
AN AXIAL CRACK IN A PRESSURIZED CYLINDRICAL SHELL 
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ABSTRACT 

Following an earlier analysis of a line crack in a spherical cap. the stresses in a cylindrinal shell containing 
anaxial crack are presented. The inverse square root singular behavior of the stresses peculiar to crack problems 
is obtained in both the extensional and bending components. This singularity may be related to that found 
in an initially flat plate by 

(Yshell c 2 
~ 1 ÷ (a + b i n - - ~ -  c ) ~ +  ~.. 

~Yplate ~ Rh 

where the quantity in parentheses is positive. An approximate fracture criterion, based on Griffith's Theory. 
is also deduced, and bending-stretching interaction curves for this case are presented. 

INTRODUCTION 

In  a r e c e n t  p a p e r ( D ,  the  s t r e s s  f i e l d s  in  the v i c i n i t y  of a l i n e  c r a c k  in  
a s p h e r i c a l  c a p  w e r e  d e t e r m i n e d .  I t  w a s  p o i n t e d  ou t  t h a t  b e n d i n g  l o a d s  
i n d u c e  e x t e n s i o n a l  s t r e s s e s ,  a n d  v i c e  v e r s a ,  so  t h a t  the  s u b j e c t  of  e v e n t u a l  
c o n c e r n  i s  the  s i m u l t a n e o u s  s t r e s s  f i e l d s  p r o d u c e d  in  a n  i n i t i a l l y  c u r v e d  
s h e e t  c o n t a i n i n g  a c r a c k .  Of the two s i m p l e  g e o m e t r i e s  w h i c h  m a y  f i r s t  
c o m e  to m i n d ,  a s p h e r i c a l  s h e l l ,  a n d  a c y c l i n d r i c a l  s h e l l ,  the  f o r m e r  w a s  
s t u d i e d  f i r s t  b e c a u s e  t h e  r a d i u s  of c u r v a t u r e  i s  c o n s t a n t  i n  a l l  d i r e c t i o n s ,  
a f f o r d i n g  c o n s i d e r a b l e  m a t h e m a t i c a l  s i m p l i f i c a t i o n .  In  the  l a t t e r  c a s e ,  h o w -  
e v e r ,  the  r a d i u s  v a r i e s  b e t w e e n  a c o n s t a n t  a n d  i n f i n i t y  a s  o n e  c o n s i d e r s  
d i f f e r e n t  a n g u l a r  p o s i t i o n s  w i t h  r e s p e c t  to the  p o i n t  of  a c r a c k  a l i g n e d  
p a r a l l e l  to the  c y l i n d e r  a x i s .  In  a p r e v i o u s  t r e a t m e n t  of t h i s  p r o b l e m ,  
S e c h l e r  a n d  W i l l i a m s  (2) s u g g e s t e d  a n  a p p r o x i m a t e  e q u a t i o n  b a s e d  u p o n  the  
b e h a v i o r  of a b e a m  on  a n  e l a s t i c  f o u n d a t i o n ,  a n d  w e r e  a b l e  to o b t a i n  r e a -  
S o n a b l e  a g r e e m e n t  w i t h  e x p e r i m e n t a l  r e s u l t s .  U s i n g  t e c h n i q u e s  d e v e l o p e d  
e a r l i e r ,  the  a u t h o r  h a s  b e e n  a b l e  to i n v e s t i g a t e  t h i s  p r o b l e m  a n a l y t i c a l l y ,  
a n d  the r e s u l t s  a r e  g i v e n  b e l o w ;  c e r t a i n  d e t a i l s  of t h i s  w o r k  h a v e  b e e n  
o m i t t e d  h e r e  b u t  m a y  be f o u n d  e l s e w h e r e ( 3 )  

