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In the last two lectures we’re learned how to solve homogeneous linear
differential equations with constant coefficients. In other words, equations
of the form

Y™ + a1y + a0y 4y + agy =0,
where a; € R. We’ve also looked at a mechanical application of these

types of equations; the mass-spring-dashpot system.

Today, we're going to talk about nonhomogeneous linear differential
equations with constant coefficients. So, equations of the form

Y 4 a1y + oy 4+ ay + agy = f(),

where f(z) # 0. We'll learn how to solve these in the particular cases
that come up most often, and we’ll touch upon the idea behind the general
solution.

Today’s lecture corresponds with section 3.5 of the textbook, and the
exercises for this section are

Section 3.5 -1, 11, 23, 28, 35, 47, 56.

Note that I've assigned more problems than usual for this section be-
cause I think the best way to understand this section is to work a number
of problems, as compared to memorizing theorems and concepts.



Nonhomogeneous Linear Differential Equations with Con-
stant Coefficients

Up to this point we’ve dealt pretty much exclusively with homogeneous
linear equations:

any™ 4+ ap_1y™ Y + -+ ayy’ + agy = 0.

Now, we're going to take a look at what we get when we add a “driving
force”, a.k.a. a nonhomogeneous term, to the right side of our equation:

any™ + any™ Y + -+ ary + agy = f(a).

We’ve learned that, in general, if we have a homogeneous nth-order
linear differential equation (Whether with constant coefficients or not) that
“all” we have to do is solve the homogeneous equation to get n linearly
independent homogeneous solutions:

Y =C1y1 + -+ Culn,

and then find a particular solution to the nonhomogeneous solution
yp-' If you've got these, then the general solution is of the form:

y:yp+yh-

where the ¢, in y;, are determined by initial conditions.

Finding the homogeneous solution is, in general, a very difficult thing
to do, and finding a particular solutions is also, in general, a hard thing
to do. However, we have learned how to find the homogeneous solution
in the special case of constant coefficients. Today we’ll learn a method for
tinding a particular solution to the nonhomogeneous equation, once we
know the general solution to the corresponding homogeneous equation.

'Note that in the textbook sometimes the homogeneous solution is called the comple-
mentary solution, and is written as y,.



The method, while it can be codified and made rigorous, is best under-
stood as a few rules that we need to apply, and I think these rules are best
understood in the context of a few examples.

First, suppose we have a differential equation of the form
v +any™ Y 4+ ay +agy = f(z)

where f(z) is a polynomial of degree m. In this situation we “guess”
that our particular solution will also be a polynomial of degree m:

Yp = Amz™ + Ap1z™ 4o+ Atz + Ao,

and then we plug this guess in and figure out what the coefficients
needs to be in order to make the guess correct.

Example - Find a particular solution to the differential equation:
v+ 3y +4y =3z +2
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The same basic approach works if f(z) is of the form:

f(x)=Ce€",
or

f(z) = ¢y sinkx + ¢ cos k.
In these cases, we guess:

Yp = Aem’
and

yp = Ay sinkz + By cos kx

respectively. If f(z) has any of these three types of terms multiplied to-
gether, we just guess that our solution has these terms multiplied together.
If f(x) has any of these three types of terms added together, we just guess
that our solution has these terms added together. Make sure to include all
the polynomial terms!

So, for example, if we want to guess the form of the particular solution
to the ODE:

y®) + 9y = xsinx + x%e*
we would guess:
y, = Acosx + Bsinz + Crcosx + Drsinz + Ee** + Fre* 4+ Ga*e*

and then calculate A, B,C, D, E, I’ and G appropriately. This is called
the method of undetermined coefficients.

Clear as mud? I promise it’s not that bad once you get the hang of it.
Let’s work a few examples.



Example - Find a particular solution to the ODE

y" —y' — 6y = 2sin 3z.
yf’: A cos ix + Bsiniy

'yf': “JAsinix + 3B cosix
W”: ~AA cosIx ~T1Bsin ix
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Example - Find a particular solution of the ODE:

y" — dy = 2%,
Vp=Ae”
Yy e’
W= e




Now, there’s a potential snag that we occasionally hit with this method.
We can illustrate this with an example. Suppose we want to solve the ODE

y// . 4y — 2€2m,

which is superficially quite similar to our last example. If we try y, =
Ae* we get:

4A% — 4Ae* = 2%

which won’t work, as this is just 0 = 2¢**. Uh oh! What do we do? The
problem here is that our guess is not linearly independent of our homoge-
neous solutions. What we do in this case is we just multiply our guess by
x until we get a linearly independent guess.

In this case we would guess y, = Aze** and then solve for A to get
yp = (1/2)ze**, making the general form of our solution:

1
y = 51’6250 + 1% 4 cpe™ 2,

So, if any of the terms in our “guess” are not linearly independent of
the solutions to the homogeneous equation we multiply the corresponding
terms in the guess by x until they are. Let’s do another example.



Example - Find a particular solution to
y(3) +y// = 3% 4+ 4562.
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Finally, we need to mention that there’s a method that works, in gen-
eral, to find a particular solution to any linear ODE as long as the general
solution to the homogeneous equation is known. The book touches upon
this for the second-order case. We won't get into the details here, but I feel
I should at least go over the formula and do an example problem.

Theorem : Variation of Parameters - If the nonhomogeneous equation
y"+ P(z)y + Q(z)y = f(z) has yp(z) = c1y1(z) + cay2(z) as the general so-
lution to the associated homogeneous equation, then a particular solution
is given by

Up(2) = —yl(x)/%”ld$+y2(x)/md$,

where W = W (y,y2) is the Wronskian of the two independent solu-
tions y; and y, of the associated homogeneous equation.

Example - Use the method of variation of parameters to find a particular
solution to the given differential equation

y" — 4y + 4y = 2¢*.
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