y) + V 4 F ( X , y )  = 0 
R ( i) 

1 V4W (X, y )  + ~ V 2 F ( X , y )  = q(X,Y)D (2) 

It is conven ien t  at this  point  to in t roduce  d i m e n s i o n l e s s  c o o r -  
d ina tes ,  n a m e l y  

x y (3) x ~ ,  Y ~ c  

which change the homogeneous  p a r t s  of (1) and (2) to" 

Ehc2 V2W + V4F = 0 (4) 
- R 

c 2 
V4W + ~ V2F = 0 (5) 

As to bounda ry  condi t ions ,  one mus t  now r e q u i r e  that the n o r m a l  
m o m e n t ,  equ iva len t  v e r t i c a l  s h e a r ,  and n o r m a l  and tangent ia l  
inplane s t r e s s e s  van i sh  along the c r a c k .  H o w e v e r ,  suppose  that 

* A segment will be called shallow if the ratio of height to base diameter is less than, say, 
1/8 .  
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Fig. 1. Geometry and Coordinates. 

o n e  h a s  a l r e a d y  f o u n d *  a p a r t i c u l a r  s o l u t i o n  s a t i s f y i n g  4 a n d  
5, b u t  p r o d u c i n g  a r e s i d u a l  n o r m a l  m o m e n t  M 0 e q u i v a l e n t  
v e r t i c a l  s h e a r  Vy ,  n o r m a l  i n - p l a n e  s t r e s s  Ny ,  a n d  a n  i n - p l a n e  

* See the next section for an example. 
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t a n g e n t i a l  s t r e s s  Nxy, a long  the r e a l  ax i s  Ix I < 1, of the f o r m :  

M y ( P ) _  D m(x) (6) 
c 2 

D Vy (P) = - v(x) (7) 
c 2 

Ny(P)  = - n(x___J.) (8) 
C 2 

Nx~P) = _ t(x) 
c2 (9) 

Thus  we n e e d  to f ind  two func t ions  of the d i m e n s i o n l e s s  c o o r -  
d i n a t e s  (x ,y ) ,  W(x ,y )  and F ( x , y ) ,  such  tha t  t hey  s a t i s f y  the 
p a r t i a l  d i f f e r e n t i a l  equa t i ons  4 and 5 and the fo l lowing  b o u n d a r y  
c o n d i t i o n s .  At  y = 0 and ]xJ < 1 

My(X,O) - D [82W + v --82W] = D, m(x) (10) 
e 2 8y 2 0x 2 c 2 

Dv(x) (11) Vy(x, 0) - D [03W + (2 -V)  83W ]= C 3 
c 3 LSy3 8x2dy 

Ny(X,. 0) - 1 O2F = n(x) (12) 
c 2 8x 2 c 2 

Nxy (x,  0) - 1 82F  _ *(x) (13) 
c2 8xSy c2 

At y = 0 and Ixl > 1, we m u s t  s a t i s f y  the c o n t i n u i t y  r e q u i r e m e n t s ,  
n a m e l y :  

8n 8n 

l i ra  [ - -  (W +) - (W-)] = 0 
[Y] --'*0 8yn 87 

(14) 

8n 8n 
l i m  [-- (F +) 
[y] ---,0 8yn aYn 

- - - ( F - ) ]  -- 0 ( 1 5 )  

(n = 0 , 1 , 2 , 3 ) .  

Furthermore, because we are limiting our selves to a large 
radius of curvature for this shallow shell, i.e., small deviations 
from a flat sheet, we can apply certain boundary conditions at 
infinity even though we know physically that the stresses and 
displacements far away from the crack are finite. Therefore, 
to avoid infinite stresses and infinite displacements we must 
require that the displacement function W and the stress function 
F with their first derivatives to be finite far away from the 
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c r a c k .  T h e s e  r e s t r i c t i o n s  s i m p l i f y  the m a t h e m a t i c a l  c o m p l e x i t i e s  
of  the p r o b l e m  c o n s i d e r a b l y ,  and c o r r e s p o n d  to the u s u a l  e x -  
p e c t a t i o n s  of  the St. V e n a n t  P r i n c i p l e .  It  s h o u ld  be p o i n t e d  out 
tha t  the b o u n d a r y  c o n d i t i o n s  at  i n f in i t y  a r e  not  g e o m e t r i c a l l y  
f e a s i b l e .  H o w e v e r  i f  the c r a c k  i s  s m a l l  c o m p a r e d  to the d i -  
m e n s i o n s  of  the  s h e l l ,  the  a p p r o x i m a t i o n  is  good .  

Method of Solution 

R e i s s n e r  [4] h a s  shown  tha t  the s o l u t i o n  of the s y s t e m  4, 
5 can  be w r i t t e n  in  the f o r m  

w = z + • (16 )  

F = - RD V2;( + ~ (17) 
c 2 

w h e r e  ¢ and  ~ a r e  h a r m o n i c  f u n c t i o n s  and  X s a t i s f i e s  the  s a m e  
d i f f e r e n t i a l  e q u a t i o n  as  the d e f l e c t i o n  of a p l a t e  on an  e l a s t i c  
f ounda t i on ,  i . e .  

( V4 + X4) X = 0 (18) 

where 

E h c  4 _ 1 2 ( 1 - v  2) (~_)4 
k4 -- R2D - (_~)2 (19) 

The  f u n c t i o n  JJ r e p r e s e n t s  the  i n e x t e n s i o n a l  b e n d i n g  p a r t  of the 
s o l u t i o n ,  and  ¢ r e p r e s e n t s  the m e m b r a n e  p a r t  of  the so lu t i o n .  
We n e x t  c o n s t r u c t  the i n t e g r a l  r e p r e s e n t a t i o n s  

f ?  e -~] s2-iX21 _ ~f s2+iX"-~lYl _ sly I 
W(x, y+) = {P1  Y+I P2 e + P 3  e } c o s x s d s  (20) 

f ;  - ~/s2-ix21Yl - ~ k 2 1 y E  -sly I 
P (x ,y±) - - - iA2RD {P1  e - P 2 e  + P 4 e  } e o s x s d s  (21) 

c 2 

w h e r e  the Pi  (i = 1 , 2 , 3 , 4 )  a r e  a r b i t r a r y  f u n c t i o n s  of s to be 
d e t e r m i n e d  f r o m  the b o u n d a r y  c o n d i t i o n s ,  and  the f s i g n s  r e f e r  
to y > 0 and  y < 0 r e s p e c t i v e l y .  In r e f e r e n c e  [5], i t  is  shown 
tha t  the p r o b l e m  is  r e d u c e d  to the s o l u t i o n  of two c o u p l e d  s i n g u l a r  
i n t e g r a l  e q u a t i o n s  which ,  b e c a u s e  of  the c o m p l i c a t e d  n a t u r e  of 
the k e r n e l s ,  a r e  s o l v e d  f o r  s m a l l  v a l u e s  of  the p a r a m e t e r  k. 
T h i s  is  c e r t a i n l y  p e r m i s s i b l e  s i n c e  f o r  m o s t  p r a c t i c a l  a p p l i c a t i o n s  
the p a r a m e t e r  ~ a t t a i n s  s m a l l v a l u e s  a s  f o l l o w s  f r o m  the d e f i n i t i o n  
of ~, n a m e l y  

