Math 2270-3
Spring 2005
March 10, 2005

Name:

Exam 11

Instructions: This exam is a total of 120 points. Answer each question carefully and thoughtfully to receive full
credit. Partial credit will be awarded, and points will be deducted if you write the answer down to a problem
without justifying your steps. You do not need to simplify your answer unless it helps for clarity.

True/False (4 points each) Answer each question by marking “T” if the statement is true or “F” if the state-
ment is false. If the statement is false, then in the line below write the statement that would make
it true OR provide a counterexample.
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' 1. The dimension of the space R?*? is ﬁ &

x

2. If the matrix A is orthogonal, then A? is orthogonal.
o
= B'A .
3. The formula (AB)T = A¥B7 holds for all matrices A and B.

i

4, If the kernel of a linear transformation T from P; to Py is trivial, then T is an isomorphism.

i i

for .
¥ 5. 1f 7 and 7 are two vectors in R™, then [|& + §l|* = |Z]* + [|#]>.

Short Essay (20 points): 6. The majority of Chapter 5 addressed the idea of orthogonality. Why are
orthonormal bases of a subspace V important? A successful essay is one that takes an idea/concept from
orthogonality and expounds upon its virtues. Possible ideas to address in your essay could include (but are not
limited to) (a) what orthonormal means, (b) how you would project a vector ¥ € R™ onto a subspace V, {c)
generating an orthonormal basis, (d) properties of orthogonal transformations.
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Proofs (10 poeints each): Prove two of the following four statements. Feel free to answer them in any order.

7. Show for a matrix A € R™*" that ker(A4) =ker(AT A). Remember that you are proving equality of two
sets.

&. Give an algebraic proof of the triangle inequality:
17 -+ gl < il + gl
Hint: Expand || + §)/? as (£ + §) - (F + 7) and apply the Canchy-Schwarz inequality.

9. If B = (i, #,...,Tm) 15 a basis for a subspace V C R", then for %, §in V,

5

@+ iflg = [T]s + [§]5,
where [£]g is the coordinate vector for 7.

10. Let T(&) be an orthogonal linear transformation from R™ to R™. If ¥ and  in R™ are orthogonal, then
so are T(7) and T (7).

] .. o, = P T . ,ﬁb N % .y /;;z"g%
L ge h(a) T AFz0. S AAx T RO zo and xebw(AR)
1 LT
So fecA) okerltR) 1 ,
AT AT , Ay =0 | o (A
?%%? <, A Ax = il 2‘5:“%:,/; . Ax ¢ imlR] . cwé

) | :

: - o
. ' , T YT O ampiyinc
Arne ey () = {f%"ﬁﬁ A sa  H owmasl be thel A F éf’;

S
A 7 ‘§E’
3 N L . ~ ‘o
%EX%?%% = {”Xég‘;ﬁ{’g%\;;} s §§§:§ ¥ Qs{g?\#zi} + %??Ea
2ty 2 o iyl I ey
) ekt
: .o T
P o
(x4 %gx};g ]
-
=) %1%1%‘15?5 SERIFS IR RIS
= ey N ; s 3 - , K
[l means e owebe 2 dhat Sl i= gé; whine BELV, -
- “g - B ~ o ’
e{«;w} éf = g ?é g"iﬁ“‘é- é;a‘gjm '}%%’%”%g@'mé
. Yg .
fﬂ Rfﬂgﬁ% &j ) Ay = &y 3 B A “trs oo
32 %/ < %'f-??; - ?é‘gf - *‘fg‘jg’f e LY B B =7 <= % ﬂ‘é"?;}



o S
— T lvee)

?&;é b .

5 o

?.r\git

3 ]
limgariT






(10 points) 11. The following diagram summerizes the relationships between a linear space V and two different

bases 4 and B of V, where we have:

B = (63152?

U = (U, Ty, -
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Identify the columns in ¢ach of the matrices A,
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B, and Sp_y, and how their columns \§0u}d be found.
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Part 1V: {10 points each) Answer 3 of the following 6 questions. You may answer them in any order you wish.

12. Find the QR factorization of:

13.

14.

15.

16. Find a least squares solution to the equation Ax = b, where:
3 2 15
A=15 3|,b= 190
4 5 2
17. Find the matrix of the orthogonal projection for the set of vectors:
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Find an erthonormal basis of the following set of vectors:
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Find a basis for the space of all matrices in R?*? where trace(A4) = 0. What is its dimension?

Determine if T(f) = f’ is an isomorphism with respect to the basis V = (cost, sint). If T is not an
isomorphizm, find a basis for the image and the kernel of T,
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