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1 Planes, Points, and Cross Products

1.1 Planes

We said earlier that a plane in three dimensional space is defined by an
equation of the form:

Ar+By+Cz=D
where
AT+ BT+ (7 £

Another, equivalent, way of defining planes is to use vectors and dot
products. For any given non-zero vector n =< A. B.C' > and any fixed
point (. 1o 7o) there will be a unique plane that contains the point and is
perpendicular to the given vector.

n=<ABL

(Xo, >/"l 20)




This plane is the set of points that lie at the tip of vectors that begin at
the point (z¢. yo. 7o) and are perpendicular to the vector n.
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These vectors will have the form < » — ro.y — yu. = — 20 > and their
defining characteristic will be that they are perpend;cu}a; to the vector n,
in other words < = — 4.y — ¥o. = — zp > -0 = (L. S0, the defining equation

for the plane will be:

Al — ) + Bly— ) + C'lz = zp) =

After some algebra we can see that this is equivalent to our standard

equation:
Ar+ By+ Cz =D
with
[ o= f‘l.’(’.'g} + Blj{; -+ C':(].

Example 1

Find the equation of the plane through the pomt (1. —3.4} that is per-
pendicular to the vectorn =< —1.2. ~1 >.

(x-1) 1 +(\/¢(~3))(Z]+(&-‘l)[~i): O
D x4y t6244z0 —-K+Z)/_-.Z:-H;




Now, the angle between two planes is equal to the angle between their

normal vectors.

Example 2
Find the angle between the planes defined by the equations

20+ dy + 32 =8
and
Jr—dy+ 7z =25

C2,4,3>-(3,-4,7 >
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Now, the distance between a point and a plane is defined as the mini-

mum distance between the point and all points in the plane.
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If we take any point (. yo. z0) and any point (1. y1. z;) in the plane de-
fined by Ax + By -+ 'z = D, then the distance between the point (:xq. ¥g. 20)
and the plane will be the length of the projection of the vector
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onto the normal vector

< A B.C >,
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So, our formula for the distance from a point (2. yo. 29} to the plane lue,

Ar+ By+ (- = Dis:
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Example 3
Find the distance between parallel planes

~3r+2y+z=19

and

Go — 4y — 22 = 19

Take the point (0,0, g) on the Fivit plane.

T4s Jdistance o +he second p/anf 1y
| = o)+ o)+ (4) - 14
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1.2 The Cross Product

and v is a map that takes two vectors as

The cross product of two vectors v
product is defined, in

input and outputs a single vector u x v. The cross
terms of components, as:

U ¥ V =< Uat's — Uzt Uyl — T Hyry — Ugty >
This can be remembered as the determinant of the “matrix”:
Lij K %

uxX V= | up U Uy
1'?‘1 iz U3




Example 4
Calculateu x vwithu =< 1. -2 -2 >andv=< —2.4.1 >.

Lxv=z | 1)
| -7 -
-1 M

Some properties of the cross product, where u. v. w are vectors, k is a
scalar, and 4 is the angle between u and v: :

1. uxv=—-vxu

2.u-luxvy=v-luxvy=40

3. Jlu x vl] = [full{lv]}sind

4 ux(ut+w ={uxv) +uxw
5. k(u x v) = (ku) x v =1u x (kv)
6. ux0=0xu=0

7.ouxu=49

8 (uxvl-w=u-{vxw)

9. ux (vxw)=(u-wv-(u-viw.



Example 5
F;nd the equ%tson of the plane through the three points {1. —2.3). (4,1.—2),

and |

= (Y- -1-3)= L3,5,750
VERG RS (-2), 0-37= {-3,-1,-3>
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T he ,olame will be:

-1y (x-1) vy -(-2))+ 6(2-3)=O
= -14x HY 42y t4g462-18=0
= “ldxtedy 46z -4y

= |7><-(2>/-3:¢: zzj




