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DYLAN ZWICK

1. STABILITY AND THE PHASE PLANE

A wide variety of natural phenomenon are modeled by a two-dimensional
first-order system of the form

da
g . y)
dy :
o=

o (. y)

in which the independent variable £ does not explicitly appear. Suclh
systems. in whiclk 7 does not appear, are often called autonomouns svs-
tems. We will generally assume that the functions Foandd (& ave contin-
nously differentiable. H this is the case then given any initial time fg
and any initial point (xg. o) of f1. there is a unigue solution o = (i)
i = yit) that is defined on some open interval of “time” containing fo.
These equations describe a parametrized solution curve in the phase
plane.

A critical point of the svstem is a point {ir..y.) such that:

1

Pl oy =Gl yd =10
If this is the case then a consfant solution satisfies the diflerential
equation. Namely. the solution that begins and then just stayvs at the

critical point. This is called an equelibraom solution.

Example - Tind the eritical points of the given autonomons svsten:

dr

=g =2y 43
dr 4
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Solution - There will only be one critical point of this svstem. and

13

that will be at (1.1},

1.1. Phase Portraits. If the initial point {ro-1y) 15 not a critical
point. then the corresponding trajectory 18 a curve in the zy-plane.
Tt twrns out that such a curve will be a nondegenerate curve with no
celf intersections. A picture that shows an auntonomois svstem’s stable
points. along with a collection of tvpical solution curves (trajectories)
i« called a phase portrait. We can also visualize this svstem by con-
tructing a slope field in the ry-plane where each point has the slope:

dy Gl y)

dr Flr.y)

Erample - The phase portrait for the differential equation in the

previous example 1s: A
N

s

19 Critical Point Behavior. The hebavior of an antonomous sys-
fom near an isolated critical point Is of particular inferest. We'll take

+ look at some of the most counpon possibilities.

Consider the antonomous lineay svsten
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The only eritical point for this svstem 15 al the origin. and the solu-

ton with initial point {zg. yo) i
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w(t) = aoe™' ylt) = yoe~ M,

[f & = 1 then the solutions will just be straight lines:
\;i 2
!

e

If & = | then the solutions will all be tangent the the r-axis at the
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0 < b < 1 then it will look similar to when & > 1. except the
1

solutions wil

po—
e

he tangent to the y-axis
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This tvpe o1 eritieal point is called a node. A Chitical point is & node
provided that:
s Either every trajectory approaches (1., y.) as £ — o¢ oy every

trajectory recedes from (o, y. ) as t— >
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o Fverv trajectory is asympt otically tangent to some straight line
through the critical point, either as 1 — oc lor a sk, or as
i s —oc for a source. These terms are defined in the pext

sarasraph.
fom)

A node s said to be proper if no two ditlerent pairs of “opposite”
trajectories are tangent to the same line through the critical point. A
node is improper i1t Is not proper. A node s called a sink il all
trajectories approach it and a source if all frajectories recede from it.

T the above example if k < 0 then every trajeciory recedes [rom 1t
except ones that have an initial y value of 4.
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This tvpe of eritical point 1s cal

\.ahéf

ed a saddle pomt.

1.3, Stability. A critical pomt of an antonomoens svstem 18 said to be
stable provided that if the initial point is sufficientlv ¢lose to the eritical
point, it stayvs close 1o the eritical point. I mathematical terminology.
we sav that the point X, 18 stable if for anv e > 0 there exists a o > 0
such that:

[xi — x.| < & implies tha X(F) — X, <€

for all + > 0. A critical point is unstable 1f 1t s not stable. The
carlier example for £ > O had the origin as a st able critical point. while
for I < O the origin was an unstable critical pomt,

Evample - The svstem we examiue:d i the fiest example 18 @ a stas
Ble svstem. but we note that it's not a system in which as £ — 2
trajectories close to the stable point approach the stable point.

|4, Asymptotic Stability. The exitical point (. y. ) is called asyrp-
totically stable if it is stable and every trajectory that heging sufficiently
close to (.. y.) approaches {@.. yooas i — o In mathematical terms

we sav that there exists a & = 0 such that
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x, — x,] < ¢ implies that lim x({] = X..
fom X0 ’

Erample - The systen

di 5 5 1
di e

dy :
B 3.
dt A

e 2
The critical point {1. =1} is a spiral point. which is asvmptotically

stable.

Finallv, we note that the only possibilities are not descent nto a
stable point. a closed trajectory. or anbounded increasing. 1t's also
possible that the solution approaches a closed trajectory. For example.

the svsteny:

{f.f' ] > >
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}

Has a phase portrait that looks like this:

where we see that auy trajectory except at the stable poit (0.0}
approaches a trajectory around the unit cirele.

In general the four possibilities for a critical point are:

1) The trajectory approaches a critical point as§ - x.

2} The trajectory is wnhounded with mcreasing £

3) The trajectory is a periodic solution with a closed trajectory.
4} The trajectory spirals towards a closed trajectorny as P .
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