(22) 

It is clear that k is small for large ratios of R/h and small 
crack lengths. As a practical matter, if we consider crack 
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2~rR 
l e n g t h s  l e s s  t h a n  one  t e n t h  o f  t h e  p e r i p h e r y ,  i . e .  2c  < "TO-'  a n d  

f o r  R / h  < 1 0 3 a  c o r r e s p o n d i n g  u p p e r  b o u n d  f o r  k c a n  b e  o b t a i n e d ,  
n a m e l y  k < 20 .  T h u s  t h e  r a n g e  o f  k b e c o m e s  0 < k < 2 0  a n d  f o r  
m o s t  p r a c t i c a l  c a s e s  i s  b e t w e e n  0 a n d  2. 

F i n a l l y ,  w i t h o u t  g o i n g  i n t o  t h e  d e t a i l s  w e  o b t a i n  t h e  d i s p l a c e -  
m e n t  f u n c t i o n  W a n d  t h e  s t r e s s  f u n c t i o n  F ( s e e  a p p e n d i x )  f o r  
m = m  o,  v = 0, n = n o a n d  t = 0 . *  T h u s  the  s t r e s s e s  a r e  f o u n d  
to  b e :  

Bending s tresses:** On t h e  s u r f a c e  Z = + h 
2 

_ E h  P lo  3 0 1 50 
O~Xb 2 ( 1 + ~ ) c  2 V~'~ (-4 c ° s  2 + 4 c ° s  - ~ )  + 0 ( ¢ ° )  

P 
Eh 1o 

Cry b = 2 ( 1 _ u 2 ) c  2 ~ -  

T 
xY b 

(23)  

11+5u 0 1 - u  
- -  ( ~  c o s - ~ +  "-4-- c o s - - )  + O ( c  °) (24)  

G h  P1o . 7+y  . 0 1 - u  
(~sln~+ sin--) + O(e °) 

( l - y ) c  2 ~ 
(25) 

w h e r e  

A 1 "B 1 n o k 2 8 -7u o 4-3v  o 

P l o  --- ~ h 2  - -  : ( ~  + -----if--- ~' + 
2 ~f2  ~f2EhD(  4 - ' o  ) 

4 - 3 y  o 

16 

m o 4 - 3 v  o k 2 
(i + ~n ~)> + <I+ ~-k 

32 ( 4 - V o )  4_Uo } + 0 ( ~ .  4 i n k )  

Similarly 

Extensional s tresses:  

(26)  

20 3 0 1 50 
(-z ~ T  -~- () (27)  O- X = e h a 4  ~ -  c - ~ C O S ~ + ' ~  C O S a  ) + O - c ° -  

P20 5 0 1 
Cry e h c  4 ~_e ( ~ - c o s 7  ~ ~ - c o s  ) + 0 ( ¢  °) 

P20 1 0 1 50 
XYe he 4 ~ (~- sin g ~ sin -~-) + O(z °) 

(28) 

(29) 

* Reference [5] also discusses the method of solution for the case that m and n are functions 
of x. The case of v # 0 and t # 0 is discussed in reference [6]. 
# Note because of the Kirchhoff boundary conditions, the bending shear stress does not vanish 
in the free edge. For the flat sheet this problem was discussed by Knowles and Wang [7]. 
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where 

~0 ~ m  
X4RD 

(A 1 + BI) 

n c 2 m X 2 ~ - ~  c 2 3.~. k 2 

- V~" { i  +~" %/2" (4-Uo) 

+ 0 ( k  4 ~nk) .  

(30) 

It is apparent from the above expressions that there exists an 
interaction between bending and stretching, except that in the 
limit as X-~0 the stresses of a flat sheet are recovered and 
coincide with those obtained previously for bending [8] and 
extension [9]. Thus the local stresses in a shell are expressed 
in terms of the local stresses in a flat sheet. 

Combined s tresses:  

In general, the combined stresses will depend upon the con- 
tributions of the particular solutions reflecting the magnitude 
and distribution of the applied normal pressure. On the other 
hand, the singular part of the solution, that is the terms pro- 
ducing (mathematically) infinite elastic stresses at the crack 
tip, will depend only upon the local stresses existing along the 
locus of the crack before it is cut, which of course are precisely 
the stresses which must be removed or cancelledby the particular 
solutions described above in order to obtain the stress free 
edges as required physically. Hence the distribution q(x,y) does 
not -- to the first order -- affect the local character of the 
stresses at the crack point. 

A PARTICULAR SOLUTION 

A s  a n  i l l u s t r a t i o n  o f  h o w  the  l o c a l  s o l u t i o n  m a y  b e  c o m b i n e d  
in a particular case, consider a clamped segment of a shallow 
spherical shell of base radius Ro and containing at the apex a 
finite radial crack of length 2c in the direction of the X-axis 
(see fig. 2). The shell is subjected to uniform internal pressure 

h 

I 

! 

. . . - . - . -  R o .--_.-.~ 

Fig. 2. Clamped spherical cap: A particular case. 
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1 
qo wi th  r a d i a l  e x t e n s i o n a l  s t r e s s  N r = ~ qoR,  and  b e c a u s e  it  

i s  c l a m p e d  we r e q u i r e  tha t  the  d i s p l a c e m e n t  and  s l o p e  v a n i s h  
a t  R = Ro .  F o r  th i s  p r o b l e m ,  R e i s s n e r  [10] g i v e s  the s o l u t i o n  
of  the c o u p l e d - e x t e n t i o n - b e n d i n g  e q u a t i o n s  f o r  the u n c r a c k e d  
s h e l l  as :  

Wp ( r )  = C 1 b e r  (k r )  + C 2 b e i  ( k r )  + C a (31) 

1 
Fp (r) = Eh2 {C 1 bei (kr) - C 2 ber (kr)} - ~ qoRr 2 (32) 

1 ~ ( 1  -U 2 ) 

w h e r e  

C1 = 
C2qoR~12(l-v 2) r o b e i  ' ()fro) 

Eh2k [ be i , (Aro ) ]2+  [ b e r , ( k r o )  ] 2 

b e t '  ( k ro )  

C2 = -C1  { b e i '  ( k ro )}  

b e r (  Xr ° )bei '  ( Ar o ) -be i (  )tr o ) b e r  '( k r  o ) 

