Midterm 2 Practice Problems Answers, Math 2280, Fall 2012

/

1. Introduce x1 = y, x5 = v/, x3 = 3", we have the following system

!/

1 0 10 T 0
T = 0 01 ) + 0
T3 -3t 2 0 T3 sint

2. The equation for x is
(D—1)(D+5)+ 18]z =0,

or
2 + 42 + 132 = 0.

The solutions to the characteristic equation are A = —2 4+ 3i. Therefore the general
solution can be written as

x = e " (a; cos 3t + ay sin 3t)
y = e~ (by cos 3t + by sin 3t)

By plugging into one of the equations, say =’ = x + 9y, we have
e 2 [(=2a; + 3ay) cos 3t + (—2ay — 3a1) sin 3t] = e % [(a; + 9b;) cos 3t + (ay + 9by) sin 3t]
Matching coefficients of cos 3t and sin 3¢, we get

3
a; = —§(b1 + bg)

3
ag = 5(51 - b2)

3. The eigenvalues are 0 and —3 and the corresponding eigenvectors are [1,2]7 and
[1,—1]T, so a general solution is

X—Q{é}—i-czl_ll}e_&a

and after plugging the initial conditions we have ¢; = 5 and c; = 0.
4. Since
10 =1 2
B = { 00 } , B°=0,

Taylor’s expansion gives
ePt =1+ Bt,



and
1 —t
At 2t Bt 2t
e =e“e ——[O 1:|6.

The solution to the nonhomogeneous equation is

t
X:eAt/ e*ASde: |: 1 :| (€2t_€t>
0 0

5. (a) The linearized system is

v = 6u — 5v

vV =2u—v

=15 7]

and the eigenvalues are 1 and 4, both positive, so the linear system has a
unstable improper node at this critical point. This is not one of those borderline
cases so the nonlinear system will also have an unstable improper node.

(b) The Jacobian is



