WITTEN’S CONJECTURE, VIRASORO CONJECTURE,
AND INVARIANCE OF TAUTOLOGICAL EQUATIONS

Y.-P. LEE

ABSTRACT. The main goal of this paper is to introduce a new tech-
nique, the invariance of the tautological equations under the loop
group action, in the Gromov—Witten theory. Three applications
are illustrated. The first two are the proofs of Witten’s conjecture
on the relations between higher spin curves and Gelfand—Dickey
hierarchy and Virasoro conjecture for target manifolds with con-
formal semisimple quantum cohomology, both for genus up to two.
This technique also provides some conjectural descriptions of the
tautological equations of the moduli spaces of curves. In partic-
ular, it gives an effective algorithm to calculate, conjecturally, all
tautological equations using only linear algebra.

0. INTRODUCTION

In this Introduction, we start with our motivation of introducing the
concept of the invariance of the tautological equations: a proof of the
Witten’s and Virasoro conjectures.

0.1. Two dimensional quantum gravity. The famous conjecture by
E. Witten [33] in 1990 predicted a striking relation between two seem-
ingly unrelated objects: A generating functions of intersection numbers
on moduli spaces of stable curves and a 7-function of the KdV hierar-
chy. The physical basis of this conjecture comes from the identification
of two approaches to the two dimensional quantum gravity. Roughly,
the correlators of the two dimensional quantum gravity are Feynman
path integrals over the “space of metrics” on two dimensional topologi-
cal real surfaces. One approach of evaluating this path integral involves
a topological field theory technique which is expected to reduce to the
integration over the moduli space of curves. The other approach con-
siders an approximation of the space of the metrics by piecewise flat
metrics and then take a suitable continuous limit.
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In the first approach, the free energy becomes the following geomet-
rically defined function
Tpt(t(),tl,...) _6Z he=t F (to’tl’ ),

where [P'(t) is the generating function of (tautological) intersection
numbers on the moduli space of stable curves of genus g

FP'(to,t,...) ! an/M HZtkw

gm =1

(h is usually set to be 1 in the literature.) Moreover, from elementary
geometry of moduli spaces, one easily deduces that P! satisfies an
additional equation, called the string equation (or puncture equation).
It is a basic fact in the theory of KAV (or in general KP) hierarchies that
the string equation uniquely determines one 7-function for the KdV
hierarchy from all 7-functions parameterized by Sato’s grassmannian.

In the second approach, the generating function in the double scaling
limit yields the 7-function 799 of the KdV hierarchy whose initial value
is d*/dz® + 2z. From here Witten asserts that 7P/ must be equal to 799
since there should be only one quantum gravity.

0.2. Witten’s conjecture on spin curves and Gelfand—Dickey
hierarchies. In 1991 Witten formulated a remarkable generalization
of the above conjecture. He argued that an analogous generating func-
tion 775P" of the intersection numbers on moduli spaces of 7-spin curves
should be identified as a 7-function of Gelfand-Dickey (r-KdV) hier-
archies [34]. When r = 2, this conjecture eventually reduces to the
previous one as 2-KdV is the ordinary KdV.

The special case 77" = 799 was soon proved by M. Kontsevich [22].
More recently a new proof was given by Okounkov—Pandharipande [30].
However, the generalized conjecture remains open up to this day.

Throughout the 12 years, there has been substantial progress in
the foundational issues involved in the 1991 conjecture. In particu-
lar, Jarvis-Kimura—Vaintrob [20] established the genus zero case of the
conjecture; T. Mochizuki and A. Polishchuk independently established
the following property for 77-Pin:

Theorem 1. [29, 32] All tautological equations hold for Fgr‘sm". 1
ITautological relations in this article means both the relations of the tautological

classes on moduli spaces of curves and the induced relations in the “cohomological
field theories”.



INVARIANCE OF TAUTOLOGICAL EQUATIONS 3

In fact, F gT‘Spin satisfies all “expected functorial properties”, similar
to the axioms formulated by Kontsevich—-Manin in the Gromov—Witten
theory.

However, Riemann’s trichotomy of Riemann surfaces has taught us
that things are very different in genus one and in genus > 2. Our
Main Theorem therefore provides a solid confirmation for Witten’s 1991
conjecture, covering one example (¢ = 1 and g = 2) for the other two
cases of the trichotomy. In fact, this work starts as a project trying to
understand this conjecture in higher genus.

For more background information about Witten’s conjecture, the
readers are referred to Witten’s original article [34] and the paper [20]
by Jarvis—-Kimura—Vaintrob. In the remaining of this article, “Witten’s
conjecture” means the 1991 conjecture if not otherwise specified.

0.3. Virasoro conjecture. In 1997 another generalization of Witten’s
1990 conjecture was proposed by T. Eguchi, K. Hori and C. Xiong.
Witten’s 1990 conjecture has an equivalent formulation [4] [10] [22]: 77*
is annihilated by infinitely many differential operators {LF'}, n > —1,
satisfying the Virasoro relations
[Lm7 Ln] = (m - n)Lm+n

such that L_; 77! = 0 is the string equation alluded above. To generalize
Witten’s 1990 conjecture to any projective smooth variety X, consider

the moduli spaces of curves as the moduli spaces of maps to a point.
It is clear that 77 should be replaced by

M) (1) 1= SR,

where FgX (t) is the generating function of genus g Gromov-Witten
invariants with descendents for X. Based on that Eguchi-Hori—Xiong
9], and S. Katz, managed to to define {LX} for n > —1, satisfying the
Virasoro relations. 2 They conjectured that

LX) =0, forn>—1.

