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1 Lines and Tangent Lines in Three-Space

1.1 Definitions

The line is the simplest of all curves. We can describe a line by giving a
fixed point Iy = (0. 40- 7o) and a fixed vector v =< a. b.c¢ > called the
direction vector for the line. The line is the set of all points P = (x.y. z) such
that the vector from F, to P is a scalar multiple of v.

We can express the line as a vector valued function of the form:

i‘({) = Ty -+ v

where 1o and v are constant vectors. We can also represent the compo-
nents of this vector valued function as linear equations:

x(t) = g+ af
ylt) = yo + bt
(1) = 2o + ct

where 1y =< 1. yo- 20 > and v =< a.b. ¢ >. These are called the para-
metric equations of the line through the point (xo. yo. =) with direction num-
bers < a.b.¢ >. We note that these direction numbers are not unique. Any
constant multiple & < a.b. ¢ > would also work, as long as k # (.



Example 1 Find parametric equations for the line through the points
(2.—-1,—5)and (7. -2.3}.

(XO/y(?j:Z’O): (Z/“{}-S)
v = <a;b; (V= <7’z/ﬂ2_0”/ 3= (-5) 0= <5/"{/ 57

X(€)= 2+5¢
y(%)f‘f“'%
2 (£)=-5 +58¢

1.2 Symmetric Equations

We note that the parameter t appears in each of the three parametric equa-
tions. We can solve for 1 in each of these equations to get the trio of rela-
tions: ’

rT—Fo Y= lo o

I i c

This trio of equations also defined a line, where the line is given by
the set of all points (. y. =) that satisfy the above relations. Note that this

assumes that none of a. b. ¢ are zero.

Exaniple 2 Write the symmetric equations for the line through (-2, 2. -2)
and parallel to < 7. —6.3 >.

X-¢1) _ y-2  _ Z-(1
/ -6 3

:7 X'fl:'_ >i-—2 - .21(.2_
7 c 5




Fxample 3 Find the symmetric equations for the line of intersection be-
tween the planes:

g y—z= 2
and
3 —2y+z=23

n= <1 1-17

ﬁb: <‘3/‘1! ‘)
e —_ ; ; k -
N, Xy = i{ = (1a)- 0] i+ (-10)- )

I
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2z | = <-1,-4,-5)

3 .5 ] |
\(J‘\/..B ‘:7 X_-,f 5-0) (-f?, 'g": /) 1§ <« /270”47" oK
?\(—'l\/:z \/"’5"' +he [ine: )(({}'::,g. -4
5xz= ¥ y[{):g..._q.{_

‘ (€)= [~ 5¢

1.3 ‘Tangent Lines to a Curve

If we let r{t) = f(t)i-+g(t}j-+ h(t)k be the vector-valued function of a curve
in three-space, then the tantent line to the curve at any point ( f(). g{t). h(t})
has direction vector < f/(t). ¢'(t). h'(1) and so the tangent line at t, has the
equation:

x(t) = flio) + 11'{10)
y{t) = glto) +14'(to)
:(f} = h(f()) -+ ”.’i(?lg_\}



Example 4

Find the parametric equations of the tangent line to the curve z{t) =
2¢2, y(t) = 4t, and z(t) = 1%, attime ¢ = L.

X' (¢)= Y+t
\/’H): Y
2/(4) = 3+¢°
X (1= 2

v (1)=4
z00= |

x(1)= Y4
= y'(”: Y
2'(1)= 3

50/ the parame tric

¢ 5ucc4—:‘0’ﬂf are -

rxlf): 244+
[ y(é): U+ 4 <
szn‘y+f




