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1 The Dot Product

1.1 Definitions

The dot product is a map from two vectors that produces a scalar. The dot
product is also called the scalar product. In n dimensional space, R", it is

defined in terms of components as:

i

u-v-—= E i,

1=
So, in 2-dimensional space it is:
u -V o= gty b et

while in 3-dimensional space it is:

u-v = iy -+ Ugty -+ Usth.
The dot product has the following properties:
l.u-v=v-u
2o (viwl=uvEhuw
3, cuv)= (e v=u- {ev)
4. 0-u=10

5 u-u=|uf’



1.2 The Dot Product and Angles
For two vectors u and v the dot preduct relates the angle between the two
vectors:

u-v = lujjv|cost

where ¢ is the angle between the vectors u and v.
Now, we note that if u and v are perpendicular {also called orthogonal)

then # = H°.
Proof
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Apply the Law of Cosines:
v —ul? = |[v|]?+ ul]? = 2Jullvicosf.

On the other hand using the above properties we have:

;uM viP=(u—v)-(u—v)

(V)= v (u—v)

=u-u—u-v-v-u+v-v
= [u? + |v[* ~ 2u-v.

Equating these two equations and performing some simple algebra we

get:

u|? + lvi? = 2lu|lvicosd = ju)? + v[? — 2u-v
— —2tujvlcos = —2u-v
—u-v = |u|ivicost.



Exaniple 1
For what numbers c are < 9% ~8& 1>and < 3.c.c— 2> erthogonal?

(2¢,-%,1>- {3, ¢ 1)
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13 Direction Angles and Cosines

The smallest nonnegative angles between a nonzero three-dimensional

vector a and the basis vectors i, j, and k are called the direction angles of
a. They are denoted by a, 3, and 7, respectively. fa=< u;. ay a3 > then:

cosa = 2L 0
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We note that:

2

(vosa)? + (cos J)° + (cos)? = 1.

Example 2
Prove the above relation.
gt a L ra
Cos'w + cos* 4 costy = —m v Ty a,"
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Examniple 3
Find the direction cosines for u =< ~1.2. 2 >,

Hall= Ve are v = J9 0= 3
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1.4 Projections
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Let u and v be vectors, and let # be the angle between them. Let w be the
vector in the direction of v that has magnitude |u]cosf. Since w has the
same direction as v, we know that w = cv for some nonnegative scalar «.

This constant  is:

¢ = M("owf}:ﬂ B—l vy._ny
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w— (Tﬂ:) v.

This vector w is called the projection of the vector u onto the vector v.

Thus,

4



Example 4 Letu =< 1.6, -2 >and v =< —3.2.5 =, Find the projection

of u onto v.

/2 = §,-2) - (-
pro@= <162 ERLE2 (30,65
<“"‘3, ?-,9>‘ <"3;?'/ 97

= =3+2-10 | | '
- - z =/ -
q+4+25 7,257 38 <3,8,52

We will postpone the discussion of planes until next time.



