Math 2280 - Assignment 8

Dylan Zwick
Spring 2014

Section 5.5-1,7,9, 18,24
Section 5.6 -1, 6,10, 17, 19



Matrix Exponentials and Linear Systems

5.5.1 - Find a fundamental matrix for the system below, and then find a
solution satisfying the given initial conditions.

x’:(? é)x x(O):<_32).

Solution - First we find the eigenvalues of the coefficient matrix:

‘2—)\ 1

1 2-) ‘:(2—/\)2—1=/\2—4>\+3:(A—3)(>\—1).

So, the eigenvalues are A = 3, 1.

For the eigenvalue A = 3 an eigenvector must satisfy:

()= (0)

1 ) works.

and we see the vector ( 1

For the eigenvalue A = 1 an eigenvector must satisfy:

()= (0)

and we see the vector ( _11 ) works.

So, we get the two linearly independent solutions:
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To find a solution satisfying the given initial conditions we use

oo (1 1)

which has determinant 2, and inverse
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5.5.7 - Find a fundamental matrix for the system below, and then find a
solution satisfying the given initial conditions.

5 0 -6 2
X=12 -1 =2 |x, x(0)=1 1 |.
4 -2 —4 0

Solution - First, we find the eigenvalues of the coefficient matrix:

5-X 0 —6
2 —1-X =2
4 —2 4
= (G =N[(=1=N)(4=2) = (=2)(=2)] + (=6)[(2)(=2) = (=1 = A)(4)]
=A== M1+ A)(1-N).

So, the eigenvalues are A = 0, —1, 1.

For A = 0 an eigenvector must satisfy:

5 0 —6 0
2 -1 =2 |v=1{ 0|,
4 -2 —4 0

6
and we see ( 2 ) works.
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For A\ = 1 an eigenvector must satisfy:

4 0 -6 0
2 =2 =2 |v=1| 0|,
4 -2 =5 0

4



3
and wesee | 1 | works.

2
For A = —1 an eigenvector must satisfy:
6 0 -6
2 0 -2 |v=
4 -2 -3
2
and wesee | 1 | works.
2

So, a fundamental matrix for this system is:

o

6 3¢ 2e?
ot)y=1 2 e et
5 2" 2e
From this we get:
6 3 2
¢0)=( 2 1 1 |,
5 2 2
0 -2 1
dO0)t=1 1 2 -2
-1 3 0

0 -2 1 2
c= 1 2 =2 1] =
-1 3 0 0



So, the solution that satisfies our initial conditions is:

6 3et 2e7° -2 —12 + 12et 4+ 2e7¢
xt)=1 2 ¢ et 4 | = —4+4et +et
5 2et 2et 1 —10 + 8et + 2¢e7?



5.5.9 - Compute the matrix exponential e*? for the system x' = Ax below.

¥y = by — Adxg
rh = 2 — X9

Solution - First we calculate the eigenvalues of the coefficient matrix:

5—A —4
2 —1-A

= G- NE1- 0 - (-0e)

=N -4 +3=(N-3)(\—-1).

So, the eigenvalues are A = 3, 1.

The eigenvector for A = 3 must satisfy:

2 —4\ [0
2 4 )V=\o /)
2
The vector < 1 ) works.

For the eigenvalue A = 1 the eigenvector must satisfy:

4 -4\ (0
2 2 )V~ o)
1
The vector ( 1 ) works.

So, a fundamental matrix for this system is:



For this fundamental matrix we have:

o0 = (1),

So,



5.5.18 - Compute the matrix exponential e*’ for the system x' = Ax below.

= 4z 4+ 29
xhy = 2m + 4z

Solution - First, we calculate the eigenvalues of the coefficient matrix:

‘4—)\ 2

5 4 ‘:(4—)\)2—4:)\2—8)\+12:()\—6)()\—2).

So, the eigenvalues are A = 2, 6.

An eigenvector for A = 2 must satisfy

(35)-(5)

and we see ( _11 ) works.

For the eigenvalue A = 6 an eigenvector must satisfy

(& 2)=()

1 ) works.

The vector < 1

So, we have a fundamental matrix:



From this fundamental matrix we get:

1 1
-1 1)

(
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5.5.24 - Show that the matrix A is nilpotent and then use this fact to find
the matrix exponential e??.

3 0 =3
A=| 50 7
30 -3
Solution - The powers of the matrix are:
0O 0 0
A2=1 36 0 —36 |,
0O 0 O
00O
AB=000
0 0 0

100 3 0 —3 00 0 )
e'=1010]|+50 7 |t+]| 36 0 =36 | —
00 1 30 -3 00 0

143t 0 —3t
= | 5t+182 1 Tt— 18>
3t 0 1-—3t
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Nonhomogeneous Linear Systems

5.6.1 - Apply the method of undetermined coefficients to find a particular
solution to the system below.

Solution - The non-homogeneous part of this system is a constant vec-
tor, so we’d “guess” our particular solution is also a constant vector:

Plugging these into the system of differential equations above we

(1) =G E) (%)

So, a1, a; must satisty:
ay + 2a2 + 3= 0,

2&1"‘&2—2:0.

