
P1 ii) ({ualifyillg CX-Hh1 ii ta{iXtiCH 2015, SmilIHcr

‘You led to 00110(1 at 1tal GO po)nO- to pa-i the exam. You will get 10 points for the correct
Soil) tjo)1 ( If (i((11 (jilestioll.

Let _\ , A2 ,...,A,, be ill(lepell(lellt, random variables with (leilsity functions

I if 0 < <no
/i(f: 0)

0, if -cx<<O.

We wish to test H0 : 01 02 = ...
O, against the alternative that H0 is not true.

(a) Compute \, the generalized hkehliood ratio and explain tlie application of the gerler—
alizeti likelihood t;est.
(h) Provide a large sample approximation for —2 log A under H0.

2. Let X ,X2,... , X,. be independent, identically distributed random variables with density
function

I — 0<t<O
= 0’ —

( 0, if t [0,0].

We wish to test H0 0 1 against the alternative HA : 0 < 1. We reject H0 if
unix1 X < 1 — 2/n.
(a) Compute the significance level.
(b) Compute the power function.

3. Let X1,X2, . . . , X, be independent, identically distributed random variables with density
function

h(t;u)
=

-

— 1)2/2j2
(27ru-)

We wish to test H0 = o-0 against “A : u

(a) Find a test, using the generalized likelihood ratio A.
(b) Provide a large sample approximation for —2 log A under Ho.

4. Let X1,X2, . , Xy be independent, identically distributed random variables with density
function

h(t; i)
(t-p/2

We wish to test H0 : < p against HA :1’ > p. Find the uniformly most powerful test
of size (1.

5. Let X1,X2, . . . , X he independent identically distributed normal NCut, 2) random vari
ables. Let 15, 1’, . . . , l’, he independent identically (hstributecl normal N(1i2,2) random
variables. The two samples are independent. The parameters /Lj, i2, are unknown. We
wish to test H0 = /12. Show that the two sample t--test and the likelihood ratio test
are equivalent.
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6. Let X, X2 1 )C independent and ideiiticidly distril>1itAd cxponeutiai(A) random variables,i.e. the coinnion density is

( 0, iff <0
[(f) =

- exp(—f/\), if t 0.
Find the joint; density function of

= X1 + X2 and
=

A1 +X2
7. We assume that the miniber of people entering a store follows a Poisson distribution withparameter A. Every customer spends money in the store, independently of each other according to a uniform distribution on [10, 100]. We observe X, the total amount of moneyspent in the store on a given day.

(a) Estimate ,\ using the method of moments.(b) Let assume that we have the stores income X1,X2,. .. , X, for ri days and X1 , X2,.. . , X,-,are independent and distributed as X. What would be the mnomeiit estimator for A basedon X1,X2,. ..

8. Let X and Y be independent random variables with densities 1 and g, where

0, ift<0

exn( t/2. if t>0.
—

md

0, if t[—1,2]

1

I ‘ e [—1,2].
Compute the density of X + Y.

9. Let X1,X2, . . . , X7 be independent arid identically distributed random variables with density function

0, if t<0

1
-exp(—t/A), if t >0.

Construct an equal tail 1 — confidence interval for A. Compute the expected value of thelength of the confidence interval.

10. Let X1 , X2, . . . , X,. be inclependerit and identically distributed random variables with density function

0, if t<0

( exp(—L/A), if t 0.
Find the uniformly minimum variance unbiased estimator for (3 = 1/A.

11. Let U1,U2,..., U be independent and identically distributed raridouL variables, uniformon [0, 1]. Let U1 U3,, . . . , < U,.,,. denote the order statistics.(a) Compute the limit distribition of Z = n (U;1,
— U2,,).(h) Show that Z1 = n(Ui,7,

— U2,) and Z2 rr n(U4,,— U:i,,,) L1C asymptotically independent.
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12. LeL N1,L2,...,X,4be indepeudeut and identically distributed random variables with disLributiou function F. We wish to test that F is a normal distribution function. Provideat Irast two dlifrrent methods on to test for the normality of F.
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Discrete Distributions
Bernoulli [(.v) = p’ (I —

, 0, I

M(i) = I
--

p +

= /1. (12
= i’( i

—
p)

‘IBinonual
= p ‘(I — p)’ .x = 0, I , 2 iix(ii —h(n, p)

P4(i) = (I
— p ± pe’)”

/1 = 11/). (12 = np( I
— p)

Geometric .1(x) (I
—

p)’ ‘p .x I 2.

PC’
,,i<-In(I

I — (I
— i’)’

I I —i

(ii,(

Ilypergeonictric 1(x) = -—--——-——- . .v r, v ii, —

(‘t)

111i
, / Ii \ / \ / ii — r,1r1—). (xr1—ll—--lI—-—-—\nI \n!\n/\n—I

Negative Binomial J(x) ( — )p’(I — p)’ r, .v r, r + I, r ± 2,

(p(’)’
P4(i) =

, <—In (I -.

II - (I
-

/ I i(l
-- p)

,LL I I, (i =

p.

- A
Poisson f(x) —f——-, . 0, 1, 2.

P4(i) =

A, r A

(JuiIwin f(x) ==
-—, x = I. 2 in
in

-1
=

—_—, (1 =
2 12



Continuous Distributions

_____

Beta I (.v) = ‘(1
— x) 0 < . < II’(c)I’(3)

v13
(T =

(n - [3 - I)( + /3)

Chi-Square 1(x)
—________

e 2 0y2(r) F(r/2)2’ —

1<—
(I — 2!)’’— 2

r, (r 2r

Exponential (Cv) = —c ‘ 0 .v

MO) ———, 1< 1/(1
I — Ot

0. r = 0

Gamma 1(x) =——---‘‘e U, 0
1 (tt)(i”

111(t)
—--------. t < (K)
(1 0!)”

1tt = cr0, u

Noi’nial /() p) 2)

N(t, (T) (T\2

1(1(t) 1-’I

E(X) = i. \ir(V) = (1

LJniIrm Jx) = a v Ii
U(a. h) U

11’ t,,
I’

1(1(t) = —-——-———, ! 0: MO])
i(h — a)

a + b (/ )2
= - IT = -
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