This conjecture is commonly referred to as the Virasoro conjecture.
Eguchi-Hori-Xiong gave a partial proof for their conjecture in genus
zero and a proof of LF7TX = 0, among other things. Later X. Liu
and G. Tian [28] proved the genus zero case in general. Using a very
different method, Dubrovin—Zhang [7] established the genus one case of
Virasoro conjecture for conformal semisimple Frobenius manifolds. 3

2By the Virasoro relations, one only has to construct L, and the rest will follow.

3The definition of Frobenius manifolds in this article does not require existence
of an Euler field, which is assumed in Dubrovin’s definition. Dubrovin’s definition
will be referred to as conformal Frobenius manifold instead.
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The recent progress by Givental [16] and by Okounkov—Pandharipande
[30] have confirmed the conjecture for toric Fano manifolds and curves
respectively at all genus. Some background information on Virasoro
conjecture can be found in [13] and [25].

0.4. Main results.

Main Theorem. Witten’s conjecture and Virasoro conjecture for man-
ifolds with conformal semisimple quantum cohomology hold up to genus
two.

A few words about the main idea in the proof. Givental in a series
of papers [15] [16] [17] [18] introduces a definition of higher genus po-
tentials for any semisimple Frobenius manifold which is not necessarily
the quantum cohomology of a projective manifold. This definition is
“formulaic” in the sense that the higher genus potentials are defined by
a formula from the data of semisimple Frobenius manifolds (i.e. genus
zero data). This enables him to prove that his theory satisfies Virasoro
conjecture and, in the case of A, singularities, Witten’s conjecture.
However, Givental’s theory is conjecturally equivalent to the geometric
theory, whether it is the Gromov—Witten theory or the theory of spin
curves. Therefore, what is needed here is a proof that Givental’s theory
is equal to the geometric theory.

The bulk of this paper is devoted to this proof at genus two. Similar
statement in genus one is proved in the conformal case in [6] and in the
general case in [19)].

Remark. There are other possible approaches to this problem. Our
earlier approach in [24] reduces the checking of the Main Theorem to
complicated, but finite-time checkable, identities. Nevertheless, it lacks
the underlying simplicity of this approach.

After this result was announced, X. Liu [27] informed us that he was
also able to reduce the genus two Virasoro conjecture for semisimple
Gromov—Witten theory to some complicated identities and he was able
to check these identities by hand and by a Mathematica program.

Acknowledgement. This idea of this work first comes in the form of
[24] while working jointly with R. Pandharipande in the book project
[25], and this current approach has its root in a recent joint work with
A. Givental [19]. It is a great pleasure to thank both of them. Thanks
are also due to T. Jarvis, T. Kimura, X. Liu, Y. Ruan, A. Vaintrob
and especially E. Getzler for useful discussions and communications.
Part of this work was done during a visit to NCTS, whose hospitality
is greatly appreciated.
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1. REVIEW OF GEOMETRIC GROMOV—WITTEN THEORY

Gromov—Witten theory studies the tautological intersection theory
on M,,(X,[), the moduli spaces of stable maps from curves C of
genus g with n marked points to a smooth projective variety X. The
intersection numbers, or Gromov—Witten invariants, are integrals of
tautological classes over the virtual fundamental classes of M, (X, 3)

n

[ Tlevitoet
[Mg,n(X,5)

]v1r i=1

Here 7; € H*(X) and v; are the cotangent classes (gravitational de-
scendents).
For the sake of the later reference, let us fix some notations.

(i) H := H*(X,C), assumed of rank N.
(ii) Let {¢,})_; be an orthonormal basis of H with respect to the
Poincaré pairing.
(iii) Let H; := @&PH be the infinite dimensional complex vector
space with basis {¢, 9"}
(iv) Let {tf}, p=1,...,N, k=0,...,00, be the dual coordinates
of the basis {¢,¢"}.

We note that at each marked point, the insertion is H;-valued. Let
t:= Zk,u " denote a general element in the vector space H,.

n

(v) Define (9, ...0." )gnp := / Hev?(qu)wfi and de-

[Mgn (X8 324
fine (t")gnp = (t...t)4np by multi-linearity.

1
vi) Let FX(t) = —(t"),n.3 be the generating function of all
g ] g:n,p
n!
n76
genus g Gromov—Witten invariants.

. . . o g—1pX
The “r-function of X” is the formal expression 70 = e2o=0 " Fs

defined in (1).

1.1. Tautological equations. Let £ = 0 be a tautological equation,
i.e. a equation of the tautological classes in the moduli space of stable
curves M, ,. Since there is a morphism

Mg,n(Xa /8) - Mg,n

by forgetting the map, one can pull-back £ = 0 to M, (X, 3). Due to
the functorial properties of the virtual fundamental classes, the pull-
backs of the tautological equations hold for the Gromov—Witten theory
of any target space. The term tautological equations will also be used
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for the corresponding equations in the Gromov—Witten theory and in
the theory of spin curves.

