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1 Limits and Continuity

1.1 Limits
1.1.1  Single Variable Calculus

In calculus 1 we learned about limits and continuity in the context of func-
tions of a single variable, y = f{x). Basically, the idea is that the Hmit as
- a function f(r) approaches an input value « is the value that the output
of the function gets cJoser and closer to as the input of the function gets

closer and cioser to «.

So, for example, in the drawing below we would have lin, ., = fl«],
which would mean that not only does the limit exist at «, but that the
function is in fact continuous at a.
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On the other hand, for the function below we would have lin, _, fa} =
3, while fia) = 1, and so the imit s well defined (as o gets really, really
close to «, f{r] gets really really close to 3) we find that the limit as the
function appraoches « is different that the value of the function at . This
iltustrates an important point, in that the limit 1s just concerned with the
behavior of the function close to the limit point, not with the behavior of
the function af the limit point, which mav not even be well defined (as in
the case of the derivative). However, in this example, while the limit 1s
well defined, the function is not continuous at the point .
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Finally, for the t—}}&?lp]@ below we would have that the limit as .« ap-
proaches « from ihe-;’:i%}-ﬁ, ling,_,- [{2),is 3, while the limit as » approaches
o from theleft, o, - fir), 18 5.
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So, we would say that the limit of this function as w appraoches ¢ 15 un-
defined, because we get different values depending on the direction of ap-
pracch. Note that, if vou remember, there are many ways that a limit may
be undefined, and this is just one of those ways, although it’s an important
way to keep in mind as we discuss limits of multivariable functions.

1.1.2 Multivariable Functions and Formal Definitions

For multivariable functions f{i. ¢) (we'll just be discussing functions of
two variables here, although these ideas extend very naturally to functions
of more than two variables) around a point («. U} there are many, many
possible ways of approaching the point in the xy-plane.
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Sp, unlike with functions of a single variable, where we only had to
worry about two possible directions of approach, in multivariable func-
tions we have to worry about many, many (in fact, uncoutably infinite in
most cases) possible curves of approach. This is what makes multivariable
Jimits more difficult than single variable limits.

Now, for single variable functions you probably remember there was
a nasty but necessary formal definition of limits involving epsilons and
deltas. Well, there’s no getting around it, and we have essentially the same
definition for multivariable functions.



Definition
We sav that

}i]_ﬂ f{} ﬁ/l f L
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means that for each ¢ > (1 (no matter how small) there is a correspond-
ing 4 > (hsuch that [fir yl— L1 < ¢, provided that 00 < || 4) = (0. D[] < 6.

Well, this looks almost exactlv like our definition from single variable
calculus. However, the difference comes from the term |[{r.y) — (. D),

which means:

(. gd~ Ga bl = = a) + g~ b)?

the distance between the point {u. 4] and the point (. ). Now, if we
say that ) < [[(roy) = (@ D) < &, we're dealing with a whole punctured
open disk around the point {v.1], and, as we said before, within this disk
there are many, many possible ways of appraoching the point {v.5).
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Some important things to keep in mind about this definition are:

1. The path of appraoch to (. b} is srrelevant. So, if we take diferent
paths and get different limiting values, then our limit does not exist.

The behavior of f(x. y) and the point (. b} doesn’t matter, and in fact
f{r.y) may not even be defined at {«.b). This is the same as with
single variable functions and limits,

P

3. The definitions is phrased so that it immediately extends to func-
tions of three or more variables, using our generalized notion of the
distance between two points in any number of dimensions.

Proving a function has a limit at a given point (¢, b) can be a hard thing
to prove, as we’ll see in some examples later on. However, we will first
state some facts about some common functions. Note we will not be prov-
ing these facts (although the proofs aren’t hard), we’ll just be taking them

as true.

11.3 Limits of Common Simple Functions

Theorem
If f{x.y)isa polynomial, then

o flrg) = fla.b)
(a.gi—{n.b)

and if flr ) = plroy)/gle y), where pand g are polynomials (so flir. i)
would be something called a rational functions), then

pla.h)

Bm flooy) = -
i,r',?;_qug':J.iJ}’ ¥ gl iz)}

provided g{a. by = 0, naturally. Furthermore, if
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i pla.y)=L#0and  lin  glo.y) =10
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does not exist,

Example
Find  lim (g’ =g+ 3y7)

{ryl—i=2.]1

Now, it is often easier to analvze limits of functions of two variables,
especially limits at the origin, by changing to polar coordinates. The im-
portant point is that (. y) — (0.0} 1f and only if = /r? + y? — 0. Thus,
limits for functions of two variables can sometimes be expressed as limits
involving just the one variable 7.
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1.2 Continuity
1.2.1 Continuity at a Point

A function of two variables, (. y), is called continuous at a point (4. b} if:

1. The functions /(v y}is well defined at the point {«. 4). For our course,
well defined will mean that the function must have an output at that
point that is a real number.

2. The limit:

B flr.yl

SRTRE FTI

exists.

3. We have the equality:

s flry) = fla b
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We note that this is essentially the same as the definition of continuity
from single variable calculus. )
We note, again without proof, that ali polvnomial functions are con-
tinuous evervwhere, and that all rational functions are continuous every-

where the denominator 1s not .
A very useful way to prove a given function is continuous is to show

that the function is a composition of continuous functions. The following
thearem then guarantees that the composition function will be continuous

as well.

Theorem
I a function ¢ of two variables is continuous at the point (¢.b) and a

function f of one variable is continuout at gla. ), then the composition
flylr. y)}is continuous at {«. b).

Again, we won't be proving this {that’s for a more advanced class) but
we will be using this to prove other functions are continuous.
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Example
Show that f{r gy = =il {4 — Ly is continuous everywhere.

Example
Determine where the function f (i y) = In{} - 2 — y*} is continuous.

1.2.2 Continuity on a Set

We say that a function f{r. ) is continuous on a set of points S'if fla.y)is
continuous at every point in that set. However, while this definition may
seem simple (and in practice it usually is) there are a few subtleties.

Firet, we want to introduce some concepts from what is known in math
as “metric topology”, which is a fancy term that vou'll deal with much,
much more if you take an analysis class, but here we'll just be talking
about some very basic ideas behind it. We also note that all the sets we
talk about here will be sets of points in some finite dimensional space with
the standard Fuclidean distance. 1f this sounds a bit complicated, don’t
worry, it just means we'll be dealing with sets of points like we've been
dealing with exclusively up to this point.
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Definition
A neighborhood of radius ¢ of a point J7 is the set of all points () such
that |1} — Pli < 6. In other words, all points a distance less than o from the
point /7.
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Definition
We savy that a point F in a set S is an interior point if there is a neighbor-
hood of the point P that is completely contained in 5.
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Definition

A point B is a boundary poinl of a set S if every neighborhood of B
contains points that are in .5 and points that are not in §. The set of all
boundary points of a set 5 is called the boundary of 5.
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Definition

A set is open if all its points are interior points. A set is closed 3f it con-
tains all its boundary points. You can also define a set as being open ifit1s
the complement of a closed set.

Phew! That's a lot of definitions, but none of them are that difficult.
The important thing about a1l of these definitions is that it aliows us 10
state preciseiy what we discussed earlier aboul equalify of mixed partial

derivabives.

Theorem
if fo, and [y exist and are continuous on an open set S, then fo, = fye

at each point of the set 5.
Example

For the set {{x.y) - 224 7 < 4}, first sketch the sef, then describe the
cet’s boundary. Is the set open, closed, or neither?
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