FORMULATION OF THE PROBLEM 

C o n s i d e r  a p o r t i o n  of a t h i n ,  s h a l l o w  c y l i n d r i c a l  s h e l l  of c o n s t a n t  t h i c k -  
n e s s  h a n d  s u b j e c t e d  to a n  i n t e r n a l  p r e s s u r e  qo. T h e  m a t e r i a l  of  the  s h e l l  
i s  a s s u m e d  to be  h o m o g e n e o u s  a n d  i s o t r o p i c ;  p a r a l l e l  to the a x i s  t h e r e  
e x i s t s  a c u t  of l e n g t h  2c.  F o l l o w i n g  M a r g u e r r e  (4), the  c o u p l e d  d i f f e r e n t i a l  
e q u a t i o n s  g o v e r n i n g  the  d i s p l a c e m e n t  f u n c t i o n  W a n d  the  s t r e s s  f u n c t i o n  
F ,  w i t h  x a n d  y a s  d i m e n s i o n l e s s  r e c t a n g u l a r  c o o r d i n a t e s  of the  b a s e  p l a n e  
( s e e  F i g u r e  1) a r e  g i v e n  by  

E h c  2 a2W 

R ~ x 2 
+ V 4 F  -- o (1 )  

c2 a2F qo c4 V4W - - -  (2) 
RD 8x 2 D 
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Figure 1. Geometry and Coordinates 

w h e r e  R is the r a d i u s  of the c y l i n d e r .  As  to b o u n d a r y  c o n d i t i o n s ,  one m u s t  
r e q u i r e  tha t  the n o r m a l  m o m e n t ,  e q u i v a l e n t  v e r t i c a l  s h e a r ,  and n o r m a l  
and t a n g e n t i a l  i n - p l a n e  s t r e s s e s  v a n i s h  a l o n g  the c r a c k .  H o w e v e r ,  s u p p o s e  
that  one has  a l r e a d y  found* a p a r t i c u l a r  s o l u t i o n  s a t i s f y i n g  eqns  1 and 2, 
but  tha t  t h e r e  is a r e s i d u a l  n o r m a l  m o m e n t  My, e q u i v a l e n t  v e r t i c a l  s h e a r  
Vy, n o r m a l  i n - p l a n e  s t r e s s  Ny, and i n - p l a n e  t a n g e n t i a l  s t r e s s  Nxy,  a long  
the c r a c k  I x l  < 1 of the f o r m -  

M ( P )  - D m o / c  2 y = (3) 

vy (p) = o (4) 

Ny (p) = ~ no/C2 (5) 

Nxy (p) = 0 (6) 

w h e r e  mo and no will  be c o n s i d e r e d  c o n s t a n t s  f o r  s i m p l i c i t y .  
A s s u m i n g ,  t h e r e f o r e ,  tha t  a p a r t i c u l a r  s o l u t i o n  has  b e e n  found,  we n e e d  

to f ind t w o  f u n c t i o n s  of  the d i m e n s i o n l e s s  c o o r d i n a t e s  (x ,y ) ,  W ( x , y )  and 
F ( x , y ) ,  s u c h  tha t  they  s a t i s f y  the p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  1 and 2 and 
the f o l l o w i n g  b o u n d a r y  c o n d i t i o n s .  

At  y = 0 and I x l <  1: 

My(x,o,--- D p ~ W * ~  °~W.] --°m° 
c 2 ~ y 2  0x 2 J c 2 

(7) 

D ~.03 W + 03Wl 
Vy (x, o) = --o3Loy3~ (2 -v) ~oyj-- = o (8) 

1 02 F n o 
Ny (x, o) - - (9) 

c 2 0x 2 c 2 

Nxy (x, o) . . . . . .  = 0 (10) 
c 2 8xSy 

At y = 0 and Ix1 > 1 we m u s t  s a t i s f y  the c o n t i n u i t y  r e q u i r e m e n t s ,  n a m e l y  

* As an illustration of how the local solution may be combined in a particular case see Reference 3. 
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(w +) ( w -  : o (li) 
[Yl ---o a y n  

lira [ on - -- 1 - -  (F +) an ( F - )  : 0 (12) 
lY[ ~ o  Layn Oyn 

n = 0 , 1 , 2 , 3 .  