2. GENUS ZERO AXIOMATIC THEORY

Let H be a complex vector space of dimension N with a distinguished
element 1. Let (-,-) be a C-bilinear metric on H, i.e. a nondegener-
ate symmetric C-bilinear form. Let H denote the infinite dimensional
complex vector space H((z71)) consisting of Laurent formal series in
1/z with vector coefficients. * Introduce the symplectic form Q on H:

Q(f,9) = L% (f(=2),9(2)) d=.

271

There is a natural polarization H = H @ H_ by the Lagrangian sub-
spaces Hy = H[z] and H_ = 27" H|[[~z!]] which provides a symplectic
identification of (H, §2) with the cotangent bundle T*H., .
Let {¢,} be an orthonormal basis of H. An H-valued Laurent formal
series can be written in this basis as
1

1 1 N
+ (po, - - -, —
(—2)? (po Po )(—Z)
(@ )+ )+

In fact, {p},q '} for k =0,1,2,... and p = 1,..., N are the Darboux
coordinates compatible with this polarization in the sense that

Q= deg/\dqg.

To simplify the notations, p;, will stand for the vector (p,...,pY) and
p* for (py, pis )

The parallel between H, and H; is evident, and is in fact given by
the affine coordinate transformation, the dilaton shift,

(ot p)

t;: = q,‘: + 5“15k1.

Definition. Let Gy(t) be a (formal) function on H,. The pair (H, Gy)
is called a g = 0 axiomatic theory if G, satisfies three sets of genus zero
tautological equations: the Topological Recursion Relations (TRR) (4),
the String Equation (3) and the Dilaton Equation (2).

“Different completions of this spaces are used in different places, but this will be
not be discussed in details in the present article as it is involving too much. See
[25] for details.
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0F0 ,,aFO
(2) o1l ZZt T 26(1),
OFy(t) OF(t)
(3) 8t1 - 2 t0>t0 + ;;tnﬁ—l 815” )
3 2 3
n 8 Fy(t) Z D2Fy(t) PFy(t)

ot otPon), oty oty othot! oth,

It can be shown that this is equivalent to the definition of abstract
formal Frobenius manifolds, not necessarily conformal. The coordi-
nates on the corresponding Frobenius manifold is given by the following
map 5]

w00
(5) st = o 8t})G0(t)'

In the case of the geometric theory, one may elect to use either
formulation. The main advantage, seems to us, is the expansion of the
formulation from H; to H where a symplectic structure is available.
In the latter case, many properties can be reformulated in terms of
the symplectic structure €2 and hence independent of the choice of the
polarization. This suggests that the space of “genus zero axiomatic
Gromov-Witten theories”, i.e. the space of G satisfying the string
equation, dilaton equation, topological recursion relations (TRR), has
a huge symmetry group.

Definition. Let L@ GL(H) denote the twisted loop group which con-
sists of End(H )-valued formal Laurent formal series M (z) in the inde-
terminate 27! satisfying M*(—z)M(z) = 1. Here * denotes the adjoint
with respect to (-,-).

The condition M*(—z)M(z) = 1 means that M(z) is a symplectic
transformation on H.

Theorem 2. [18] The twisted loop group acts on the space of ax-

tomatic genus zero theories. Furthermore, the action is transitive on
the semisimple theories of a fixed rank N.

3. QUANTIZATION AND HIGHER GENUS POTENTIALS

3.1. Preliminaries on quantization. To quantize an infinitesimal
symplectic transformation, or its corresponding quadratic hamiltoni-
ans, we recall the standard Weyl quantization. A polarization H =
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T*H . on the symplectic vector space H (the phase space) defines a con-
figuration space Hy. The quantum “Fock space” will be a certain class
of functions f(A,q) on Hy (containing at least polynomial functions),
with additional formal variable i (“Planck’s constant”). The classical
observables are certain functions of p, ¢. The quantization process is to
find for the classical mechanical system on H a “quantum mechanical”
system on the Fock space such that the classical observables, like the
hamiltonians h(q, p) on H, are quantized to become operators ﬁ(q, 8_)
on the Fock space. !
Let A(z) be an End(H )-valued Laurent formal series in z satisfying

(A(=2)f(=2),9(2)) + (f(=2), A(2)g(2)) = 0,
then A(z) defines an infinitesimal symplectic transformation
QAf,g) +Qf, Ag) = 0.

An infinitesimal symplectic transformation A of H corresponds to a
quadratic polynomial P(A) in p, q

PA)(f) = 3UAT ).

For example, let dim H = 1 and A(z) = 1/z. It is easy to see that A(2)
is infinitesimally symplectic and

2 [e.e]
- q
(6) P =—5 - > Gmi1Pm-
m=0

In the above Darboux coordinates, the quantization P +— P assigns

7 ~i 9 i
]-:]-7 pk:\/ﬁa—z>qk:%§/\/ﬁ>
qy
o o o 0
i) = P = he———
™ (Pkp])" = Dby 9. o0
0

i J

~A_ _j_‘
(Pra))" = q i
(@) = @i /1,
Note that one often has to quantize the symplectic instead of the in-

finitesimal symplectic transformations. Following the common practice
in physics, we define

(8) (eA(z))A = eAG)

for eA(*) an element in the twisted loop group.
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3.2. 7-function for semisimple Frobenius manifolds. Let H"P!
be the rank N Frobenius manifold corresponding to X being /N points.
In this case, the delta-functions at the N points form an orthonormal
basis {¢,} and the idempotents of the quantum product

¢u * ¢V = 5;w¢u-
The genus zero potential is nothing but a sum of genus zero potentials
of N points

EYPA L, Ny = FPN Y L FPHEN).