C 3 = -C 1 {' bei'(lr o ) } 

A l o n g  any  r a d i a l  r a y ,  and  in p a r t i c u l a r  a l o n g  0 = 0, ~r, the 
b e n d i n g  and  e x t e n s i o n a l  s h e a r  v a n i s h  by  s y m m e t r y i  and  the  
c i r c u m f e r e n t i a l  b e n d i n g  and  s t r e t c h i n g  s t r e s s e s  a r e  

M(P) 00 ( r )  = 
D X 2 { C l [ v b e i ( k r  ) - ( l - v )  b e r ' ( ) t r ) .  
c s r l 

- C 2 [ y b e r ( k r  ) + ( 1 - v ) ~ ] }  (33) 

IkT(P) Eh2(k2/c2)-- {C 1 bei"(kr) - C 2 ber"(kr)} -½qoR (34) 
" 'co (r)= V12(1 : v ~) 

N r 0  ( r )  = 0 (35) 

VrO ( r )  = 0 (36) 

T h e r e f o r e ,  the h o m o g e n e o u s  s o l u t i o n  m u s t  n e g a t e  t h e s e  v a l u e s  
f r o m  the p a r t i c u l a r  s o l u t i o n .  Bu t  s i n c e  we a l r e a d y  h a v e  o b t a i n e d  
a s o l u t i o n  f o r  u n i f o r m  l o a d i n g  a l o n g  the c r a c k ,  n a m e l y  m o  and  
n o , t h e r e f o r e  we wil l  m a k e  u s e  of  t h e s e  r e s u l t s  in o r d e r  to o b -  
t a in  an  e s t i m a t e  of  the s t r e s s e s  in the v i c i n i t y  of  the c r a c k .  
A s  an e n g i n e e r i n g  a p p r o x i m a t i o n ,  by  c o n s i d e r i n g  an  u p p e r  and  
l o w e r  bound  on m o and  no,  we m a y  e s t i m a t e  an u p p e r  and  l o w e r  
bound  f o r  the s t r e s s e s  in the n e i g h b o r h o o d  of  the c r a c k  po in t .  
On the o t h e r  hand ,  i f  we a r e  i n t e r e s t e d  in the s t r e s s e s  a w a y  
f r o m  the c r a c k ,  s a y  t h r e e  t i m e s  the c r a c k  l eng th ,  t hen  by  Sa in t  
V e n a n t ' s  p r i n c i p l e  we n e e d  to t ake  on ly  the a v e r a g e  v a l u e s .  
T h u s  we de f i ne  
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D m  o (l) 

2 C 

- -  - rain 

Ixl<l,O=0 
M(P) 00 < - -  

m m  trH¢ 
m a x  

C 2 Ixl<l, 0 =0 
M(P) ,@0 

= D - -  
m o  (u) 

C 2 

and  similarly 

n (t)  
o 

C 2 

- r a i n  (P) ntr~e lkT (P) n°(U) 
Ixl<z,o=0N00 < c 2 ..< m a x  = - -  IxL<l, 0=o ~'00 c 2 

Nex t ,  l e t  u s  c o n s i d e r  a s p h e r i c a l  s h e l l  wi th  the 
g e o m e t r i c a l  d i m e n s i o n s :  

K o = 4 . 2 5  

R = 20 in. 

h = 0. 009 in. 

v = i/3 

2c = 0.46 in. 

E = 16 x 106 psi 

following 

f r o m  w h i c h  we c a n  c a l c u l a t e  the  p a r a m e t e r s  

X = 0 . 9 8  

r o = 1 8 . 5 0  

T h e  f o l l o w i n g  t ab l e  s h o w s  the v a r i a t i o n  of the r e s i d u a l  m o m e n t  

r'T(P) a l o n g  the c r a c k .  M(P) and  m e m b r a n e  f o r c e  ~'00 *"00 

X 
X X x = X - -  

c N(P)o0 M(O~ 

-0.50 qo R 0.89 × 10 -4 qoRh 
-0.50 qo R 0.87 x 10 -4  qoRh 

-0.50 qo R 0.92 x 10 -4  qoRh 
-0.50 qo R 0.94 x 10 -4  qoRh 

-0.50 qo R 0.97 x 10 -4  qoRh 

diff. 0% diff. 9% 

0 0 
0. 074 0.30 

0. 117 0.50 
0. 164 0.70 

0. 235 1.00 

It  i s  c l e a r  f r o m  the t a b l e  a b o v e  tha t  M(~ P) and  N ( ~  a r e  

u n i f o r m  a l o n g  the  c r a c k .  T h e r e f o r e  we m a y  c h o o s e  

n (u) o 

0 2 
= 0 . 5 0  q o  R 

a l m o s t  

D m  (u) 

c 2 
= - 0 . 9 7  × 10  -4 q o  R h  

R e t u r n i n g  now to  the  s t r e s s e s  a l o n g  the  l i n e  of  c r a c k  p r o l o n g a t i o n ,  
f o r  e x a m p l e  the  n o r m a l  s t r e s s  ~Ytotal (X, 0), one  f i nds  u s i n g  24 
and  28 tha t :  
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CrYtota 1 (X, O)]v=l/3 
~b 

~/2(X-1) /c  

~e 

2 
{1 +(0.16 +0.03 In l~)k 2} 

(37) 

+ 
~/2(X-1)/c 

{1 - ( 0 , 3 8  + 0 , 2 3  In )t 2} 

which for  X = O. 98 r e d u c e s  to: 

O'Ytota 1 (X, 0)-- (1.07} + 
q 2(X-l)/c q 2(X-l)/c 

{1.27} (38) 

where  

~b 
6D mo 

h 2 c 2 
- "app l i ed  bending"  

n o 

- - "applied stretching" 
e c2 h 

And for  our  p a r t i c u l a r  example ,  we can a s s o c i a t e  

qo R qo R 
~b (u) -- - 0 .58  x 10 -3 T = -0. 001 --h-- (39) 

qo R 
~(u) _.. O. 50 (40) 

e h 

F r o m  equat ion  38 we see  that the ini t ial  c u r v a t u r e  will i n c r e a s e  
the appl ied  bending s t r e s s  in this c a s e  by  a p p r o x i m a t e l y  7% and 
the appl ied  s t r e t c h i n g  s t r e s s  by 27%. One deduces  t h e r e f o r e  that 
the c r i t i c a l  c r a c k  length of a shel l  d e c r e a s e s  with an i n c r e a s e  
of )t or  a d e c r e a s e  of r ad ius  of c u r v a t u r e .  In this  p a r t i c u l a r  
c a s e  it is  found that the d i r e c t  bending s t r e s s e s  a re  negl ig ib le  
c o m p a r e d  to the ex tens iona l  ones and the combined  s t r e s s  is  