7 8
If we solve this system we get a; = 302 = —3 So, our particular

solution is:



5.6.6 - Apply the method of undetermined coefficients to find a particular
solution to the system below.

¥ = 9 + y + 2
y = —8x — 2y + té

Solution - The non-homogeneous term is:

() (3)

so we’'d “guess” the particular solution is of the form:
_ [ @ t by t
xp—(a2)e +(b2)te,
;o a1+ by ¢ by ¢
xp—<a2+b2)e+<b2 te".

Plugging these into the system of differential equations we get:

a; + by ¢ by t_
<a2+b2)6+<b2 te’ =
9a1+a2+2 t 9b1—|—bg t
( —8ay — 2a )e +(—8b1—2b2+1 te.

So, we get the four equations with four unknowns:

9a1 +as + 2 = a; + by,
—8&1 — 2(1,2 = as + bg,
9b1 + bg = bl,

—8by — 2by + 1 = bs.
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If we solve this system we get a; =

So, our particular solution is:

91

256

x—L 9l et+i
P 956\ 200 16
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25

@7

) tet.

by =



5.6.10 - Apply the method of undetermined coefficients to find a particu-
lar solution to the system below.

r = x — 2y
y = 2x — y + e'sint

Solution - The non-homogeneous term in our system of differential

equations is:
0\ ;.
< 1 )e sin (¢).

So, our “guess” for the particular solution will be:

X, = ( Z; )etsin(t) + ( 2; )etcos(t).
, a;—b ) a;+b
X, = ( a;—b; )etsm(t)—i- ( al%—bl )etcos(t).

Plugging these into the given system of differential equations we get:

a; — by ¢ a; + by t _
<a2—b2>e Sln(t)+<a2+b2 )e cos (t) =

aq —2@2 t - bl —262 t
(2&1—a2+1 )e sin (t) + ( 9%, — by )e cos (t).

From this we get the four equations:
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a1—61:&1—2a2,
a2—62:2a1—a2—|—1,
a1 + by = by — 20y,

&2+b2 = 261 — bg.

2
Solving this system we get a; = ——,as = g,bl = —.,by = —. So,

13
our particular solution is:

_1 —6 t o 1 4 t
p—ﬁ( 5 )681D(t)+ﬁ(3)6608(t).

X
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5.6.17 - Use the method of variation of parameters to solve the initial value
problem

x' = Ax+ £(t),

x(a) = X,.
The matrix exponential et is given.

(2 ) w0-(8) - (1)

! < —e 4+ TS Temt — Tedt )

At =2 _ _
6\ —et4et Tet—et

Solution - To solve this we first want to calculate the integral:
! "1 —es 4+ Te™ Tes —Te ™5 60
—As o -
/0 € f(S)dS _/0 6 ( _es +e—5s 768 _ 6—53 ) ( 90 ) dS
_ M 95 =35\ L ( 95et - Te !
Jo \ 95e® — Be o\ 95t 40

0
[ 95¢! 4 Te™ — 102
“\ 95t e —96 )

From this we get the solution:
t
eMxg + e / e~ %f(s)ds
0

L[ et Tt Temt —Te 0
T\ —et4eP Tett— e 0
( —e 7t 4 7% Temt — 7ed ) ( 95t 4+ 7e~% — 102 )

1
6\ —et4edt  Tet— e 95¢e! + e~5 — 96
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102 — 95¢~t — 7edt )
96— 95et — Bt
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5.6.19 - Use the method of variation of parameters to solve the initial value
problem

The matrix exponential eAt is given.

(3 2) - () - (),

a1 < e 3t 4e? —2e73t 4 2% )

© T E N\ m2e3 1262 4o o2

Solution - First, we note:!

= —263(S_t) + 26—2(s—t) 463(S_t) + e—2(s—t)

e~ Als—t) _ 1 < 35—t 4 fe2s—1) —92e3(s=5) | 9e—2(s—1) )
5)

As etx, = 0 because x, = 0, we have:
t
x(t) = / e GV (s)ds
0
_ t 63(3—1&) +4€_2(S_t) —263(S_t) _|_26—2(s—t) 365 y
= ; _9e3(s=1) 4 9p=2s—t)  4e3ls—t) | o=2s—1) 18 S

" e73(365 — 16)e? + (1445 + 36)e %
= —3t 35 | 2t —os | ds
o \ e7(=T2s +T72)e> +e¥ (725 + 18)e

'I'm doing this in a slightly different way than I did Problem 5.6.17. Fundamentally
the two methods are the same, but I wanted you to see both variations.
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t

[ eT(12se3 — 16e3) + e (—T2se7% — Hle™ )
T\ e (24563 4 32e3°) + ¥ (—36se7% — 27e72)

0

12t — 16 — 72t — 54 — 16e 3t + H4e?
—24¢t + 32 — 36t — 27 + 32¢73 4 272t

(=60t — 70 + 16e73" + 54¢*
=60t + 5+ 32e73 + 27
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