F u r t h e r m o r e ,  we sha l l  l i m i t  o u r s e l v e s  to l a r g e  r a d i i  of c u r v a t u r e ,  i . e . ,  
s m a l l  d e v i a t i o n s  f r o m  f ia t  s h e e t s ;  we thus  r e q u i r e  tha t  the d i s p l a c e m e n t  
func t ion  W and the s t r e s s  func t ion  F t o g e t h e r  wi th  t h e i r  f i r s t  d e r i v a t i v e s  
be f in i te  f a r  f r o m  the c r a c k .  In th i s  m a n n e r ,  we a v o i d  in f in i t e  s t r e s s e s  
and d i s p l a c e m e n t s  in the r e g i o n  f a r  away  f r o m  the c r a c k .  T h e s e  r e s t r i c -  
t ions  at  in f in i ty  s i m p l i f y  the m a t h e m a t i c a l  c o m p l e x i t i e s  of the p r o b l e m  
c o n s i d e r a b l y ,  and c o r r e s p o n d  to the u s u a l  e x p e c t a t i o n s  of St. V e n a n t ' s  p r i n -  
c ip l e .  

M E T H O D  OF S O LU TIO N  

We c o n s t r u c t  the fo l l owing  i n t e g r a l  r e p r e s e n t a t i o n s  which  h av e  the p r o p e r  
s y m m e t r i c a l  b e h a v i o r  with r e s p e c t  to x, with k 4 = E h c 4 / R  2 D 

I ' (p~ - - ~  lyl W ( x , y  "L) = e " ~ I Y I +  P2 e ~ [yl + P3 e 
o } 

+ P4 e " ~ [Y[ co s  xs  ds  (13)  

F(x ,y+- )  = _i E ~ - E - - h - ~ j ' ( P l e ' ~ l Y [ + p 2 e ' V ~ [ Y l _ P 3 e ' ~  lY[ 

- P4 e ' ~  [Y[)cos xs  ds (14) 

w h e r e  the P i  (i = 1, 2, 3, 4) a r e  a r b i t r a r y  f u n c t i o n s  of s to be d e t e r m i n e d  
f r o m  the b o u n d a r y  c o n d i t i o n s ,  and the + s igns  r e f e r  to y > 0 and y < 0, 
r e s p e c t i v e l y .  A l s o  a = i½, ~ = (-i)½. 

A s s u m i n g  tha t  we can  d i f f e r e n t i a t e  u n d e r  the i n t e g r a l  s ign,  f o r m a l l y  
s u b s t i t u t i n g  eqns  13 and 14 in to  eqns  7-10  y i e l d s  r e s p e c t i v e l y :  

,am S'-( Jyl--,0 P1 s (v o s - k a )  e ~ lyl + ~ s (Uo s ÷ x~)  e "  s ( s ~  [Yl 
0 

+ P3 s (VoS - k ~ )  e ~ lyl 

+ P4 s (V o S + k~) e " ~ lyl} co s  xs  ds  = too; 

[xl < 1 

( 1 5 )  

lira + { ' ( P l s ( . o  s+ X~)V"s(s - X~)e"  ~ I Y l  + p~ s (OoS - X~) V s ( s +  X~) 
y J. . .O-- . /  ~ 

, o e "  ~ lyl + e 3 s ( .  o s + x ~ )  v' l ~  _ . ~ . ~  e " ~  lyl 

+ P4 S(VoS - k~) ~/ s (s  + k ~ )  e ' ~  lYl) c o s x s  ds = 0; (16) 

Ixl < 1 
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7{ ~" nm i ~ 1'1 e" ~ IYl + P2 e" ~ lYl _ P3 e" ~ lyl 
lYl--0 o 

- 1'4 e ' ~  IYl } s 2 cos xs ds = no; 
Ixl < 1 

(17) 

S{ lim i ~ P1%/s(s -k~  e" s(s~'~) lyl + P2 %/s(s+k~) e " ~  ]Yl 
lYl - ' °  o 

- P3 ~/s(s-k~]) e'~iYl 

- P4 ~/s(s+k~} e " ~  ly l }  s s i n  xs ds = O; (18) 
Ix l  < 1  

w h e r e  a g a i n  the _+ s i g n s  r e f e r  to y > 0 and  y < 0 ,  r e s p e c t i v e l y ,  and  v o = 1 -v .  
A s u f f i c i e n t  c o n d i t i o n  f o r  16 and  18 to be  s a t i s f i e d  i s  to s e t  the  i n t e g r a n d s  
e q u a l  to z e r o .  T h i s  l e a d s  to: 