Crytota I (X, 0) v=l/3 = ~ 0 "  64 q°R--h---" = ~f2(x-1)0" 64 ~ qo Rh (41) 

cr (X, 0)Iv=l/8 ~ 0 .64  ~ qo R 
x total a]'2( X-  1 ) h 

(42) 

where ,  b a s e d  on the Kirchhoff  theory ,  the t w o - d i m e n s i o n a l  
" h y d r o s t a t i c  t ens ion"  na tu re  of the ax and ay s t r e s s e s  p r e d i c t e d  
fo r  f lat  p l a t e s  is  p r e s e r v e d .  F ina l ly ,  the c o r r e s p o n d i n g  s t r a i n s  
a re  
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X ~ _ I  q°R ey(X,  0) = 0 .30  Eh 

q° R 
ex(X, 0) = 0 .30  Eh 

(43) 

(44) 

G R I F F I T H ' S  THEORY OF F R A C T U R E  FOR CURVED SHEETS 

As is  well  known in f r a c t u r e  m e c h a n i c s ,  the p r e d i c t i o n  of 
f a i l u r e  in the p r e s e n c e  of sha rp  d i s con t inu i t i e s  is a v e r y  c o m -  
p l i c a t e d  p r o b l e m .  Some work  has  been  done on f ia t  shee t s ,  
ba s e d  on the b r i t t l e  f r a c t u r e  t h e o r y  of A. A. Gr i f f i th  [11]. 
His  hypo t he s i s  is that the to ta l  e n e r g y  of a c r a c k e d  s y s t e m  
s ub j e c t ed  to loading  r e m a i n s  cons t an t  as the c r a c k  ex tends  an 
i n f i n i t e s i m a l  d i s t ance .  It should of c o u r s e  be r e c o g n i z e d  that  
this  is a n e c e s s a r y  condi t ion  fo r  f a i l u r e  but not  su f f i c ien t .  

Gr i f f i th  appl ied  his  c r i t e r i o n  to an inf ini te ,  i s o t r o p i c  p la te  
conta in ing  a f iat ,  s h a r p - e n d e d  c r a c k  of length  2c. We shal l  now 
p r o c e e d  to obtain a s i m i l a r ,  but a p p r o x i m a t e ,  c r i t e r i o n  for  
in i t i a l ly  c u r v e d  shee t s  b a s e d  upon only the s i ngu l a r  t e r m s  of 
the s t r e s s e s .  

The bas ic  concep t  fo r  c r a c k  ins t ab i l i t y  is 

8U system 
8c 

= o (45) 

where  the s y s t e m  e n e r g y  is  def ined  by 

Usystem = Uloading + Ust ra in  + Usurfac e (46) 

The applied stresses are held constant so that 

Uloading = U o - h fv (~u n + "r~u~) dP (47) 

where  Uo is a r e f e r e n c e  cons t an t  e n e r g y ,  and the i n t e g r a t i o n  is 
o v e r  that p o r t i o n  of the ou t e r  p e r i m e t e r  where  f o r c e s  act  to cause  
d i s p l a c e m e n t s .  The s t r a i n  e n e r g y  is 

Ustra in  = ½ fvol (cr~e~ + ~'~n T~r~ + or7 6~) d vol.  (48) 

U surface = T(2S + Ph + 4ch) (49) 

It may be shown that the surface area S of the shell faces and 
the outer perimeter P of the shell are independent of the crack 
length. 

Therefore 46 may be written as 

° f ' + 4T'hc - h (~u~ + ur/T~rT)dP Usystem = Uo P 

+ ½ f (~e~ + ~~n ~Y~n + %7 c~) d vol. 
vol 

( 5 0 )  
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o r  

Usystem = U" + 4 7 %  - 

Z 2 A* 7r 

X I ¢ -It  

h* ~ 
w h e r e  U'o = Uo +3 '*  (2A+ Ph) ,  Z 1 = Z o -~ - - - ,  Z 2 = Z o +  a n d A *  

a r a d i u s  to be d e t e r m i n e d  ( see  f ig .  3). In the above  we h av e  
de f ine  d 

2 - R 1 - ( R - h / 2 )  ~ ~ R-_~_/2 1 - 
R R 2 R ''2 

Zo  = ~R 2 . ~ , 2  _ ( R - a )  

with  6 the he igh t  of the s h e l l  s e g m e n t .  

CRACK - - ~  _ . . ~  A ~ 

,-// 
R 

Fig. 3. Geometric details for fracture criterion. 

I n t e g r a t i o n  of  50 with r e s p e c t  to 0 g ives :  

Z 2 A* 

U 

\ Z o 

\ Z  I 

system c f ;IldR* = U' + 4T*ch - lira ~-~ dZ 
0 ~--~0 Z~ : 

(51) 
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whe r e  

1 - / 2  
1 = ~%'-~ "" " - -  " ' ' "  " - -  " "  [~Ko+K212"~KI+Ka)~I+[ tKo-K2)~"~K I"K3) 21 I (52) 

wi th  

K0_K 2 = E Z  7+_._5_.v --~ 1 P20 
2c 2 l_v2  P10 2h c4 (53) 

Ez 2 
K0+K 2 = + -- -- (54) 

c2 ( l - u )  h e4 

K I+K 3 = 0 (55) 

E Z  P~0 1 P~0 
= 4- 

K1-K3  -('T'/'~) 2c 2 ~ c4 (56) 

And s i n c e  we a r e  r e s t r i c t i n g  o u r s e l v e s  to the s i n g u l a r  s t r e s s e s ,  
i t  i s  on ly  f a i r  to d e r i v e  a G r i f f i t h  c r i t e r i o n  a p p l i c a b l e  in the 
i m m e d i a t e  n e i g h b o r h o o d  of  the c r a c k  t ip,  w h e r e  b e c a u s e  l o c a l l y  
the  s h e l l  i s  a l m o s t  f la t ,  we c a n  r e p l a c e  wi thou t  m u c h  e r r o r  the  

h h 
l i m i t s  of  i n t e g r a t i o n  Z 1  and Z 2 by  - 2  a n d s .  Thus  51 m a y  be  

a p p r o x i m a t e d  by  -- 

h/2 A* 

C$ f f i l d R #  U system = U"  + 4T*ch - l i ra  ~ dZ (57) 
z--.0 

-h/2 • 

and  a f t e r  i n t e g r a t i o n  

Usystem = U o' + 4"y*ch 

- 8G {1-'g~ c 2 ( l _ u  ) ~ (h  --"-4)c h (58) 

+ 
3(i  _ p 2 ) 2  C 4 2 h2c-------8- h)  A;:" 

