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Section 1.5 - Linear First-Order Equations

1.5.1 Find the solution to the initial value problem

Yy +y=2 y(0) =0

Solution - The integrating factor will be:

p(z) = el 19 = ¢7,

Multiplying both sides by this integrating factor we get:
"y + ey = 26"

d
= %(e:”y) = 2e”.

Taking the antiderivative of both sides of the equation we get:

e’y =2e* + C.
Solving this for y:

y(x) =2+ Ce™™.

Plugging in the initial condition y(0) = 0 and solving for C:

0=2+4+Ce " —0=2+C—C=-2.
So, our answer is:

y(r) =2 —2e7".



1.5.15 Find the solution to the initial value problem

Y 42wy =z, y(0) = —2.

Solution - The integrating factor will be:

p(SC) _ €f2xd:v _ €x2.

Multiplying both sides of the differential equation by this integrating
factor gives us:

2 2 2
e’y + 2we™ Yy = xe”

= i( v ) = ze®
e VT '
Taking the antiderivative of both sides gives us:

2 1 -

ey = §em +C.
Solving for y(x):
g2 1
y(x) =Ce™ + =
2
Plugging in the initial condition y(0) = —2 and solving for C' we get:

1 )
—2 = -0 - — = ——.
Ce ™™ + 5 C 5

So, the answer is:



1.5.21 Find the solution to the initial value problem

xy = 3y + 2" cos 7, y(2m) = 0.

Solution - Dividing both sides of the differential equation by z, and
doing a bit of algebra, we get:

y — —y = 2% cos .
x

The integrating factor will be:
p(SC) _ e—f%dw _ e—31nm — 3=

Multiplying both sides of the differential equation by this integrating
factor we get:

1,
—y — —y =cosx
3 x4

@i(y):COSI’.

3
Taking the antiderivative of both sides gives us:

% =gsinz + C.
x

Solving this for y(z):

y(z) = 2¥sinx + Ca2®.
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Plugging in the initial condition y(27) = 0 and solving for C' we get:
0 = (27)%sin (27) + C(27)* — 0 = 47*C — C = 0.
So, our answer is:

y(x) = z°sinx.



1.5.29 Express the general solution of dy/dz = 1+ 2zy in terms of the error
function

erf(x) = % /01‘ e~V dt.

Solution - We can rewrite the differential equation

dy

— =142

I + 2xy
as

y — 2zy = 1.

The integrating factor for this first-order linear ODE will be:

p($) _ e—f2:cd:c — 6—:(:2.

Multiplying both sides of the differential equation by this integrating
factor gives us:

2 2 2
ey —2we Ty ="

Taking the antiderivative of both sides gives us:

ey = /e_IQdm = gerf(x) +C.

Solving this for y(x) we get:

y(z) = * (gerf(g;) + C).



1.5.38 Consider the cascade of two tanks shown below with V; = 100 (gal)
and V, = 200 (gal) the volumes of brine in the two tanks. Each tank
also initially contains 50 Ibs of salt. The three flow rates indicated in
the figure are each 5 gal/min, with pure water flowing into tank 1.

4

(a) Find the amount z(t) of salt in tank 1 at time {.

I—p we assume i‘nﬁLan faneouws //)’Ifx{'h/d Wwe /!qt/P
/

H: X B the amoun+ o+ 5a/1L/ thew
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- 2
)([%): (6 noé

X(o)= SO =) (=50,
X (¢)= 50 e = F :/fa e—{-/wj

=
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(b) Suppose that y(t) is the amount of salt in tank 2 at time ¢. Show
tirst that

dy  5x oY

dt 100 200

and then solve for y(¢), using the function z(¢) found in part (a).

Solution - Tank 2 gains %At pounds of salt in time At from

5
tank 1 and, assuming instant mixing, loses %At pounds of
salt in time At. Taking the limit as At — 0 we get

dy 5z oY

dt 100 200

Using the result z(t) = 50e~% from part (a) we can rewrite this
as

@ y  Ox 5 ¢

= —e 20,

at 10 100 2°

The integrating factor will be e/ 1% = e, Multiplying both
sides by this integrating factor we get:

1 5 t

e%oy/ + EeTOy = §e_TO
— d( a0) O 4
—(ye = —€
dt "’ 2

Taking the antiderivative of both sides:
yefo = O — 100¢ 0.