Note that Gé{Npt = F(fvpt. By Theorem 2, the genus zero potential GE&
of any semisimple formal Frobenius manifold H can be obtained from
GI™ by the action of an element Oy in the twisted loop group. By
Birkhoff factorization, Oy = Sy (27 1)Ry(z), where S(271) (resp. R(z))
is an matrix-valued functions in 27! (resp. z).

In order to define the higher genus potentials Gf , one first introduces

the “r-function of H”

(9) Tg = gHRHTNpt,
and define G via the formula (cf. (1))
(10) T =i e hTIGY

Strictly speaking, the multiplication, Sy Ry, is not well-defined. How-
ever, the function gH(ﬁHTNpt) is, thanks to the (3g — 2)-jet properties.
We will not discuss this subtle point here but refer the interested read-
ers to [25].

What makes the above model especially attractive are the facts that

(a) It works for any semisimple Frobenius manifolds.
(b) It enjoys properties often complementary to the geometric the-
ory.

Thanks to (a), one also has a definition for the Frobenius manifolds
H,, , of the miniversal deformation space of A,_; singularity. It turns
out that this Frobenius manifold is isomorphic to the Frobenius mani-
fold defined by the genus zero potential of r-spin curves. Furthermore,
Givental has proved

Theorem 3. [17] 7‘5’4**1 is a T-function of r-KdV hierarchy.

As in the case of the ordinary KdV, it is easy to show that both

H :
Ta 4= and 7P gatisfy the additional string equation. Therefore, in

°In fact R(z) is a series in z and therefore not really an element in the twisted
loop group, but rather in its suitable completion. See [25].
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order to prove Witten’s conjecture, one only has to show GfAT’l =
F;—spin‘

As for (b), note for example that the Virasoro constraints for 74
follow almost from the definition. As discussed in Section 1.1, 73y
satisfies the tautological equations due to some functorial properties
built in the definition of the Gromov-Witten theory. However, the Vi-
rasoro constraints for 75y, and tautological equations for 75/ are highly
nontrivial challenges. An obvious, and indeed very good, strategy to
resolve all the above questions at once is to answer the following ques-
tion: ©

Question. Is G, = F, That is, does Givental’s construction coincide
with the geometric one when both are available?

3.3. Tautological equations and uniqueness theorems. Our ap-
proach to the Question is to show that G, satisfies enough geometric
properties of Fj; so that they have to be equal by some uniqueness theo-
rems. More specifically, the geometric properties we will utilize are the
tautological equations. For simplicity of language, let us call the genus
zero tautological equations the following genus zero equations: topolog-
ical recursion relations (TRR), string equation and dilaton equation;
the genus one tautological equations the following two equations: genus
one Getzler’s equation [11] and genus one TRR; the genus two tauto-
logical equations the set of 3 equations by Mumford (16), Getzler [12],
and Belorousski-Pandharipande (BP) [3].

In genus one, Dubrovin and Zhang [6] made the following important
observation of the uniqueness property.

Lemma 1. [6] Let Go(t) be the genus zero potential of a semisim-
ple Frobenius manifold H. Suppose that both pairs (Go(t), Fi(t)) and
(Go(t), G1(t) satisfy genus one Getzler’s equation and topological re-
cursion relations. Then Fy — Gy is a linear combination of canonical
coordinates. Furthermore, if H is conformal and both pairs satisfy the
conformal equation, then Fy — G is a constant.

The proof of this fact goes as follows. First, genus one TRR guar-
antees that the descendent invariants are uniquely determined by pri-
mary invariants. Second, genus one Getzler’s equation, when written
in canonical coordinates u’, is equal to % = B,; where B;; involves
only genus zero invariants. Moreover, the conformal structure deter-
mined by a linear vector field (Euler field), uniquely determines the

O6This is basically Givental’s conjecture [16], although we have included r-spin
curves on the geometric side, which is strictly speaking not a geometric Gromov—
Witten theory.
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linear term. We will refer to this fact casually as “The genus one po-
tential for a conformal Frobenius manifold is uniquely determined by
genus one tautological equations.” In the same spirit, the genus two
uniqueness theorem of X. Liu is formulated:

Theorem 4. [26] The genus two descendent potentials for any confor-
mal semisimple Frobenius manifolds are uniquely determined by genus
two tautological equations.

The proof of Liu’s theorem rests on some very complicated calcula-
tion. We note that it is not known at this point whether this uniqueness
theorem, or any weaker version, holds for non-conformal semisimple
Frobenius manifolds.

Remark. There is another type of uniqueness theorem: Dubrovin and
Zhang [8] have proved that Virasoro conjecture plus (3g — 2)-jet prop-
erty uniquely determines 7-function for any semisimple Frobenius man-
ifold. The (39 — 2)-jet property is proved by Getzler [14] in the geo-
metric Gromov—Witten theory and by Givental [16] in the context of
semisimple Frobenius manifolds. It is also expected to hold for the
77-sPin - Therefore, a proof of the Virasoro conjecture for 7% should also
answer the above Question positively.