+ 

which  in the l i m i t ,  a s  R ---* oo and  ~ b - "  0, in e q u a l  b i a x i a l  t e n s i o n  
~e a long  the p e r i p h e r y  of  a f la t  s h e e t ,  m u s t  be  e q u a l  to  ( s e e  r e f .  
[12]) 

Sh ( k - l )  Be2 r c 2 h  (3 -k )  (59) U system = U "  + 4T ~ch - ~ 8G ~-e2 

T h u s  we have  d e t e r m i n e d  the v a l u e  fo r  A ;'~, n a m e l y  

16vc 16(1-u)  S (60) 
A *  -- ~ + 9-7'u ~--~ 
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Subs t i t u t i ng  in 58 fo r  A* and app ly ing  the b a s i c  cond i t i on  45, the 
f r a c t u r e  c r i t e r i o n  is  s e e n  to be: 

w h e r e  

_ ~rc {33+6u-7v 2 
4"y':"h ~ -( 1 -u 2 )2 24 

and 

2 " 2  3 
E P10 h 

4 c 

9 -7u P20 16u 
+ 2(l+u) he 8 } 9-7u 0 

16 -13u 4-3v o c 4 h ~-e o 

= -  { 32 + T  PI0 %~- RD(4_Vo) 

h2 c2~- b 
+ {i + 

6 "V'2 (4-Uo)D 

e 4 h ; e  (1  +~'~A 

+ 

F i n a l l y  i n t r o d u c i n g  62 
r e a r r a n g e m e n t  at: 

(61) 

( 33+6y-7y 2)4u 

3(9_7u)(4_Uo)2 (I + 

4-3u ~r o ~2 
32 4-u o } + 0 (X41 nX) 

(62) 

h2c2k4R ~b 13 3 

6~/2 (4-y  ° ) 

(63) 

and 63 into  62 we a r r i v e  a f t e r  s o m e  

2+ 4u 37rh2 --2 x2)}b ~(i+i-6-,~) % 
4-3V o 

16 4-u 
O 

16-3v 4-3v 4-3v 
+ [ _ ~ (33+6U-7y2)U (.__ o+ o T +--~n4 l-) + 

3 ~ 2 " - ~  (9-7v)(4-Vo)2 8 

+ 8_~_~%/i-u 1 ~ 3 3 ~ 2 - -  _ 16GT* (64) 
l+u (4-Yo)( + ~ T + ~ - f n  ) ] k  O'eO- b ~'C 

which,  fo r  the c a s e  of a f l a t  shee t ,  i . e .  )t = 0, r e d u c e s  to the 
fo l lowing  s i m p l e  f o r m :  

(33+6v-7y2)4v ~ 2 +  4v ~ 2 _  16G7 ° _  (e~)2  (65) 

1 F o r  v = "g equa t i on  64 b e c o m e s  

0.21 (I + 0.12X 2) --2Crb + (i + 0.59X 2 ) ~2e 

- ( 0 . 2 4  + 0 .07  ln -~ )  = ~'c 
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which clearly represents a family of ellipses. In view of 66 we 
can obtain a relation between the critical crack length in a shell 

1 
and the critical crack length in a plate, i.e. for v = -~ 

[ O. 21 ~2 + ~2] (~ ) 
b e Plate cr- Plate 

= X 2 - - - -  
('tcr)Shell [0.21(i+0. 12X2)~+(I+0.59~t2)~2e- (0. 24+0. 07*n~)X O'eO'b] Shel I 

(67) 

f o r  e x a m p l e  i f  k = 1 a n d  (~-b) P = (~b)  s = ( ~ e )  s = (~ ' e )P '  t h e n  67 
r e d u c e s  t o :  

(~cr)Shell ~ O. 76 ( lcr )Pla te  (68)  

T h i s  c l e a r l y  s h o w s  t h a t  t h e  c r i t i c a l  c r a c k  l e n g t h  f o r  a s p h e r i c a l  
s h e l l  i s  l e s s  t h a n  t h a t  o f  a f l a t  s h e e t ,  a n d  a s  i s  s e e n  b y  67 
t h e  r a t i o  d e p e n d s  u p o n  t h e  c u r v a t u r e .  T h i s  a g r e e s  w i t h  t h e  
s t a t e m e n t  f o l l o w i n g  e q u a t i o n s  39 a n d  40 .  

F o r  t h e  s p e c i a l  c a s e  w h e r e  (~b)  P = (~b)  S = (~-e) S = ( L )  P we  

o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n  

i 
= 

Cr P i + (0.31 - O.061n~)~. 2 
(69) 

1.0 

0 . 8  

,_, , . ,  0 . 6  

t !  

~1 ~0.4 

0.2 

%p 

o-%= o-ep 

I I l I I t 
0 1.0 2 . 0  5 .0  X 

Fig. 4. Square root ratio of critical crack lengths in a spherical cap and a flat plate, for 

v = 1/3; X = ~J12(1-v 2) C 
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This ratio is less than 1 for all h. < 7. We conjecture that for 
k > 7 the same character will possibly be preserved, but more 
terms in the basic solution, say up to k4 would be required to 
verify this point. As we have indicated, however, for most 
practical cases k is less than 2 hence 69 gives a good approx- 
imation. A plot of equation 69 given in fig. 4. This type of 
behavior was also obtained experimentally, for cracked cylindrical 
shells, by Sechler and Williams [ 2 ]. 

Returning to equation 66 we note that it can also be written 
in the form 

(1 + O. 5 9  X 2 ) ( e_.;_)2 _ ( 0 . 2 4  + 0 . 0 7  l n ~ - ) X  2 (--~--)-(---~-) + 
(3- (3- o- 

s s s 

+ 0 . 2 1  (1 + O . 1 2 X  2) (~_~b,)2 = 1 
(7 

S 

(70) 

This obviously represents a family of ellipses, which are plotted 
for different values of the parameter ~, see fig. 5. For k greater 

1.0 

_ >. -- 1 . 0  " 
% / ~  - -  _ -___..__.__ _ 

x=Jo.o ),=5.0 i ~ \\ 

, ,i , /lllk_ 
o 0.5 1,5 2 .0  1.0 

%&r* 

Fig. 5. Extension-bending interaction curve for a spherical cap, for v = ! /3 ;  

X = ~ /  1 2 ( 1 - v  2) C 
4-ff 

than 1.5 we will need higher orders of X for the determination 
of the ellipses; therefore for X = 5, i0 we show just the in- 
tercepts.* It is also clear from fig. 5 that the applied safe 
load in a cracked spherical shell decreases with a decrease in 
radius of curvature. For example, if along the crack there is 
a residual load of equal bending and stretching a flat sheet 

can carry, before failure occurs, up to a load of 0.88 (--y) while 

a spherical shell characterized with the parameter X = 1 can 

carry only up to 0.76 (__~e), i.e. approximately 14% less load 
(i* 

than a flat sheet. 