Solving this for y(t) we get:



y(t) = Ce~0 — 100e ™ .

Using the initial condition y(0) = 50 and solving for C gives us:
50 = C =100 — C = 150.

So, our answer is:

y(t) = 150e "3 — 100e” 20,



(c) Finally, find the maximum amount of salt ever in tank 2.
Solution - We want to find where the derivative of y(t) is zero.

15 = ¢
y(t) = ——eF + 5 =0

3 ¢ ¢

= e % = Ze_ﬁ — e 10 = 2
4
t=40In( < |.
<e=on(3)
. 4\ .
Plugging 40 In (g) in for t we get:

4 4 4
y(40In g)) = 150e~2(5) — 1006_21’“(5)) =

3 9 225
150 (Z) — 100 (E) =1 = 56.25 Ibs. of salt.
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1.5.42 Suppose that a falling hailstone with density 6 = 1 starts from rest
with negligible radius r = 0. Thereafter its radius is = kt (k is a con-
stant) as it grows by accreation during its fall. Use Newton’s secon
d law - according to which the net force F' acting on a possibly vari-
able mass m equals the time rate of change dp/dt of its momentum
p = mu - to set up and solve the initial value problem

d
E(mv) = mg, v(0) =0,

where m is the variable mass of the hailstone, v = dy/dt is its velocity,
and the positive y-axis points downward. Then show that dv/dt =
g/4. Thus the hailstone falls as though it were under one-fourth the
influence of gravity.

Solution - The product rule tells us:

dm dr
— = 46nrt—.
= i orr 7
Now, @ =k, so
dt
d_m B 3mk
a  r

11



Plugging this in for Cil—? in the product rule equation, and using that

(mv) = mg, we get:

dt
dv n 3mk
m— v = mg.
As r(t) = kt this becomes
do  3m
m v =myg

we get:

d 3 __ 43

Integrating both sides and solving for v we get:

12



tv=—g+C

v 4g+
= v(t) t +C
u(t) = — —.
FEAANE

Now, there’s a singularity at ¢ = 0. If we assume that v(t) — 0 as
t — 0% we must have C' = 0. So,

t
t) = —g.
v(t) = 19
Differentiating this we get
dv _g
dt 4’

which is what we wanted to prove.

Note that what’s going on here is that our model says the radius
of the hailstone is kt, so at time ¢ = 0 the radius is zero, and the
hailstone doesn’t exist. So, it’s not too surprising there’s a singularity
att = 0. So, we really want to restrict ourselves to positive times,
that is to say, times at which the hailstone exists, and treat the initial
condition v(0) = 0 as really being a statement that the limit of v(¢) at
t—0%is0.
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Section 1.6 - Substitution Methods and Exact Equa-
tions

1.6.1 Find the general solution of the differential equation
(T+y)y =z -y

Solution - We can rewrite the above differential equation as:

(x+y)d

dx )

Multiplying both sides by dx gives us:

(z+y)dy = (v — y)dx
= (x +y)dy + (y — x)dx = 0.

If we define M (z,y) =y — x and N(z,y) = x + y then a quick check:

oM, _ov
oy Oz’

verifies the differential equation is exact. Integrating M (z,y) with
respect to = gives us:

2

/Mdﬂf = /(y—x)d:r =y — % +9(y) = F(z,y).
Taking the partial derivative of F'(x,y) with respect to y we get:

14



o et g =o+
8y—x gly)=x+y.

2
So, ¢'(y) = y, which means g(y) = %, and our solution is:

113'2

F(z,y) =2y — 5

2

y
L — .
3
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1.6.3 Find the general solution of the differential equation
zy =y +2\/xy

Solution - If we divide both sides of the above differential equation

by x we get:
y = L 2\/Q.
x x

This is a homogeneous equation. If we substitute v = 7 we get

T
y = zv, and consequently y' = zv" + v, so the differential equation
becomes:

2V + v = v+ 2¢/.