Note that
o 7¢ = SRrVPLand TNPU(E L tN) = T, TPH(E).
o 7P!(t) satisfies all tautological equations.
It follows that

Main Lemma. In order to show that a set of tautological equations
holds for Gy, it suffices to show that it is invariant under arbitrary

End(H)-valued series S(z~Y) and R(2).

This lemma is our main technical tool to prove the Main Theorem.
In fact, in order to prove the invariance of the tautological equations,
it is enough to prove the infinitesimal invariance of the tautological
equations. Before we proceed, let us study more carefully the quantized
twisted loop groups.

4. QQUANTIZATION OF TWISTED LOOP GROUPS

The twisted loop group is generated by “lower triangular subgroup”
and the “upper triangular subgroup”. The lower triangular subgroup
consists of End(H)-valued formal series S(z71) = e*¢™) in 2! satisfy-
ing S*(—2)S5(z) =1 or equivalently

s*(—z D +s(z7h) =0.
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The upper triangular subgroup consists of the regular part of the
twisted loop groups R(z) = ¢"(*) satisfying R*(—2z)R(z) = 1 or equiva-
lently

(11) r*(—z) +r(z) =0.

In fact, we will use R(z) to denote an End(H )-valued series in z, and
call it an element in the “upper triangular subgroup” by abusing the
language.

4.1. Quantization of lower triangular subgroups. The quadratic
hamiltonian of s(z71) = >"7° 8,27 is

ZZZ S ZJql—i—npn + Z "(s1 anql n—1-

=1 n=0 4,5

The fact that s(z71) is a series in 27! implies that the quadratic hamil-
tonian P(s) of s is of the form ¢*-term + gp-term where ¢ in gp-term
does not contain gp. The quantization of the P(s)

§= Z(Sl)qul+n8Q7l + 57 o Z Sl)quql —n—1

Here i, j are the indices of the orthonormal basis. (The indices u, v will
be reserved for the “gluing indices” at the nodes.) For simplicity of the
notation, we adopt the summation convention to sum over all repeated
indices

Let des = §(2)7g. Then
dG 1 ) y
3 :ZZZ 5t ZJqlJrn Og, Gro + 2( D)™ (S14041)iin ] -
=1 n=0 4,5
:ZZZ S wqum& Gy, forg>1.
=1 n=0 i,
Define

- - ond
0 N PSS s B
(00 -+ ) oL At ... oty
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and denote (...) := (...)o. These functions (...), will be called az-
tomatic Gromov—Witten invariants. Then

d i1 Qi
G OO
(12) =) (50)ijon (010} . +ZZ $)iia (Oh, O .l )

=1 t,a

+g ((—1)’1‘61 Z(8k1+k2+1)i1i2 + (—1)k2 Z(Sk1+k2+1)i2i1>’

where § = 0 when there are more than 2 insertions and 6 = 1 when
there are two insertions. The notation J¢ means that 9 is omitted
from the summation. We assume that there are at least two insertions,
as this is the case in our application.

For g > 1

d i1 9
PRI RIDP

7 01 il ga
= E S z]q1+n a akl . ‘l’ E E Sl iia ka_lakl .. .0ka .. .>g

(13)

4.2. Quantization of upper triangular subgroups. The quantiza-
tion of r(z) is

=1 n=0 4,5
A oo -1
) D b S T
=1 m=0 iJ
Therefore
d o 0o 00 y
dE < klakg c > = Z ZZ /rl Z]qn n+lak1 >
T I=1 n=0 i
(14) AN ()i O, O - i)
=1 i,a
1 oo I-1 ' '
+3 DY )00 - (O (D5))-

1=1 m=0 ij
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For g > 1
de,
DI ID I I LA REE
=1 n=0 1,5
(15) A ()i O O - i g
=1 4,
1S L
322 m“Z O IEX o A G X O
=1 m=0
1 oo -1
i PSS 00 (O O
I=1 m=0 ij g'=0

5. INVARIANCE OF TAUTOLOGICAL EQUATIONS
5.1. Invariance under lower triangular subgroups.

Theorem 5. (S-invariance theorem) All tautological equations are in-
variant under action of lower triangular subgroups of the twisted loop
groups.

Proof. Let E = 0 be a tautological equation of axiomatic Gromov—
Witten invariants. Suppose that this equation holds for a given semisim-
ple Frobenius manifold, e.g. H¥P* =~ CV. We will show that $£ = 0.
This will prove the theorem.

SE = 0 follows from the following facts:

(a) The combined effect of the first term in (12) (for genus zero
invariants) and in (13) (for ¢ > 1 invariants) vanishes.

(b) The combined effect of the remaining terms in (12) and in (13)
also vanishes.

(a) is due to the fact that the sum of the contributions from the first
term is a derivative of the original equation £ = 0 with respect to ¢
variables. Therefore it vanishes.