* Curve for k = 2 follows the anticipated trend. 



Fig. 6. Spherical cap used for strain measurements .  

Fig. 7. C l o s e -  up of strain gauge locations. 
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E X P E R I M E N T A L  V E R I F I C A T I O N  

Description of Experiment 

To compare theoretical and actual behavior of an initially 
curved specimen, a preliminary experiment was conducted. We 
have considered a clamped segment of a shallow spherical shell, 
containing at the apex a radial cut of length 0.46 in. The shell 
was subjected to a uniform internal pressure qo, and the strain 
ey at three different positions along the direction of crack 
propagation was recorded as a function of qo" The design of 
the experiment did not permit a determination of critical crack 
length, furthermore the copper material is too ductile for 
brittle fracture theory to apply. 

Preparations 

T h e  s h a l l o w  s h e l l  seg,m, e n t  w a s  c o n s t r u c t e d  b y  t h e  m e t h o d  o f  
" c o p p e  r e l e c t r o f o r m i n g .  I t s  c h a r a c t e r i s t i c s  w e r e  h = 0 . 0 0 9  

= 4 . 2 5  i n . ,  v 1 i n . ,  R = 20 i n . ,  5 = 0 . 4  i n . ,  S o = ~ ,  E = 

16 x 106 l b s / i n  2. A h o l e  o f  0 . 0 1 2  in .  d i a m e t e r  w a s  d r i l l e d  a t  
t h e  a p e x  o f  t he  s h e l l  s e g m e n t ,  a n d  a c r a c k  w a s  s a w e d  w i t h  a 
j e w e l e r ' s  s a w  of  0. 007 in .  t h i c k n e s s .  F i n a l l y ,  t h e  e n d s  o f  t h e  
c r a c k  w e r e  s m o o t h e d  b y  the  " d i a m o n d  t h r e a d  m e t h o d ,  "**  
( d i a m e t e r  o f  d i a m o n d  t h r e a d  l e s s  t h a n  0. 005 i n .  ). In  t h e  p r o c e s s  
o f  d r i l l i n g  a n d  o f  s a w i n g ,  a w a x  b a c k i n g  w a s  u s e d  i n  o r d e r  to  
a v o i d  d a m a g i n g  o f  t h e  s h e l l .  N e x t ,  a l o n g  t h e  l i n e  o f  c r a c k  p r o -  
l o n g a t i o n ,  t h r e e  s t r a i n  g a g e s  w e r e  a t t a c h e d  on  t h e  s h e l l  t o  m e a s -  
u r e  t h e  s t r a i n s  i n  t h e  Y d i r e c t i o n  ( s e e  figs.__ 6, 7) .  T h e  s h e l l  w a s  
c e m e n t e d  b e t w e e n t w o  c i r c u l a r  r i n g s ,  w i t h  R o = 4 i n .  a s  t h e  i n s i d e  
r a d i u s  ( s e e  f i g .  8) .  N e x t  t h e  c r a c k  w a s  s e a l e d  i n t e r n a l l y  w i t h  t w o  
l a y e r s  o f  a c e t a t e  f i b r e  t a p e .  T h e  f i r s t  l a y e r  w a s  a s q u a r e  o f  2 x 2 

r - C E M E N T  CRACK / Z ~ r '  ~ -SHELL 

VALVE 
Fig. 8. Schematic of testing apparatus. 

i n c h e s ,  a n d t h e  s e c o n d l a y e r w a s  a r e c t a n g u l a r  o n e  o f  2 x ½ i n c h e s .  
T h e  f o l l o w i n g  t a b l e  g i v e s  t h e  g a g e  f a c t o r s  a n d  p o s i t i o n s  o f  t h e  
g a g e s  f r o m  t h e  c r a c k  t i p .  

Gage no. G.F.=Gage Factor X - 1 - 1 

1 2. i0  O. 07 i .  81 

2 2 .09  O. 29 O. 89 
3 2 .09  0 . 4 8  0 . 6 9  

- See tef. [131. 
*~ A cotton thread impregnated with 6 micron diamond paste. 
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In f ig.  9 we have  p l o t t e d  v o l t a g e  v s .  gage  p r e s s u r e ,  and  b e c a u s e  
the c u r v e s  f o r  s m a l l  p r e s s u r e s  w e r e  no t  qui te  s t r a i g h t  l i n e s ,  a 
s e c o n d  r u n  was  c o n d u c t e d  a f ew h o u r s  l a t e r .  I t  gave  b e t t e r  r e s u l t s  
(f ig.  10). The  c h a n g e  b e t w e e n  f i r s t  and  s e c o n d  r u n s  is  a t t r i b u t e d  
to w a r m i n g  up of the  r e s i s t a n c e  g a g e s  in the e l e c t r o n i c  e q u i p m e n t  

14 

12 

I0 

03 
8 

. . I  
0 
> 

!,3 
o 6 

I-- 
- I  
0 
> 4 Lg 

2 

GAGE N O . I ' - ~  

GAGE NO. 2 - ~  

GAGE NO. 3 

0 20 40 60 80 

qo cm of Hg 

Fig. 9. Test no. 1. Data for a clamped spherical cap containing a crack. 

and  " s e t t i n g "  of  the s t r a i n  g a g e s .  E v e n  fo r  the s e c o n d  r u n ,  the 
c u r v e s  a r e  s l i g h t l y  c u r v e d  at  the o r i g i n .  It i s  p o s s i b l e  tha t  the 
tape  c a r r i e s  a s m a l l  p a r t  of the l oad .  In any  c a s e ,  we c o n s i d e r  
the s lope  of  the c u r v e  wh ich  is  g i v e n  by  

A E v ° l t a g e  (71) 
C = s l o p e  = A . F .  x Aqo 

where A.F. = amplifier factor = 5. In view of this, we can 
compute the strains from 
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16 

(n 
b- 
J 
O 
> 

to 
O 

x 
b- 
..I 
O > 

tlJ 

14 

12 

I0 

8 

6 

4 

GAGE NO. I--~ 

GAGE NO. 2-~ 
GAGE NO. 3 -~  

® 

0 20 40  60 80 

qo cm of Hg 

Fig.lO. Test no.2. Data for a clamped spherical cap containing a crack. 

4 Cqo 

¢Yexp - P.S.V. G.F. 