We can rewrite the differential equation directly above as:

. (%) _ o

This is a separable differential equation, which we can write as:

a2
Vooooa

Integrating both sides of the above equation we get:

16



2v/v=2lnz +C
=Vv=Inz+C

=0v=(lnz+C)>

If we plug back in v = % we get:

v _ (Inz + C)?

a

= y(z) = z(lnz + C)2

17



1.6.13 Find the general solution of the differential equation

zy =y + a4y

Hint - You may find the following integral useful:
/L =1In(v+ v1+922).
V1402

Solution - If we divide everything in the above differential equation
by x we get:

2
=24 1+<g>.
T

This is a homogeneous equation, and so we make the substitutuion

v =2, which implies y' = zv" + v. Plugging these into the equation
T

above we get:

' +v=v+V1+0?

= v = V1 + 02

dv _d_x
ite o

=

Integrating both sides of the above equation' we get:

In(v+v1+v?)=hz+C,
=v+V1+0v2=_Cu.

! And using the suggested integral.

18



Plugging in v = Y and multiplying both sides by = we get our solu-
T
tion:

y+/22+y?=Ca’

19



1.6.16 Find the general solution of the differential equation

y=vr+y+1

Solution - If we make the substitutionv =z +y+1wegetv' =1+,
and our equation becomes:

v —1=/v.

This is a separable differential equation which we can rewrite as:

v _ dx
o+l
The integral:
dv
Vo+1
. ) o dv
can be solved first with the u-substitution « = /v, and so du = V’
v

which gives us the integral:

/Qudu _2/ udu
u+1 u+1

If we make the substitution w = v+ 1, dw = du this integral becomes:

%/QZ:D@E:2/ﬁw—2/§g:2w—2mw.
w w
20




Substituting back w = u 4+ 1 = /v + 1 this becomes:

2(vv+1) = 2In (Vo + 1).

The integral on the other side is trivial:

/dmzx—i—C’.

So, our solution is:
2(Vu+1)—2In(yv+1) =2+ C.

If we plug in v = x + y and do a little algebra this becomes:

r=2v/r+y+1-2In(1++/z+y+1)+C.

21



1.6.22 Find the general solution of the differential equation
2%y’ + 2xy = 5y*
Solution - We can rewrite the above differential equation as:

2 5
v+ -y =yt
x X

This is a Bernoulli equation with n = 4. We make the substitution:

to get

22



Integrating both sides we get:

1
x U:75.T_7+C
15
=_—+Ca®
= v(z) 7x+ x

Plugging back in v = 1/y* we get:

1_15+C’x7
y3 T
T Tx
TG
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1.6.26 Find the general solution of the differential equation

3y +yP =€

Solution - We can rewrite the above ODE as:

1 y 2
/ _J -z
y + Y =3¢
which is a Bernoulli equation with n = —2. Making the substitution
v=1y'"2 =43 we get:
dv . a
— tv=¢e".
dx

This is a first-order linear ODE with integrating factor:
p(z) = el ¥ = ¢7.

If we multiply both sides by this integrating factor we get:

%(e%) =1
Integrating both sides we get:

ev=ao+C

=v=C=Ce*+xze "
So, using v = Y3, we get our solution:

y* =e " (z+C).
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1.6.31 Verify that the differential equation
(2z + 3y)dx + 3z + 2y)dy =0

is exact; then solve it.

Solution - Setting M = 2z + 3y and N = 3z + 2y we have:

oM _
oy

0N

3_%.

So, the ODE is exact. Solving for F'(z,y) we get:

F(z,y) = /Md:)s = 2% + 3zy + g(y),

and

OF
o 3z +¢'(y) =3z + 2y.

So, ¢'(y) = 2y, and therefore g(y) = y* + C. So, our final solution is
F(z,y) =0, or:

2? + 3xy +9? =C.

25



1.6.36 Verify that the differential equation
(14 ye™)dx + (2y + ze™)dy =0

is exact; then solve it.

Solution - To verify the ODE is exact we set M = 1 + ye™ and N =
2y + xe®. Then

oM ON

oy ox

Solving for F'(z,y) we get:

F(z,y) = /de =x+ e+ g(y).

This means

oF
n =ze™ + ¢'(y) = ze™ + 2y.

From this we get g(y) = y*> + C and therefore our solution is

T+ +y*=C.