It takes a little more work to show (b). Recall that all tautological
equations are induced from moduli spaces of curves. Therefore, any
relations of tautological classes on M,,, contain no genus zero compo-
nents of two or less marked points. However, when one writes down the
induced equation for (axiomatic) Gromov—-Witten invariants, the genus
zero invariants with two insertions will appear. This is due to the differ-
ence between the cotangent classes on M, 1,,(X, 3) and the pull-back
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classes from M, ,,. Therefore the only contribution from the third term
of (12) comes from these terms. More precisely, let 1, (descendents)
denote the j-th cotangent class on M, ,.m(X,3) and 1; (ancestors)
the pull-backs of cotangent classes from M,, by the combination of
the stabilization and forgetful morphisms (forgetting the maps and ex-
tra marked points, and stabilizing if necessary). Let D, be the divisor
on My ,vm(X, 3) defined by the image of the gluing morphism

Z Z M(]J,2+m’(Xa /8/) Xx Mg,n+m”(X7 ﬁ”) - Mg,n+m(X7 ﬁ)a

B'+8"=8m/'+m'" =m

where M, 1 mn (X, 3") carries all first n marked points except the j-th
one, which is carried by Mé]; (X, B'). Tt is easy to see geometrically
that ¢; —1¢; = D;. (See e.g. [23].) Let us denote (8&, ...) the gener-
alized (axiomatic) Gromov-Witten invariants with ¢¥ylevi(¢,) at the
first marked point. The above relation can be rephrased in terms of

invariants as
(7 g = (O g - g — (ORI YO )y
Repeat this process of reducing [, one can show by induction that

(8,1,[. g = <8,i+r7ﬁ. g —( ,i+r_18“1)(8f__1r. Cg— .

—(GR") [ (=0 N (@) (O N

l—r
p=1 ki+...4+kp=r—p

Now suppose that one has an equation of tautological classes of Mg,n.
Use the above equation (for » = [) one can translate the equation
of tautological classes on M,,, into an equation of the (axiomatic)
Gromov—Witten invariants. The term-wise cancellation of the contri-
butions from the second and the third terms of (12) and (13) can be
seen easily by straightforward computation. U

If the above description is a bit abstract, the reader might want to try
the following simple example. 17 on M, ; is translated into invariants:

(05)g = (070")(0")g — (070"} (01 )g + (070")(0"0")(D" )g-

The above “translation” from tautological classes to Gromov-Witten
invariants are worked out explicitly in some examples in Sections 6 and
7 of [12].
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5.2. Reduction to ¢y = 0. The arguments in this section are mostly
taken from [19].

Let E = 0 be a tautological equation of (axiomatic) Gromov—Witten
invariants. Since we have already proved §(E) = 0, our next goal would
be to show 7#(E) = 0. In this section, we will show that it suffices to
check 7#(E) = 0 on the subspace ¢y = 0.

Lemma 2. It suffices to show *E = 0 on each level set of the map
q+— s in (5).

Proof. The union of the level sets is equal to H.. OJ

Lemma 3. [t suffices to check the relation for all 7(2)E = 0 along
ZHy (i.e. go=0).

Proof. 1t is proved in Section 4 of [13] that a particular lower triangu-
lar matrix S, which is called “calibration” of the Frobenius manifold,
transforms the level set at s to zH,. S-invariance Theorem then con-
cludes the proof. O

In fact, S is a fundamental solution of the horizontal sections of
the Dubrovin (flat) connection, in 27! formal series. It was discov-
ered in [16], with preceding work in [23] and [14], that A := S,7¥ is
the corresponding generating function for “ancestors”. Therefore the
transformed equation S,ES 1 =0 is really an equation of ancestors.

5.3. Invariance under the upper triangular subgroup.

Theorem 6. (R-invariance theorem) The union of the sets of genus ¢’
equations for g < g is invariant under the action of upper triangular
subgroup, for g < 2.7

In fact, a “filtered” statement holds. We will state the genus two
part:

(I) The combination of genus zero equations, genus one equations
and Mumford’s equation is R-invariant.
(IT) The combination of genus zero equations, genus one equations
and genus two Mumford’s and Getzler’s equations is R-invariant.
(ITI) The combination of genus zero equations, genus one equations
and genus two equations by Mumford, Getzler and BP is R-
invariant.

n genus two, there are possibly other equations which have not been discovered.
What is alluded in the Theorem is really about the known equations.
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Remark. 1. R-invariance in g = 1 is proved in [19].

2. There are other genus two tautological equations, like the 6-
point equation discovered by Faber—Pandharipande (private communi-
cation). However, its role in semisimple Gromov—Witten theory is not
clear at this point.

3. R-invariance theorem is expected to hold for all g. In fact, under
plausible assumptions, R-invariance technique can be used to “derive”
all known tautological equations, including all tautological equations
appeared in this paper, and other new equations in higher genus. This
will be discussed in separate papers [1] [2].

The rest of the section is devoted to the proof of R-invariance the-
orem, and therefore the Main Theorem. In fact, the proof of (I), (II)
and (III) follow the same line of arguments, so we will only treat (I) in
details.