Gage Theoretical ¢ 
No. y C Exp. z C Exp. ¢ 

Y Y 

(72) 

1 0.7~xlO-4q 
o 

2 O.gqxlO"4q 
o 

3 0.29xlO"4qo 

3.03x10 -4 0.96x!O-4qo 2.42x10 -4 0.77xlO-4qo 

170xIO: ~ o54xi0,% ° I~xIO -~ 0~xi0-4% 

1.3qxl0 -4 0.44x10-4qo i. 15x10 -4 0.36x10"4q ° 

fkst run second run 
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w h e r e  P . S . V .  = P o w e r  s u p p l y  v o l t a g e  = 6 v o l t s  ( m e a s u r e d ) .  
The  t h e o r e t i c a l  s t r a i n s  w e r e  c a l c u l a t e d  f r o m  e q u a t i o n  43 and 

the c o m p a r i s o n  wi th  e x p e r i m e n t a l l y  d e t e r m i n e d  v a l u e s  f o l l o w s .  

Conclusions 

In f ig.  11, we c o m p a r e  the t h e o r e t i c a l  p r e d i c t e d  s t r a i n s  wi th  
the e x p e r i m e n t a l  o n e s .  I t  is  e a s y  to see  tha t  c l o s e  to the c r a c k  
t ip the t h e o r e t i c a l  r e s u l t s  a r e  s l i g h t l y  l o w e r  than  the e x p e r i m e n t a l  
o n e s ,  e . g .  t h e r e  e x i s t s  an e r r o r  of abou t  3% f o r  the f i r s t  g a g e .  
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Fig. ii. Comparison of experimental and theoretical strains ahead of the crack. 

We r e c a l l  t ha t  in the t h e o r e t i c a l  f o r m u l a  we n e g l e c t e d  t e r m s  
of O(X4). T h i s  f ac t  c o u l d  c o n t r i b u t e  to the d i f f e r e n c e ,  as  wel l  
a s  the a v e r a g i n g  e f f e c t  of  the f in i te  gage  t h i c k n e s s .  A s  we 
m o v e  f u r t h e r  a w a y  f r o m  the c r a c k  tip the t h e o r e t i c a l  v a l u e s  
b e c o m e  s m a l l e r  t han  the e x p e r i m e n t a l  o n e s .  Th i s  is  to be 
expected, since now ~ is large and the non-singular terms 
become significant. Our theoretical results were computed on 
the basis of only the singular term and furthermore only up to 
terms of O(k2). 

While it should be pointed out that the bending stresses are 
practically negligible for this particular lest configuration, it 
was found that on the whole the experimental and theoretical 
results compare very well. 
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The local stresses near the crack point are found to be pro- 
portional to i/~- which is characteristic for crack problems. 
Furthermore, the angular distribution around the crack tip is 
exactly the same as that of a flat sheet, and the curvature ap- 
pears only in the intensity factors and in such a way that for 
R--*~ we recover the flat sheet behavior. A typical term is 

ffshell "~ O'plat e 1 + ( c o n s t  + c o n s t  ~ n -  c )~--~ + 0 ( ) 

(73)  

where the expression in the parentheses is a positive quantity. 
The general effect of initial curvature, in reference to that of 
a flat sheet, is to increase the stress in the neighborhood of 
the crack point. Furthermore, it is of some practical value 
to be able to correlate flat sheet behavior with that of initially 
curved specimens. In experimental work on brittle fracture for 
example, considerable time might be saved since by 73 we would 
expect to predict the response behavior of curved sheets from 
fiat sheet tests. 

The stresses also indicate that there exists an interaction 
between bending and stretching, i.e. bending loadings will 
generally produce both bending and stretching stresses, and 
vice versa. 

It is well known that large, thin-walled pressure vessels 
resemble balloons and like balloons are subject to puncture and 
explosive loss. For any given material, under a specified stress 
field due to internal pressure, there will be a crack length in 
the material which will be self propagating. Crack lengths less 
than the critical value will cause leakage but not destruction. 
However, if the critical length is ever reached, either by 
penetration or by the growth of a small fatigue crack, the ex- 
plosion and complete loss of the structure occurs. This critical 
crack length, using Griffith's criterion, was shown to depend 
upon the stress field, the radius and thickness of the vessel, 
as well as the material itself (see 64). We were also able to 
obtain a relation for the ratio critical crack length of a spherical 
shell over critical crack length of a flat sheet (see eq. 67). In 
general this ratio is less than unity, which again indicates 
clearly that a cracked initially curved shell is weaker than a 
cracked flat sheet subjected to the same loading. 

In conclusion it must be emphasized that the classical bending 
theory has been used in deducing the foregoing results. Hence 
it is inherent that only the Kirchhoff equivalent shear free 
condition is satisfied along the crack, and not the vanishing of 
both individual shearing stresses. While outside the local region 
the stress distribution should be accurate, one might expect the 
same type of discrepancy to exist near the crack point as that 
found by Knowles and Wang [7] in comparing Kirchhoff and 
Reissner bending results for the flat plate case [8, 9]. In this 
case the order of the stress singularity remained unchanged but 
the circumferential distribution around the crack changed so as 
to be precisely the same as that due to solely extensional loading. 
Pending further investigation of this effect for initially curved 
plates, one is tempted to conjecture that the bending amplitude 
and angular distribution would be the same as that of stretching. 
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F i n a l l y  f o r  a c l a m p e d  s p h e r i c a l  s h e l l ,  t h e  e x p e r i m e n t a l  a n d  
t h e o r e t i c a l  s t r a i n s  Cy, at th ree  d i f f e ren t  loca t ions  along the 
c r a c k  pro longat ion ,  compa re  v e r y  well .  
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X, y, z 

X, Y,  Z 

B 

T 

-- h a l f  c r a c k  l eng th  

_= E h S / [ 1 2 ( 1 - v 2 ) ]  = f l exu ra l  r i g i d i t y  

= Y o u n g ' s  m o d u l m  of  e l a s t i c i t y  

-- stress func t ion  

-- shear modu lus  

= th ickness  

= as de f ined  on f ig .  3 

- ¢ r 7  
3 - V  

I + V  

= 2e = c r a c k  l e n g t h  of  she l l  

= c r a c k  l eng th  of  p l a t e  

= c r i t i c a l  c r a c k  l eng th  of she l l  

= c r i t i c a l  c r a c k  l eng th  of p l a t e  

-- cons tant  as def ined  in  t ex t  

-- m o m e n t  componen t s  

= cons tant  as de f ined  in  t ex t  

= m e m b r a n e  forces 

= pe r iphery  

= i n t e r n a l  pressure 

= uniform i n t e r n a l  pressure 

Ro 
C 

= radius  of cu rva tu re  of the  she l l  

~/X 2 + y 2  

= g i v e n  

= surface  area  of the she l l  

= cons tant  as de f ined  in  t ex t  

-- ene rgy  

= cons tan t  as de f ined  in  t ex t  

= e q u i v a l e n t  shear 

= d i s p l a c e m e n t  func t ion  

= d imens ion le s s  coord ina tes  w i t h  respec t  to the c r a c k  leng th  

-- r e c t a n g u l a r  c a r t e s i a n  coord ina tes  

- (i) ½ 

_-- ( - i )  ½ 

= 0.5768 = Euler's constant 
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~* = 

= 

eX' Zy, ~Z = 

0 -- 

X 4 = _ _  

M 

~o 

p = 

aXb' (;Yb' "~xYb = 

(~Xe, ~;ye,'~XYe = 

(~x, ~y, ~xy = 

c; S = 

~ = 

~(x,y),~(x,y) = 

;C(x, y) = 

surface energy per unit area 

height of the shell 

)2 + (cY_)2 

strain components 

t a n - 1  Y 
X 

Ehc 4 _ 12( 1 - ~ 2 ) c  4 

R2D " R2h 2 

Poisson' s ratio 

1 - ~  

+ = + 

bending stress components 

stretching stress components 

applied stress components at the crack 

crit ical  (fracture) stress for sheil 

cri t ical  (fracture) stress for plate 

harmonic functions 

deflection of a plate on an elastic foundation. 