26



1.6.56 Suppose thatn # 0 and n # 1. Show that the substitutuion v = y'™"
transforms the Bernoulli equation

Yt Plo)y = Qaly"

into the linear equation

W (= m)Paju(a) = (1 - m)Q(a).

Solution - If we make the substitution v = y'~" then VT = y and

#—1) <d'U) _ 1 Uﬁ@

(% av
v dx

@_ 1
dr  1—n

If we note y" = vT7 then

Wy Playy = Q)

becomes

n

1 n 1
T nvm ZZ + P(z)v—n = Q(z)vi-—r.

If we multiply both sides by (1 — n)v™ ™= we get:

27



Section 2.1 - Population Models

2.1.1 Separate variables and use partial fractions to solve the initial value
problem:

dz 9
B = 2.
T =13 x(0)

Solution - The differential equation above is separable:

dx

P i

Noting = — 2? = 2(1 — z) the quotient on the left we can break up as:

é+ B dp — (A+(B—A)x)d93.
r 11—z T — 12

So, A=1,and B — A = 0, which implies B = 1, and the integral on
the left becomes:

/d—x—l—/ d =lnz—In(l—2z)=1In S
T 11—z 1—2z

The integral on the left is ¢ + C, and so we have:

1n< T ):t+C,
1—=x

and so

28



If we solve for z(t) we get:

So, our solution is:

29



2.1.8 Separate variables and use partial fractions to solve the initial value
problem:

dz
i Tr(x —13) z(0) = 17.

Solution - The above differential equation separates as:

dx

— =dt.
Tr(x —13)

We do a partial fraction decomposition of the quotient on the left:

A B 1

7o 7—13 7oz —13)

Solving for A and B we get:
Alx —13) +7Bx  (A+7B)r —13A 1
Tr(x—13)  Tx(x—13)  Tz(z —13)
) 1 1 . .
From this we get A = I and B = ol So, our integral is:

1 1 Inz In(x—13)
/<_91x+91(g:—13))dx__91+ TR

After a little algebra we get:

30



x

r—13 _ ot

x
13
= x(t) = oot
Using 2(0) = 17 we get:

13 4
S - =
x(0) e 7T=C 17

So,

13 221

t) = = .
*T( ) 1— %eglt 17 — 4691t
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2.1.11 Suppose that when a certain lake is stocked with fish, the birth and
death rates 3 and § are both inversely proportional to v/P.

(a) Show that

2

P(t) = (%kw \/FO)

(b) If P, = 100 and after 6 months there are 169 fish in the lake, how
many will there be after 1 year?
Solutions -

(a) - By definition we have

_ b 5=

Y VP

The differential equation modeling population growth is:

%:(5—5)13:(50—50)\/?:7?@,

where k = 3y — dy. From this we get:

dP dP
_— = P _— =
i kv P = NG kdt

= /P=Fkt+C
1 2

We note P, = P(0) = C?, so C = /P, and our population
function is:

32



2

Pt) = (%kt + \/P(])
(b) If we have Fy = 100 then our population function is:
1 21 ?
P(t) = <§kt + \/100) = <§kt + 10) .
Plugging in P(6) = 169 we get:

P(6) — (%k(6) + 10)2 169

=3k+10=13=k=1.

So, our population equation is:

P(t) = <%t + 10)2.

The number of fish after 1 year (12 months) is:

P(12) = (%(12) + 10)2 = 16 = 256.
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2.1.16 Consider a rabbit population P(t) satisfying the logistic equa-
tion dP/dt = aP — bP?. If the initial population is 120 rabbits
and there are 8 births per month and 6 deaths per month oc-
curing at time ¢ = 0, how many months does it take for P(¢) to
reach 95% of the limiting population M/?