Recall that Mumford’s genus two equation is of the form, in the
orthonormal basis as usual, with summation convention,

M == (07)2 + (970")(0" )2 + (9°0") (0} )2

0NN (D)2 + (070N (),

(16) 1

1
/AT au gy v L OV Qv T QU
+10(060)(08> 240<880)(00)1
13 1
=Y /19T qu A Qv v = ATAMARAY AV —
+240<8888><8)1+960(88888) 0.
Lemma 4. [t suffices to check (r(z)) M =0 forl=1 andl =2 (and
on qo=0).
Proof. 1t is easy to see that when [ > 3, all terms in (r(z)] M (17)
vanish by the (3g — 2)-jet property, which is satisfied for the ancestor
invariants ([14] and Section 5 of [16]).
In geometric terms, this is due to the fact that Mumford’s equation
(16) is a codimension 2 tautological relation in M, whose dimension

is equal to 4. Since (12!} carries codimension k strata to codimension
k + 1 ones, (r2'YM =0 for [ > 3. O

In fact, as we will see, the checking of invariance is really straight-
forward for [ = 1, and almost trivial for [ = 2. Note we will use the
following conventions:

e If some term does not contain [, that means [ = 1 and it vanishes
for [ > 2.

e 0" is any flat vector field, e.g. 9% = 9)/. Therefore 95 means the
descendent index is at least two, but could be greater.
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r(z)f M

= Sty | - 5 TV 21

—Z m+1 al 1— max> <a¥n>1
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In the above, the following observations simplify the calculation:

e The contributions from first terms of (14) (15) vanish.
e The contributions from the second terms of (14) (15), when
acting on 07, cancell with each other.

The first is already explained in the proof of Theorem 5. The second
is due to the fact that the sum of the second term merely changes one
flat vector to another: 8 — > (r7);,0;.,. Since &* is an arbitrary flat
vector field, this change sums to zero. The last case is due to the fact
that it sums to a derivative of M = 0 with respect to q.

The two cases of [ = 1 and [ = 2 will be discussed separately.

5.3.1. The case | = 1. Since there are only invariants in genus zero
and one, all descendents can be removed by TRR. (The flat vector field
0" might contain descendents, but we will only remove the “apparent
descendents”.)

After applying TRRs, all terms can be classified into two types:

e Type 1: terms involving genus one invariants and
e Type 2: terms with only genus zero invariants.

Type 1: After obvious vanishing (on the dimensional ground), the
contribution is

S (s |5 0000 @)+ 5000404 01,
120<ala“a“><axaja“><a“>l - Liroory oo @),
+3<8faﬂ'8"><8i&“8"><8ﬂ>1 - i(@ﬂﬁaﬂaw&iaﬂa”xaj)l

_ L oo @0e7y 0m, + — (070 (570 ) (@),

240 240

z A A M H — (9 O* O J
240<a 9189 9" (D >1+240<aaaa><a>

T i b J A Y v\ Y /9T aiqu J AV Qv v
120@ 00" 0"0") (0" 120((9 00N ") (0" )

The above sum can be put into two groups. One with genus one
invariants of the form (97);, the other with (9#);. It is easy to see that
each group gets exact cancellation by genus zero TRR (and WDVV
equation, which is a consequence of TRR).
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Type 2:

1 T 3t Q7 1 T Qj Qv i v
Z(’/‘l)ij {4—8@18 I oroH) + E()(a o)D" ")

_21—0<aiaja~a”><axavau> - ﬁ@i@x@“a“)(@ja”w
+r;)<8iajaxa“><aﬂava"> + %@x@j 0"9")(0'0° D)
B oy i) + S orororai)
+2710<0xaia“><8jaﬂava”> - ﬁ@’”@’@“@“)(@j 09”)
S 000 (Do)

This can be seen to vanish by elementary calculation, utilizing genus
zero TRR and WDVV.

5.3.2. The casel = 2. Dueto (11), (r2);; = —(r2);i. However, all terms
in (17) with nonvanishing contribution at [ = 2 are all symmetric in i
and j. For example the first term contributes

1 o 1 .
~3 > ()i (01 )1 + 3 D (r2);(0°0]05)1

. o 1 .
= Y () (@05 = D () [P N + (0P 5],
ij ij
which vanishes as (rg);; in anti-symmetric while the other factor is
symmetric in ¢ and j.
The terms do not cancell by itself after summation over ¢, ;7 will
contribute zero by cancellation. More precisely, the summation is

11 1 1 1 |
o - - o i T L w anu Qv Qo
Z(7“2)“(576+240 5760 5760 ao)\0 0"0")(0" 00" (97970%),

which is easily seen to vanish.

5.3.3. R-invariance of Getzler’s and BP’s equations. The R-invariance
of Getzler’s and BP’s equations are proved in the same way. The details
are not recorded here due to the following two reasons. First, the
proof follows the same line of arguments as in the Mumford’s equation;
second, a stronger version of the calculations has been done in [1].
Therefore, we will list only some main steps here. Recall that ¢o = 0
is always assumed.
For Getzler’s genus two equation:
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(1) G := (r(2)) (Getzler’s equation) involves only up to | = 3,
using the same argument in Lemma 4.

(2) G’ contains only one term with genus two component: 3(9*0Y0") (0} )2
This can be written, via Mumford’s equation as a summation
of genus 1 and 0 invariants only.

(3) One may remove the “apparent descendents” in genus one in-
variants by TRR. Here the apparent descendents means the
lower indices in our notation. Although 0% might already con-
tain descendents implicitly, they won’t be removed.

(4) One can group terms together according to the types of the
factors of the genus one invariants in these terms. Since there is
no additional relation in genus one, they will cancell within each
group. We note that no 4-point genus one invariants appeared
in the calculation. Therefore Getzler’s genus one equation is
actually never used.

(5) The cancellations of the genus zero part of (17) involves only
(derivatives of) WDVV equation.

There are only two different points in the proof of R-invariance of BP’s
equation. First, the calculation will go up to [ = 4. Second, Getzler’s
genus two equation will be used.