¢s(s -x~)P 3 ( vos I -,~ - ~I [Vsis-~ P~ ÷ Vsis+x~ P~] 

- ~[,/si~-x~ P~ - ¢sis÷~l P~] (19) 

v' s(s  +X~) P4 -- "x~u°s ÷3)1 Iv sis-x~) P1 ÷ v sis ÷x~) P2] 
[¢sis-X~) P1 ¢ s ( s + ~  P2] + ~--~ 

i20) 

N e x t ,  i t  m a y  e a s i l y  be  s h o w n  tha t  the c o n t i n u i t y  c o n d i t i o n s  a r e  s a t i s f i e d  
if we c o n s i d e r  the f o l l o w i n g  c o m b i n a t i o n s  to v a n i s h  

f "  {P1 V s ( s - k c ~ )  (1+-~-~ 

o ÷ P2 v s(s ÷~ 4) (i- ~)} cos xs ds-- o; I x I > i (21) 

f®(P1 q s(s - x,~) (i - -~) 

+P2 v s i s + x ~ ) ( l +  ) c o s x s d s = O ; { x { > l  (22) 

We h a v e  thus  r e d u c e d  o u r  p r o b l e m  to s o l v i n g  the dua l  i n t e g r a l  e q u a t i o n s  
15, 17, 21, and  22 f o r  the u n k n o w n  f u n c t i o n s  P l ( s )  and  P 2 i s ) .  T h e s e  m a y  
be t r a n s f o r m e d  to a s e t  of  c o u p l e d  s i n g u l a r  i n t e g r a l  e q u a t i o n s  of  the C a u c h y  
t ype ,  a s o l u t i o n  of which  m a y  be found  in a s e r i e s  f o r m  f o r  s m a l l  v a l u e s  
of  the p a r a m e t e r  k. D e t a i l s  of  the m e t h o d  of  s o l u t i o n  m a y  be found  in 
R e f e r e n c e  3. I t  i s  an e a s y  m a t t e r  to s h o w  tha t  the p h y s i c a l  r a n g e  of )t i s  
0 .4 )t ,~ 20 and  f o r  m o s t  p r a c t i c a l  c a s e s  0 <_ k • 2, d e p e n d i n g  upon  the 
s i z e  of  the c r a c k .  

Wi thou t  go ing  into  the d e t a i l s ,  the d i s p l a c e m e n t  and  s t r e s s  f u n c t i o n s  a r e :  
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W ( x , y ~ )  = 
k a  2 ~/s(s- ka)  

(Ao Bo)  J l ( s )  - s ( s ~  ]Yl 
+ e 

s k a  2 V s(s +2w~) 

Jl(S) -V"s(s-kS) [Y[ if(1) o S +!) A° 
• e + 

V s(s - x/3) kX~3 2 s 

Jl(s) "~r~s(s+ks) lYl ) 
e + . . cosxsds 

Vs(s+;~) 

- ~ lyl e 

2 s 

+ (23) 
2 

F (x, y+-) = !-{¢ ° - i V E ' - f i - D  + B ° . )  
k a  

" ~  lYl 
J1 (s)  e 

2 k / s ( s  - ka)  

J l ( S )  e VoS 1 A o B o + - - - )  + 

2 q s ( s + k a )  L kfi~ 2 s 2 

Vo s i A o B o J l ( S )  e 
_ + _ )  + 

h X ~  2 s 2 x ~  Vs(s+X~) 

+ . . } c o s x s d s  

>o Bo + ) 
s k~  

- v - ~ - ~ )  lYl 
J1 (s)  e 

~ / s ( s  - k/3) (24) 

w h e r e  

Ao 
n o )t 2 { 42-37v o 8k--} 

- + ( 1 2 - 1 0 U o )  ( 7 + , i n )  