Solution - We have

8 1
12 et = — = —
a(120) =8 = a = 155 = ¢
6 1
2 __ _ _
b(120)° =6 = b= o0 = oo

So, our population differential equation is:

a1 1
= ——p-_—p
dt 15 2400

This is a separable differential equation, which we can write as:

2400dP __
160P — P>
Noting that 160P — P? = P(160 — P) a partial fraction decom-
position of the quotient on the left is:

é+ B 160A+ (B—AP 2400
P 160—P  P(160—P)  160P — P%

Solving for A and B we get A = 15, B = 15, and the integral
becomes:

P 160 - P

151 P
"\160=p)

34
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If we equate this to / dt =t + C we get:

P

P +
T T0—p 0
Solving for P(t) we get:
1 t
p(p) = 160Ce 160

B 1+ Cets B 1+Ce 15

1
Using P(0) = 120 = 1 —|—OC and solving for C' we get C' = 3 So,
our population function is:
P(t) = 480 _
3+e 15

As t — oo we have P(t) — %% = 160. This is the limiting

population, and 95% of the limiting population is 152.

If we solve for when P(t) = 152 we get:

4
152 = 807“
3+eTs
L 480 23
C T T YT 132 19

Solving this for ¢, we get:

t, = —151n <1—39) = 27.69 months.

So, after 27.69 months (almost 2 and one-third year) the poplu-
ation will be at 95% of its limiting population.
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2.1.29 During the period from 1790 to 1930 the U.S. population P(t)
(t in years) grew from 3.9 million to 123.2 million. Through-
out this period, P(t) remained close to the solution of the initial
value problem

dP
i 0.03135P — 0.0001489P%, P(0) = 3.9.

(a) What 1930 population does this logistic equation predict?
(b) What limiting population does it predict?

(c) Has this logistic equation continued since 1930 to accurately
model the U.S. population?

[This problem is based on the computation by Verhulst, who in
1845 used the 1790-1840 U.S. population data to predict accu-
rately the U.S. population through the year 1930 (long after his
own death, of course).]

Solution -

(@) - Using the logistic population formula from the textbook:

(210.54)(3.9)

P(t) = .
(®) 3.9 + (206.64)e—03135
So,
P(140) ~ 127.0 million people.
0.03135 s

So, about 210.5 million people.

(c) - No. The current U.S. population is above 300 million.
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Section 2.2 - Equilibrium Solutions and Stability

2.2.1 - Find the critical points of the autonomous equation

dx

Then analyze the sign of the equation to determine whether each
critical point is stable or unstable, and construct the corresponding
phase diagram for the differential equation. Next, solve the differ-
ential equation explicitly for z(t) in terms of ¢. Finally, use either the
exact solution or a computer-generated slope field to sketch typical
solution curves for the given differential equation, and verify visu-
ally the stability of each critical point.

XU=0 9 x= Y i dhe crhreal peint

P})qse C/{M7/“qﬁ/7

— +
&« —

2.
L4

X = L/

MHHO&HC
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More space, if necessary, for problem 2.2.1.

e = [t

X -4 z<~ L!

L

= nlx=4)= €4 5 yoy= (e

X (€)= Ce®+

——2 Unsdable
ij-{r' briumy

13



2.2.10 Find the critical points of the autonomous equation

d
d—j;=7m—a:2—10.

Then analyze the sign of the equation to determine whether each
critical point is stable or unstable, and construct the corresponding
phase diagram for the differential equation. Next, solve the differ-
ential equation explicitly for z(t) in terms of ¢. Finally, use either the
exact solution or a computer-generated slope field to sketch typical
solution curves for the given differential equation, and verify visu-
ally the stability of each critical point.

lx-x"-lg = [G—X)( x-2)
50/ e%’w‘l “)7;//\%/4’/ /HOIA/H') wlzeré ;{?70 X

X =

D

Ay
5 and X=7.

ﬁ\

B
\/

=L X=5

Un'ﬁ[c«H{ SZ}/'Z
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More space, if necessary, for problem 2.2.10.

M
jg“f)()('l) B 50{4 A(X’Z}f—ﬁ/;_)():/

»

" Shtbl
r k Y ij("/‘/'én“wf?
/ UM?LO(F} /€

= o Ei“”/'br/'am

x=1 -

B

=
7
é
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2.2.21 Consider the differential equation dz/dt = kz — z°.
(@) If k£ <0, show that the only critical value ¢ = 0 of z is stable.

(b) If & > 0, show that the critical point ¢ = 0 is now unstable, but
that the critical points ¢ = ++/k are stable. Thus the qualitative
nature of the solutions changes at £ = 0 as the parameter k in-
creases, and so k = 0 is a bifurcation point for the differential
equation with parameter %.

