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Instructions: Do seven problems and list on the front of your blue book
the seven problems to be graded. Do at least three problems from each part.

Part A:

Problem 1. Recall that a topological space is said to be separable if it
contains a countable dense set. Also recall that !p(Z) is the Lp-space for
counting measure on the integers. Prove or disprove the following state-
ments:

(a) !1(Z) is separable.
(b) !∞(Z) is separable.

Problem 2. Let f be a real-valued function on a measure space X. Prove
or disprove the following statements:

(a) If f is measurable, then so is |f |.
(b) If |f | is measurable, then so is f .

Problem 3. Let f be a continuous function on the circle {eiθ | 0 ≤ θ < 2π}.
Let

cn :=
1

2π

∫

2π

0

f(eiθ)e−inθdθ.

Prove or disprove:

f(eiθ) = lim
N→∞

(

N
∑

n=−N

cneinθ

)

for all θ.

Problem 4. Let R be equipped with Lebesque measure. Suppose f ∈ L1(R)
is uniformly continuous. Prove that lim|x|→∞ f(x) = 0.

Problem 5. Let (X,µ) be a measure space, let {fn} be a sequence of non-
negative integrable functions, and assume there exists an integrable function
f such that f(x) = limn→∞ fn(x) almost everywhere. Further assume

(1) lim
n→∞

∫

X

fndµ =

∫

X

fdµ.

Prove that

lim
n→∞

∫

X

|fn − f |dµ = 0

Show by example that this need not hold if the assumption (1) is omitted.



Part B:

Problem 6. Let f be holomorphic function defined on a domain U ⊂ C.
Let Ū = {z ∈ C | z̄ ∈ U}. Consider the function g(z) = f(z̄) on Ū . Is g
holomorphic or not? Explain your answer!

Problem 7. Let f be a meromorphic function on C such that there exist
R,C > 0 and positive integer k such that |f(z)| ≤ C|z|k for all |z| ≥ R.
Prove that f is a rational function.

Problem 8. Let f be a holomorphic function on U ⊂ C. Let a ∈ U and k
a positive integer. Prove that the following statements are equivalent:

(i) a is a zero of order ≥ k of f ;
(ii) there exist C, ε > 0 such that

|f(z)| ≤ C|z − a|k

for all z such that |z − a| < ε.

Problem 9. Find all isolated singularities of the function

f(z) = sin(z) sin

(

1

z

)

in C. Determine the residues of f at these isolated singularities.

Problem 10. Evaluate the integral
∫ ∞

−∞

x sinx

x2 + 2x + 10
dx

using the residue theorem.