'~/'-EhD 32Vo (4 - Vo) 3 

12 v o - 5 , o  2 - 8 ~ k  2 } 
mo 1 +  + o ( 2  ~ x) 

~o (4 v o) 4 v o ( 4 -  v o) 16 

(25)  

Bo ] - + ~ _ + 

i ~  16 4 4 v  o ~ 4 [ v o i  32 "o (4 - vo) 3 

+ (10Vo 2 1 4 v o )  + 4 ~ i + ( 1 0 u o  2 1 8 v  o) ( T + L n ~ )  ~ ) ] }  _ - ÷ 6 % (7 + i n  
,8  

mo { -4- 'V o 4- 1) o 71" -4- - 
v o ( 4 -  Vo) 16 4 Vo 7 4 -  Vo) 

+ 5 v  o ( 7 + ~ n k a ) -  6 ( 7 + 2 n ~ ) ] }  + O (k 4 ~ n X )  
8 

+ k2~2 137 Vo _ 42 

16 6 (26) 

h a v i n g  u s e d  T = 0 . 5 7 6 8 . . .  = E u l e r ' s  c o n s t a n t .  F u r t h e r m o r e ,  i t  m a y  b e  
s h o w n ,  t h a t  t h i s  s e r i e s  f o r m  s o l u t i o n  c o n v e r g e s  to  t he  e x a c t  s o l u t i o n  f o r  
s m a l l  v a l u e s  of  t he  p a r a m e t e r  k .  
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STRESS DISTRIBUTION NEAR THE CRACK POINT 

The  b e n d i n g  and  e x t e n s i o n a l  s t r e s s  c o m p o n e n t s  a r e  d e f i n e d  in t e r m s  of 
the d i s p l a c e m e n t  f unc t i on  W and s t r e s s  func t ion  F as :  

_ E z  F - -  a 2 w +  ~ a 2 w  

Xb ( 1 -  v 2) c LOx 2 3y2 
(27) 

%~ (i - ,~)o key 2 ~ ~-~TJ 
(28) 

2Gz a2W 
~- - ( 2 9 )  

xY b c Ox 3y 

I ~2F 
a x = (30) 

e h c 2 %y2 

1 O2F 
- ( 3 1 )  

aYe h c 2 ~x 2 

1 ~2F (32) T = 
xYe h c  2 Ox Oy 

w h e r e  z is  the d i m e n s i o n l e s s  d i s t a n c e  t h r o u g h  the t h i c k n e s s  h of the s h e l l ,  
m e a s u r e d  f r o m  the m i d d l e  s u r f a c e .  T h e n  in v i e w  of  e q n s  23 and  24, the 
s t r e s s e s  c a n  be e x p r e s s e d  in an  i n t e g r a l  f o r m .  When e v a l u a t e d ,  t h e s e  g ive  
the f o l l o w i n g  r e s u l t s ,  w h e r e  E e i0 = x - 1 + iy: 

Bending Stresses: On the s u r f a c e  z = h / 2 c  

Pb 3 - 3v O 1 - v  5~) + 0 (¢o) (33) % = ,. ( c o s  cos 
b ~ 4 2 4 2 

Pb (11 + 5v e 1 - v @ 
a = c o s - - *  - c o s  5 - )  + O (e ° ) 

Yb 2 ~ E  4 2 4 2 
(34) 

_ Pb 7 + v  0 1 - v  
TXYb ~-~E "( 4 s in  2 4 s in  58-)2 + O (e a) (35) 

w h e r e  

Pb = 

3 no X 2 [ 5  + 37 u 

1 6 ( 3 + v )  V 1 2 ( 1 - u 2 ) h e  2 ~ 3 

6 m o D r 1 + 2v + 5v 2 
+ !._1 

( 3 + v )  h2c  2 4 ( 3 + v )  (1 - v )  

J + 2 ( 1 + 5 v )  ('r +~;n~t/8) 

~rx2-1 + o (x 4 In,X)  
i6_1 

(36) 
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S i m i l a r l y  we f ind  t h r o u g h  the t h i c k n e s s  