The plot of all points of the form (&, c) where c is a critical point of
the equation z’ = kz — z? is the “pitchform diagram” show in figure
2.2.13 of the textbook.

kx')(7? X(/<'XL) %/ The roots ane
X=0, an(/( X=IJK, T+ kS0 the *
) IMQ7I4Qf/ or a;a 0 C(/W( we Aaue 0/1/
%
one redl rogd
Seible
> &
a - 1 —
\ l
K ! o
k)C’)( <O L, k CC)/ X0 x>0
=X 90 for k(a X <O

N/
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More space, if necessary, for problem 2.2.21.

/7) For k 20 7%\2/{ are Three A3 Fract

"ea 1 /“00117

Jic-x "= = x(x+ [E)(x-ViE)

-
4

o ﬁj'}'\\ TAQ oo - _
/ broare X=0, x=2/

7 < » A —
[t - * -
< ’ ” >

X=-JK X=0 Sra
S 7£o{17/{ Un stable )'#qb/e
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2.2.23 Suppose that the logistic equation dx/dt = kx(M —x) models a pop-
ulation z(¢) of fish in a lake after ¢ months during which no fishing
occurs. Now suppose that, because of fishing, fish are removed from
the lake at a rate of hx fish per month (with & a positive constant).
Thus fish are “harvested” at a rate proportional to the existing fish
population, rather than at the constant rate of Example 4 from the
textbook.

(@) If 0 < h < kM, show that the population is still logistic. What is
the new limiting population?

(b) If h > kM, show that z(t) — 0 ast — oo, so the lake is eventually
tished out.
Solution -

(@) - If h < kM then our differential equation is:

= = k(M —z)—he = x(kM —h)—ka® = ka <<M— %) —a:).

This is still a logistic population growth equation with limiting

population M — R

(b) - If h > kM the solution to the logistic population equation will
be:

"= P+ (M =1 — p) e HM-1)

h
if we define N = T M > 0 we can rewrite this as:

—NPF, NP,

T Py — (P + N)EFNt  (Py+ N)ebNt — By’

P(t)

42



Taking the limit as ¢ — oo we get:

NF,

R

lim
t—o0

So, the lake is eventually fished out.

Note that if ~ = kM then our differential equation becomes

dx
— = —k2?
dt v
The solution to this ODE is:
Py

)= —0
) = T Rk

This also goes to 0 as t — oo.
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2.2.24 Separate variables in the logistic harvesting equation
dx/dt = k(N —z)(x — H)

and then use partial fractions to derive the solution given in
equation 15 of the textbook (also appearing in the lecture notes).

Solution - The differential equation above is separable, and can be
written as:

dx
(N —x)(z — H)

= kdt.

Integrating both sides we get:

/(N—:cc)lfx—ﬂ) :/kdt:kt+C.

For the integral on the left we take a partial fraction decomposition:

1 A N B Alx—H)+ B(N — 1)
(N—z)(zx—H) N-z 2-H  (N—-z)(z—H)

So, we must have:
A(x—H)+ B(N —x)=(A—B)x+ (BN — AH) = 1.

From this we get A — B = 0, and so A = B. Plugging this into

1
BN—AHwehaveA(N—H):1,andsoA:m:B.

Plugging these values of A and B into the partial fraction decompo-
sition gives us:

44



1 1 1 1 v H
N—H/(N—erx—H)dx_N—Hln(]\f—x) =kt 0

:m(f\]_H) = k(N —H)t+C.

— X

Exponentiating both sides we get:

z—H
N —z

— Cek(N—H)t

=z—H=(N- x)C'ek(N_H)t
= z(1 4+ CtV=1t) — [ 4 NC k-1t

H + NCeFWN-H)t

= o) = T Gawm
Noting
H+NC
0) = - ’
w0 =w==77
we can solve this for C' to get:
H— Zo
C = .
o — N

Plugging this value of C' into our solution above gives us:

ro—N

z(t) =
(t) 14 (Z)_j\(}) ck(N—H)t

H4+N (H—xo> F(N—H)t
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