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1 Planes, Points, and Cross Products

1.1 Planes

We said earlier that a plane in three dimensional space is defined by an
equation of the form:

Ar+By+Cz=D
where
AT B2 P #D

Another, equivalent, way of defining planes is to use vectors and dot
products. For any given non-zero vector n =< A B.C > and any fixed
point (g %o- = ) there will be a unique plane that contains the point and is
perpendicular to the given vector.
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This plane is the set of points that lie at the tip of vectors that begin at
the point (zq. yp. 29) and are perpendicular to the vector n.
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These vectors will have the form < & — rg.y — yo. = — 2y > and their
defining characteristic will be that they are perpendicular to the vector n,
in other words < & — x¢. 4 = 4. 7 — zy > -n = . S0, the defining equation

for the plane will be:
Al —aq) 4+ Bly = yo) + C{z = ) = 0.

After some algebra we can see that this is equivalent to our standard
equation:

Ar+By+C:z=D
with
D= Arg + Byg + Cz.

Example 1
Find the equation of the plane through the point ( 3.4} that is per-

pendicular to the vectorn =< 1.2, -1 =,



Now, the angle between two planes is equal to the angle between their

normal vectors.

Example 2
Find the angle between the planes defined by the equations
20 + 4y + 32 =8
and
3r—dy+ Tz =

o

Now, the distance between a point and a plane is defined as the mini-
mum distance between the point and all points in the plane.

(X.,Ys, 20)

W — o~




1f we take any point (2. ya. zo) and any point (2. 1. z;) in the plane de-
fined by Ai+ By+ > = D, then the distance between the point (g, yo. z0)
and the plane will be the length of the projection of the vector

<y Tooyy Yoo S Zg >

onto the normal vector

<A B.C >.
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So, our formula for the distance from a point (iy. yo. 7g) to the p]ane /u€
Ar+ By + Oz = Dis:

|Arg + Bip + Czg — D]
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Example 3
Find the distance between parallel planes

3+ 2+ =19

and
Gr — 4y — 22 = 14,

1.2 The Cross Product

ectors u and v is a map that takes two vectors as

The cross product of two v
vector u % v. The cross product is defined, in

input and outputs a single
terms of components, as:
WXV =< laly — Uy, gty — Uy Ul — Ugl >

This can be remembered as the determinant of the “matrix":
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Example 4
Calculateu x vwithu=< 1. -2, =2 >and v=< —2.4.1 >.

Some properties of the cross product, where u.v.w are vectors, ; is a
scalar, and ¢ is the angle between u and v:

l.uxv=-vxu
2Zou-{uxvi=v-(uxv)=0

o vi] = [Jull]vl] sing

O8]

4. ux (u+w)={uxv)+{uxw)

4

kluxv)={ku) xv=mux (kv

ux0=0xu=40

=

uxu==90

Suxvi-w=u- (VX w)
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Example 5
Find the equation of the plane through the three points

and (—2. —3.0).

(1.-2.3).(4.1.-2),