A P P E N D I X  

The  d e f l e c t i o n  func t ion  W and the s t r e s s  func t ion  F a r e :  

W(x,y*) = P1 e + P2e + P3e cosxsds 

F ( x , y  ±) - iX2RDc2 P i e  - ~24~-~-ix21Yl - P 2 e  + P 4 e  c o s x s d s  

w h e r e  
X2 A2 J2(s) 

S {AIJI(S) + + O(14 ) } P~ (s) - ~ 3 s 

~t2B2 J2(s) 
s 

P2(s) - ~ {BIJI(S) + 3 s + O(X4) ) 

X~(A2+B2 ) J2(s) 
P3(s) = -(Az+Bz)JI(s) 3 s 

iX2 (Az_BI) Jl(S) + 0(;% 4 ) 
/2 0 S 2 
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X2 (A2-B2) J2 (s) 
P 4 ( S )  = - ( A 1 - B  1) J ~ ( s )  3 s 

)t 4 R D  
2 ~ (AI  + B1) 

+ O(X 4) 

45 

n c 2 m t. 2 '~EhD c 2 
o {1 + 3r  o 

+ O ( X  4 I n ) t )  

~ 2 X 2  12 )t 2 8 - 7 / /  
-- 0 { O 

2~r2 - (AI-B1) = ~/2EhD (4-v o) 32 + 

{13 a_y 3 X 2 gg+ 8+~ lni-g} 

m °  {1 + ~)t2 4 - 3 u °  } + O(/41pn/) 
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4-3v 4-3v o o 
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ot 2 

A 2 + B 2 = _ -if- (AI-B I) 

(l+~n ~)} 

4-3//0 ~2 
A 2 - B 2 = _ (4-~-2~vo) ~ (At + B I) 

RESUM{ - On montre clue la dgformation d ' u n e  feuil le mince  ayant  une courbure sphgrique 
in i t ia ls ,  est associge avee  cel le  d ' u n e  plaque mince  reposant sur une fondation glastique. 

gn util isant une forme intggrale,  on rgsoud les gquations couplges de Reissner, pour une 
coque avec  une fracture de longueur 2c, pour le plan interne et les coatraiutes de flexion 
de Kirchhoff. D ' a u t r e  part on trouve que la forme explici te  des contra%tes prgs due point 
de fracture,  dgpead de l ' i nverse  de la demi  puissance de la distance,  sans dimension,  au 
point e. Le caract~re du champs de contrainte combinge ,  flexiontension, pr~t de l ' ex t rgmi tg  
de la fracture,  est gtudig en dgtait  duns le cas particulier d ' u n e  fracture radiale duns une 
culotte sphgrique soumise ~I une pression interne uniforme qo et qui est encastrge ~t la l imi te  

-- Ro" gn at tendant  une &ude comptg te  de la solution, des rgsultats approchgs pour les 
contraintes combinges de surface, pros de l ' ex t rgmi tg  de la fracture normale ,  et le long de 
la l igne de prolongation de la fracture,  oat donngs respect ivement  

~ry (~,o) --'~x (~,o) ,, 0.45 q ' ~  (%R/h) 

ou v = 1/3,  c = 0.23 inch, Ro = 4.25 inch et X = 0 .98 .  

I1 est interressant de noter que les contraintes ~x et ay !e long de la l igne de prolongatic~ 
de fracture sont Sgates pour ce t te  ggomgtrie .  En gghgral,  elles oat le m ~ m e  signe et ne 
different ldg~rement  qu'  en module ,  du fait de la composante de flexion. F ina lement  tes rg-  
sultats exp~rimentaux et th~oriques pour Cy le long de la ligne de prolongation de la f rac-  
ture c o ~ c i d e n t  bien.  

ZUSAMMENFASSUNG - Es wird gezeigt ,  dass die Verformung eiaer duennen,  anfaengl ich  sphae-  
risch gekruemmten  Platte mi t  der Verformung einer  anfaengl ich ebenen Plat te,  die elastiseh 
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gebettet  ist, verbunden ist. Mit Hilfe einer Integralformulation werden die gekuppeiten 
Reissner-Gleichungen fuer eine Schale,  die einen Riss der Laenge 2c enthaelt ,  fuer die ebenen 
und die Kirchhoff Biegespannungen geloest. Unter anderem wurde festgestellt ,  dass die ex -  
plizi te Form der Spannungen in der Naehe des Bmchpunktes umgekehrt proportional der Wurzel 
des dimensinnslosen Abstandes yore Punkte ist. Der Charakter des Dehnmags-Biegespannungs- 
feldes in der Umgebung der Risspitze wird im Detail  untersucht fuer den speziellen Fall eines 
radialen Risses in einer sphaerischen Kappe unter gleichfoermigen Irmendruck qo, die an 
ihrer Auflage R = Ro eingeklemmt ist. Die angenaeherten Ergebnisse - alas ausfuehrliche 
Studinm der Loesungen ist noch nicht abgeschlossen - fuer die kombinierten Oberflaechen- 
spannungen nahe der Risspitze senkrecht zum Riss und in Richtung des Risses sind yon der 
Form: 

~;y (¢,0) ~:~X (¢,0) "~ 0.45 ~ (qoR/h) 

et v = 1/3, c = 0.23 inch, Ro = 4.25 inch und k = 0.98.  

Es ist interessant, dass die Spannungen ~x und gy entlang der Linie der Rissfortpflanzung 
gleich sind fuer diessen Fall. Im al lgemeinen werden sie dasselbe Vorzeichen haben und 
sich nut wenig in der absoluten Groesse unterseheiden infolge der Biegekomponente. Die ex -  
perimentel len und theoretischen Ergebnisse fuer Cy entlang der Linie der Rissfortpflanzung 
stimmen sehr gut ueberein. 