Extensional Stresses:  

--% 3 o i e 
~x ~ ( c o s - - + - - c o s  5 ) + 0 (c ° )  (37) 

e 4 2 4 2 

o 1 50-) + 0 ( e )  (38) G = C O S - - -  -- COS o 

Ye ~ 4 2 4 2 

Pe (1 o 1 
"r - s in  - - - s i n  50- ) + 0 (e ° ) (39) 

xYe Y ' ~ c 4  2 4 2 

w h e r e  

P = - - n °  [ 1 + 
e h e  2 64 J 

V 1 2 ( I  - v 2) m o D  k 2 [5 + 37u 

+ 2 (1 + 5~)  (~ + ~n X / 8 ) ]  + O (~t 4 L n  X) ( 4 0 )  

A s  a r e s u l t  of  the K i r c h h o f f  b o u n d a r y  c o n d i t i o n ,  the b e n d i n g  s h e a r  s t r e s s  
7"xy b d o e s  not  v a n i s h  in the f r e e  edge .  F o r  the f l a t  s h e e t  th i s  d i f f i c u l t y  

was  d i s c u s s e d  by  K n o w l e s  and  Wang  who c o n s i d e r e d  R e i s s n e r  bend ing(5 ) .  
F u r t h e r m o r e ,  i t  i s  a p p a r e n t  f r o m  the a b o v e  e q u a t i o n s  tha t  t h e r e  e x i s t s  an  
i n t e r a e t i o n  b e t w e e n  b e n d i n g  and  s t r e t c h i n g ,  e x c e p t  tha t  in the l i m i t  a s  k - - 0  
the s t r e s s e s  of  a f l a t  s h e e t  a r e  r e c o v e r e d  and  c o i n c i d e  wi th  t h o s e  o b t a i n e d  
p r e v i o u s l y  f o r  b e n d i n g  (6) and  e x t e n s i o n  (~) . We a r e  thus  in a p o s i t i o n  to 
c o r r e l a t e ,  a t  l e a s t  l o c a l l y ,  f l a t  s h e e t  b e h a v i o r  wi th  tha t  of  i n i t i a l l y  c u r v e d  
s p e c i m e n s .  

Figure 2. Crocked Shell under Uniform Axial Extension N x and Internal Pressure qo 

A s  a p r a c t i c a l  m a t t e r ,  c o n s i d e r  a s h e l l  s u b j e c t e d  to a u n i f o r m  i n t e r n a l  

p r e s s u r e  qo wi th  an a x i a l  e x t e n s i o n  N x = q°R , My = 0 f a r  a w a y  f r o m  the 
2 

c r a c k  ( s e e  F i g u r e  2). The  s t r e s s e s  a l o n g  the  l ine  of c r a c k  p r o l o n g a t i o n  
a r e  f o u n d  f o r  v = 1 /3  and k = 0 . 9 8  to be: 

0 . 7 9  
(e, o) ~ - -  qo R / h  (41) 

Y total " ~ ' -  
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0 . 9 7  
(e,  o) ~, qo R / h  (42) (Y X . - - - -  

t o t a l  V e  

w h e r e ,  b a s e d  on the K i r c h h o f f  t h e o r y ,  the s t r e s s e s  ~x and  (r h a v e  the  
s a m e  s i g n  but  d i f f e r  in m a g n i t u d e .  T h i s  d i f f e r e n c e  i s  due to t h ~  f a c t  t ha t  
in a c y l i n d r i c a l  s h e l l  the  c u r v a t u r e  v a r i e s  b e t w e e n  z e r o  and  a c o n s t a n t  a s  
one c o n s i d e r s  d i f f e r e n t  a n g u l a r  p o s i t i o n s  wi th  r e s p e c t  to the  l i n e  of the 
c r a c k .  On the o t h e r  h a n d ,  f o r  a s p h e r i c a l  s h e l l  (2) and  f o r  a f l a t  p la te(6)  , 
f o r  w h i c h  the c u r v a t u r e  r e m a i n s  c o n s t a n t  in a l l  d i r e c t i o n s ,  we o b t a i n  a 
" h y d r o s t a t i c  t e n s i o n "  s t r e s s  f i e l d .  