APPENDIX A. CONJECTURES ON THE TAUTOLOGICAL EQUATIONS

The purpose of this appendix is to formulate a few conjectures on
the relations of tautological classes in A(M,,, Q).

Some notations are needed. We assume that the readers are famil-
iar with the presentation of the boundary strata of M,,, by their dual
graphs: Assign a vertex to each irreducible component of the generic
curve; assign an edge between two vertices each time the two compo-
nents intersect; assign a tail to each marked point. Consider an edge as
gluing of two half-edges. Label each vertex with its genus and each tail
with its number 1,... n. Label each half-edge/tail with other classes
(¢, Kk, A\, ...) it carries. Note that we are thinking of an edge as glu-
ing of two half edges and therefore the automorphisms of graphs are
different from the usual convention (and is close to the convention in
Gromov—Witten theory).

Define the operations t; on the dual graphs I' of tautological strata.

e Cut one edge and regard the two half edges as two new tails.
Produce two graphs by assigning extra 1 to one of the two new
tails. Produce more graphs by proceeding to the next edge.
(Thus the number of the new graphs is the same as two times
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the number of edges in I'.) Retain only the stable graphs. Take
formal sum of these final graphs.

e For each vertex, produce [ graphs. Reduce the genus of this
given vertex by one, add two new tails and label them by ¢™
and wl_l_m where 0 < m < [ — 1. Do this to all vertices, and
retain only the stable graphs. Take formal sum of these graphs
with coefficient 2(—1)"*".

e Split one vertex into two. Add two new tails to these two new
vertices and label the two new tails by ¥™ and 1!~'=™ where
0 <m <[ —1. Produce new graphs by separating the genus
g between the two new vertices (g1, g2 such that g; + g2 = g),
and distributing to the two new vertices the tails and half-edges
which belongs to the original chosen vertex, in all possible ways.
Do this to all vertices, and retain only the stable graphs. Take
formal sum of these graphs with coefficient 3(—1)™"'.

e When [ is odd, symmetrize the two extra tails. When [ is even,
anti-symmetrize the two extra tails.

Some remarks are in order. First, the form of v; is dictated by the
equation (15), where t; corresponds to (r;2!) in the Gromov—Witten
theory. The three operations here correspond to the last three terms in
(15). The first term and some contributions of the second term of (15)
vanish by the arguments given in Section 5.3. Second, although the
graph I' we start with is connected, the graphs produced by t; might
be disconnected. A disconnected graph is stable if each connected
component is stable. In any case, the graphs produced from t; acting
on I' can be translated back to (disjoint unions of) tautological strata.
Thus we will not distinguish between the strata and their corresponding
graphs.

Conjecture 1. Given a tautological equation ) . ¢;I'; = 0 of codimen-
sion k strata in M, t(>_, ¢;I';) = 0, modulo the equations for ¢" < g
or n' <n.

Note that t;' = 0 when k+1 > dim M, ,. This can be easily checked,
and the Gromov-Witten version of that is explained in Lemma 4.
Therefore, there are only finitely many (¢’, n') will be involved, depend-
ing on [. These observations can easily be verified from the definition
of 1.

Conjecture 1 is inspired by its numerical version in the Gromov-
Witten theory.
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Conjecture 1’. The induced equation on the Gromov—Witten invari-
ants are invariant under the corresponding action by (rz!y (15).

Conjecture 1 implies Conjecture 1’ by the argument given in Sec-
tion 5. The opposite implication is possible if the Poincaré duality
conjecture for tautological rings holds.

Conjectures 1 and 1’ will be referred to as R-invariance Conjecture.
They have been established up to genus two in the main text. Note that
the calculations given there are for the Gromov—Witten version, but the
translation to graphical notations is completely straightforward. (The
typesetting would be much more involved though.)

Conjecture 2. Let E be a given linear combination of codimension k
tautological strata in M,,, and k # dim M.

If ©;(E) = 0 for all [, modulo tautological equations in M, for
g < gorn’ <n, then F =0 is a tautological equation.

There is also a version of Conjecture 2 in Gromov—Witten theory.

Conjecture 2’. Let £ = 0 be an equation of Gromov—Witten in-
variants induced from E = 0 in Conjecture 2. If for every semisimple
theory (12! (E) = 0, modulo E = 0 and other tautological equations
in ¢ <gorn' <n, then £ = 0 holds for all semisimple theory.

Conjectures 2 and 2’ have been used to “re-discover” all known tau-
tological equations (not of top codimension): Getzler’s genus one equa-
tion ([11]) in [19], Mumford’s equation, Getzler’s genus two equation
([12]) and Belorousski-Pandharipande’s equation ([3]) in [1]. There is
also a new tautological equation derived in codimension 3 of M3, [2]
(see also [21]).

The basic strategy is to write a linear combination of all known strata
I'; in a fixed codimension with unknown coefficients ¢;, £ = Y. ¢;I;.
Apply the R-invariance condition t;(F) = 0, one gets enough linear
equations on ¢;’s to determine them completely. What please us most
is the fact while the four equations were discovered in four different
ways, we have been able to reproduce all four equations using the
same method. Furthermore, this method can be used to discover more
tautological equations.

We expect that one might be able to prove these conjectures via
localization on moduli spaces of (relative/orbifold) stable maps to P!,
especially Conjectures 1 and 1’.
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