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1 Cylindrical and Spherical Coordinates

1.1 Rectangular and Polar Coordinates

When we're dealing with the familiar two-dimensional coordinate plane,
R, we typically describe a point by specifying its .« and ¢y coordmates.
That is, how far over in the 2 direction, plus how far over in the y direction,
would you need to move n order to be at the point.

Now, as most of vou have probably seen in previous math classes, we
can also specify a point in R using a different type of coordinate system,
namely, polar coordinates. When using polar coordinates we draw a line
segment from the origin to the given point, and then specify the length of
the line segment, 1, and the angle this segment makes with the positive
r-axis, . We note that the domain of r is [0. x 1, while the range of 415
0. 2i). We also note that if r = 0 then all values of ¢ specity the same point,
namely, the origin, and so there is alevel of ambiguity in polar coordinates
that is not present in rectangular (Cartesian) coordinates.
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A gquestion that naturally arises is, given a point with a representation
in one system (either Cartesian or polar), how can we transiate that into a
representation in another coordinate system? Well, the formulas for doing

this can be derived from simple geometry (try ity and are:

Cartesian to Polar

= arctan =
¥

Polar to Cartesian
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Now, just as we can describe curves in B2 as function of the form
y = fir), we can describe curves using polar coordinates as well, using

functions of the form » = [(#).

Example
Graph the curve r = sin

This idea of using different coordinate systems generalizes to three-
space, and in fact can and does generalize to spaces of any dimension.
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1.2 Cylindrical Coordinates

Cylindrical coordinates are a very natural generalization of polar coordi-
nates. To describe a point (. 5. =] in three-space, we translate its and y
coordinates into the corresponding coordinates in polar coordinates, andd
then leave the - coordinate alone. Formally, we take a line segment con-
necting the point with the origin, project this segment onto the ry-plane,
and then give the length of this projected segment, and the angle the seg-
ment makes with the positive r-axis. We then give the = value, which is the
signed length of the line segment’s projection onto the z-axis. You should
read through that description and make sure it makes sense to you, but
it's much casier to understand with a picture:
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Now, just as in polar coordinates, we may wish to convert from Carte-
sian to cylindrical, or from cvlindrical to Cartesian. The formulas for doing
so follow from the corresponding formulas for polar coordinates:

Cartesian to Cylindrical:

o \/ e+ -'{}H
1

f = arctan v
z
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Cylindrical to Cartesian:

7o eos f

o= rsind
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Example
Convert the point (3.4.5} into cylindrical coordinates.

Now, in analogy with two-dimensional Cartesian and polar coordi-
nates, we can descr 1bc surfaces in B” using Cartesian equations of the form
2 = f{z.y)orusing cylindric al equations of the form r = f{(#,2).

Example
Graph and describe the surface given by the cylindrical coordinate

equation r = 2.



We note that for cylindrical coordinate the domain of ris [0.x ), the
domain of 8 is [0.2x), and the domain of = is the same as m Cartesian
coordinates, namely, (—oc. o0). We also note that if r = 0 we have some
redundancy, in that cylindrical coordinates will give us the same point on
the z-axis regardless of the value of #, and so if r == 0 the value of # becomes
redundant.

1.3 Spherical Coordinates

In addition to Cartesian and cylindrical, there is one more common co-
ordinate system used to identify points in three-dimensional space. This
coordinate system is called spherical coordinates. The idea here is to de-
scribe a point by drawing a line segment from the origin to that point, and
then specifying the length of this line segment. This gives us one value,
which we denoate as p. The other two defining values for the point are the
angle the ine segment makes with the z-axis, denoted o, and the angle the
projection of the line segment onto the xy-plane makes with the positive
F-axis.
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Now, again, we have formulas for converting from Cartesian to spher-
ical or back, and from cylindrical to spherical or back:
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Cartesian to Spherical

H = arctan ®

0 T Areein A ——
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Spherical to Cartestan

7= peosfsmo
y o= psmdsino
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Cylindrical to Spherical

f =1
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Example
Convert the point {3.4.5) into spherical coordinates.

We can also of course describe surfaces in spherical coordinates using
equations of the form p = f(J. o).

Example
Describe the graph of p = Zcoso

Example
Make the following conversions:

1. 7% — 4% = 25 to cylindrical coordinates.
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2 24yt — =% = | to spherical coordinates.

3. p = 2cos ¢ to cylindrical coordinates.

4. 7+ y+ z = 1tospherical coordinates.

5 5 = 2sin# to Cartesian coordinates.

We note finally that the domain of p is [0, oc), the domain of fis 0. 27),
and the domain of ¢ is [0.7]. We note also that if p = 0 then # and ¢ do



not need to be specified, and if o = 0or ¢ = 7 then # does not need to be
specified. I keep harping on this fact because these kind of considerations
actually become important, and interesting, in later mathematics classes
that deal with things called manifolds.