F R A C T U R E  C R I T E R I O N  

In p r e c i s e l y  the s a m e  m a n n e r  u s e d  f o r  a f r a c t u r e  c r i t e r i o n  f o r  a s p h e r i c a l  
c a p ,  we d e r i v e  the  f o l l o w i n g  a p p r o x i m a t e  c r i t e r i o n  f o r  a c y l i n d r i c a l  p a n e l ,  
a t  v = 1 /3  and  the G r i f f i t h  s t r e s s  (r* = (16G3,*/;rc)½: 

(I + 0,49 ~t 2) (~e/O-*) 2 + 0.21 (1 - 0 . 1 0  X 2) (~b/(r;:') 2 

- (0.04 - 0.10~n)t) ~t 2 (~-e /o-':') (~-h/O';:") + 0 (;t4£n},) : 1 
(43) 

w h e r e  the  b a r r e d  q u a n t i t i e s  d e n o t e  a p p l i e d  s t r e s s .  T h i s  e q u a t i o n  r e p r e s e n t s  
a f a m i l y  of e l l i p s e s  w h i c h  a r e  p l o t t e d  in F i g u r e  3. Note  t h a t  the c u r v e s  

x=o 

x =r4 

o.~ x = 14 I l 

J p 
0.5 e.O 1.5 2.0 Z.5 

~D/o'* 

Figure 3. Extension-Bending Interaction Curves tor a Cylindrical Shell Containing a Crack, for u = 1/3; 

X = ~ c / ¢ ' ~  

c r o s s  e a c h  o t h e r ,  w h i c h  d id  not  o c c u r  in the c a s e  of a s p h e r i c a l  s h e l l  
( s e e  F i g u r e  4). The  a u t h o r  c o n j e c t u r e s  t ha t  t h i s  i s  due to the s l o w e r  r a t e  
of c o n v e r g e n c e  of the  f o r m e r  c a s e  and  tha t ,  when  h i g h e r  o r d e r s  of ~t a r e  
u s e d  in  the s o l u t i o n ,  the  c u r v e s  w i l l  c o r r e c t  t h e m s e l v e s  to g ive  the s a m e  
t r e n d .  

x~e 

X=LO 
" ~ t / :  k~15 . 

5 

x =1o.o k=~.o 

o o.5 i.o L5 2.0 
¢rb/~. 

Figure 4, Extension-Bending Interaction Curves for a Shallow Spherical Shell Containing a Crack, for u = 1/3; 

x-- ~ z2cz - u 2) c / ~  

For the special case ~h = 0 eqn 43 reduces to: 

(1 + 0.49 2t 2) (~'e/(r;:")2 + 0 (k4~n}t) = 1 (44) 
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S p e c i a l i z i n g  f u r t h e r  to  a c r a c k e d  s h e l l  u n d e r  u n i f o r m  a x i a l  e x t e n s i o n  Nx 
q o R / 2  a n d  i n t e r n a l  p r e s s u r e  qo 

( q ° R / h ) 2 ~  1 - 0 . 4 9  k 2 (45)  

which gives the maximum internal pressure that the shell may withstand 
before fracture. A plot of eqn 45 is given in Figure 5. Similar results 
were obtained experimentally by Sechler and Williams(3) for pressurized 
monocoque cylinders. 

o ~ o 

j~ (@) 
Figure 5. Critical (Fracture) Pressure in a Cylindrical Shell, for u = 1/3; ), = I /12(1  - u 2) c/~-h" 

CONCLUSIONS 

A s  in  t he  c a s e  o f  a s p h e r i c a l  s h e l l ,  
( i )  the  s t r e s s e s  a r e  p r o p o r t i o n a l  to  1/q '~"  

