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Perturbation of a “Perfect” Data Set
By taking a data set of [CO2] and isotope data, we can generate a “perfect” data set without
error in the observations of CO2 and isotopes.

This perfect data set was perturbed by adding a controlled amount of noise to both 
variables. We then randomly subsampled the perturbed data set 5000 times and calculated 
a Keeling or Miller/Tans and OLS or ODR regression. 

Linear Regression & Uncertainty Propagation
For any data that one needs to fit to a best fit line, one can find the residual of the data 
points to the hypothetical best fit line.

For Ordinary Least Squares (OLS) Regression (Model I Regression), it is assumed there is 
no variation in the independent variable.

For Orthogonal Distance (Model II) Regression
(ODR) it is assumed that both variables have 
an equal amount of variation.

Geometric Mean Regression (GMR) is 
another Model II regression technique. 
We omit GMR here as we obtain similar 
results as ODR in our analysis. 

Much debate exists about how to assign 
uncertainties via a Model I or Model II 
regression. (Pataki et al 2003)

It is possible to develop an analytical 
equation for the variance of the slope or
intercept of a linear regression formula 
that depends on the data set along with 
the errors associated with the independent 
and dependent variables. (Zobitz et al, 
in preparation).

Figure 2: Data points (blue) are fitted to a 
best fit line, which is the line that minimizes 
the sum of the square residuals.  For 
Ordinary Least Squares (OLS), the residual 
(shown in red) is the vertical distance from 
each data point.  For Orthogonal Distance 
Regression (ODR) the residual is the 
perpendicular distance from the best fit line.

Introduction 
Determining the isotopic signature of ecosystem respiration (either δ13CR or δ18OR) using 
atmospheric mixing relationships is a challenge when there is little variation in the CO2
samples collected (Pataki et al 2003). For 13C, measurement uncertainty is the major factor 
limiting determination of δ13CR since observed variation in CO2 is always accompanied by a 
variation in δ13C.  For 18O, measurement uncertainty is also a limiting factor, but there are 
equilibration processes that influence δ18O without altering CO2.  Thus determination of 
δ18OR via Keeling plots represents a major challenge (Bowling et al 2003).

Here we focus on δ13CR to examine the mathematics behind the mixing relationships and 
regressions involved, with decreasing uncertainty in δ13CR as our primary objective.  The 
results are directly applicable to δ18OR (when the use of Keeling plots is appropriate for 
δ18OR).

To determine δ13CR, we use an inverse relationship between CO2 concentrations ([CO2]) 
and isotopic measurements (Keeling plots, Keeling 1958), and also a linear relationship 
between [CO2] and the product of [CO2] and isotopic measurements (Miller/Tans plots, 
Miller & Tans, 2003).

Our goal is to develop a general-purpose framework for error propagation so one can 
compare both mixing relationships (Keeling or Miller/Tans) and regressions involved (OLS, 
GMR, or ODR) to determine which one leads to the best characterization of δ13CR.
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Increased Uncertainty at Low Sampling Ranges
For both oxygen and carbon isotopic studies, a wide sample range is important to obtain 
estimates of δ18OR that have acceptable uncertainty.  In particular, as sampling range 
decreases, error in δ18OR increases. 

Figure 1: (Left Panels) δ13CR and 
standard error of Model I intercept 
calculated using a Keeling GMR 
regression versus CO2 range using 
data from Pataki et al 2003.  VPDB 
was used as the isotopic standard

(Right Panels) δ18OR calculated using 
a Keeling GMR regression versus 
CO2 range using data from Bowling et 
al 2003.  SMOW was used as the 
isotopic standard.  

Note that as CO2 range decreases, 
the variability in both  δ13CR and 
δ18OR increases. δ1
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Implications for Research
Our simulations suggest that the accuracy and the precision of the instruments determine 
the accuracy of δ13CR.

Improving the precision of the isotopic measurements decreases the influence of the range 
problem.

For carbon isotopic studies, Keeling or Miller-Tans regressions give equivalent results with 
no appreciable difference in uncertainty.

Due to relative error magnitude ratio between CO2 and isotopes, there is no additional 
benefit in doing a Model II regression over a Model I regression over the range of precision 
of instrumentation.

Simulation Results
By using the theoretical framework outlined, results indicate decreasing error in the isotopic 
sample greatly improved accuracy in δ13CR.

Figure 3: Error in δ13CR as a function of CO2 range for 
both OLS and ODR using Keeling regressions.  The 
numbers on the top graph represents\ the standard 
deviation in δ13CR observations that the “perfect” data set 
was perturbed by.  In all simulations, the standard 
deviation in CO2 measurements was .15 ppm. 

Figure 4: δ13CR determined by a Keeling (top 4 
panels) or Miller/Tans (bottom 4 panels) 
regressions by subsampling a data set with known 
error.  Red is data that has an error of .15 ppm, 
.15‰ error.  Magenta is data that has .15 ppm, 
.01‰ error. 
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