( i i )  t he  s t r e s s e s  h a v e  t h e  s a m e  a n g u l a r  d i s t r i b u t i o n  a s  t h a t  o f  a f l a t  p l a t e  
( i i i )  a n  i n t e r a c t i o n  o c c u r s  b e t w e e n  b e n d i n g  a n d  s t r e t c h i n g  
( iv )  t h e  s t r e s s  i n t e n s i t y  f a c t o r s  a r e  f u n c t i o n s  o f  R;  

in  t h e  l i m i t  a s  R - - * -  we r e c o v e r  t he  f l a t  p l a t e  
e x p r e s s i o n s .  T h u s  we  m a y  w r i t e  

G shell C C 2 A 
1 + (a + b l n  ) + O ( ) (46) 

CYplate V R h  R h  

where the expression in parentheses is a positive quantity. From this and 
the corresponding result for a spherical cap, it would appear that the general 
effect of initial curvature is to increase the stress in the neighborhood of 
the crack point. It is also of some practical value to be able to correlate 
fiat sheet behavior with that of initially curved specimens. In experimental 
work on brittle fracture for example, considerable effort might be saved 
since, by eqn 46, we would expect to predict the behavior of curved sheets 
from flat sheet tests. 

In conclusion it must be emphasized that the classical bending theory 
has been used in deducing the foregoing results. Hence only the Kirchhoff 
shear condition is satisfied along the crack, and not the vanishing of both 
individual shearing stresses. While outside the local region the stress 
distribution should be accurate, one might expect the same type of discrep- 
ancy to exist near the crack joint as that found by Knowles and Wang in 
comparing Kirchhoff and Reissner bending results for the flat plate case. 
In this case the order of the stress singularity remained unchanged but the 
circumferential distribution around the crack changed so as to be precisely 
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t h e  s a m e  a s  t h a t  d u e  t o  s o l e l y  e x t e n s i o n a l  l o a d i n g .  P e n d i n g  f u r t h e r  i n v e s -  
t i g a t i o n  o f  t h i s  e f f e c t  f o r  i n i t i a l l y  c u r v e d  p l a t e s ,  o n e  i s  t e m p t e d  t o  c o n j e c t u r e  
t h a t  t h e  b e n d i n g  a m p l i t u d e  a n d  a n g u l a r  d i s t r i b u t i o n  w o u l d  b e  t h e  s a m e  a s  
t h a t  o f  s t r e t c h i n g .  
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RESU/v~ - A la suite d 'une analyse antgrieure d 'une fissure dar~s une coquille sphgrique, on a prgsent¢ les 
contraintes dans une coque eylindrique contenent une fente axiale. Le comportement singulier de l ' inverse 
de la racine earrge des contraintes partieuligres aux problgmes de rfipture, est obtenu en m~me temps selon 
les composantes d'extension et de flexion. Cette singularitg peut-&re rapprochge de celle trouvge dans une 
plaque initinlement plate, Jl l ' a ide  de: 

c c 2 
ac°q ue ~ 1  + (a + b ~n ~-~) ~ - +  . . .  

plaque 

off la quantitg entre parentheses est positive. On a ddduit un crit~re de rupture, bas~ sur la theorie de 
Griffith, et on a pr~sentg les courbes d'interaction entre flexion et tension. 

ZUSAM/vlENFASSUNG - In Fortsetzung der frueheren Analyse eines geradlinigen Risses in einer kugelfoermigen 
Kappe werden jetzt die Spannungen in einer Zylinderschale, die einen Riss in axialer Richtung aufweist, 
gegeben. Die diesen Problemen eigene Singularitaet der Spannungen, die umgekehrt proportional der Wurzel 
aus der gntfemung yon der Riss-spitze sind, wird auch hier fuer die Zug- und Biegekomponenten erhalten. 
Diese Singularitaet kann zu derjeaigen, die in einer urspruenglich ebenen Platte gefunden wird, in folgenden 
Zusammenhang gebracht werden 

eSchale ~. 1 + (a + b ~n c )  e 2 
cr Platt---'-" ~ nRh ~ + . . . .  

Wobei die Groesse in Klammem positive ist. Ein angenaehertes Bruchkriterium, das auf Griffith's Theorie 
beruht, ist abgeleitet worden und Biegungs-Zug Weehselwirkungskurven sind fuer diesen Fall bestimmt wor- 
den. 


