Homework #1 - Solutions

' Problem #p1

Here are two examples of 2x2 matrices that have a Gerschgorin circle without an eigenvalue inside it
or on its edge:

[ Example #1
"> A := array([[1,-6],[(5,-211);
evalf (Eigenvals (A));
.
A=
5 " S

i [-0.500000000 + 5.267826876 I, -0.500000000 — 5.267826876 /]

[ > r=abs(-.500000000+5.267826876*1):

[ > plet([[1+6*sin(t),6*cos(t),t=0..2*Pi],[—2+5*sin(t),5*cog(t),t20..2
*pi], [.3*sin(t)-.5, .3*cos (t)+5.267826876,t=0..2*Pil, [ B*sin(t)-.5,

.3*cos(t)—5.267826876,t20..E*Pié},color=[red,blue,gpég;,black]};

The two larger circles are the Gerschgorin circles, one centered at 1 with radius 6 and the centered

at -2 with radius 5. The two smaller circles are centered around the eigenvalues and it is clear that

the eigen values are not inside nor on the edge of the Gerschgorin circle centered at -2.
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. Example #2
"> B := array([[2,3]1,[2,2]1]);
evalf (Eigenvals (B} };

o

L [4.449489743, -0.449489743]

T > plot ([ [2+2*sin{t), 2*cos(t), t=0..2*Pi], [2+3*sin(t), 3*cos(t),
t=0..2*Pi], [4.449489743+.15*sin{t}, .1l5*cos(t), t=0..2*Pi},
[-.449489743+.15*sin(t), .15*cos{t},

£=0..2*Pil], color=[red,blue,green,black]); The two larger circles are the
Gerschgorin circles, both centered at 2 but one with radius 2 and the other with radius 3. The two
smaller circles are centered around the eigenvalues and it is clear that the eigen values are not inside
nor on the edge of the Gerschgorin circle with radius 2.
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% probZa.m - MATH 5620 Homework 1, problem Z{a), Spring 2006
Author - Scott Talbot

o

clear

connectivity matrix

=

e

the class example for checking results
G={0C0101;10000¢0C 1000 0;...
011000, 00100C0C; 0C1O0G060];

[l

o

G=[011100006G;0060100C6130;0C000129020C;...
00C01I100;, 010060000, 00601000 1;...
01000600090 00C0O0O0O0C 1 07;

irows,cols] = sizel(G);

n = rows; % number of web pages

p = 0.85; % probability of following a link from a page that has a link

delta = (1-p)/n;

¢ = sum(G); % column sum of the connectivity matrix

% computing transition probability matrix A
A = zeros{sizel{G));

for ii = l:cols
if ¢(ii) ~= 0
Af{:,11) = p*G{:,ii}/c{ii)y+delta;
else
A{:,ii} = 1/n;
end
end

iter = 1;
epsilon = le-8;
x = ones(rows,1l); % initialize to the all ones vector

first iteration ocutside the loop
= A*x;

_old = X;

x = z/norm(z);

while norm(x-x_old) >= epsilon

e o
z = A¥x; o\)ﬁes P Al ‘7“"‘{\}"”‘ A ;/',( fre 39‘(5&:) :
x_o}ci = X7 __{ \A‘! < i;z.u""@‘r*vc\\im L ‘!’C m&mp‘g Ebygét

x = z/norm{z); Q9ﬁ
iter = iter+l;

end (gw&wg ‘

¥ _tilda = x/sum(x)
iter
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Problem 4

runRayleighQuotient.m

A=[-210000;
1-21000;
01-2100;
0061-210;

goot-21;
00001-2};
tol = 10%13; /
[vec, lam] = eig{A)
vec{:,4);

display(‘lnitial guess: ’);
x0=[.5.2.4-4-2.5

{v, lambda] = RayleighQuotient(A, xG, tol}

errorComp = min{norm{v - vec{:,3}, inf), norm{v + vec{:3), inf})

arror = norm{A™v - lambda*y, inf)

display('initial guess: ');
xO=[1111117

[v, larnbda] = RayleighQuotient(A, x0, tol)

arrorComp = min{norm{v - vec(..6}, inf), norm(v + vec(:,B), inf})

error = norm{A*v - lambda*v, inf)

display('Initial guess: ');
XO=[-1-1-1111]

[v, lambda} = RayleighQuotient{A, x0, tol)

errorComp = min{norm{v - vec(..5}, inf}, norm{v + vec(:,5), inf)}

error = norm{A*v - lambda*v, inf)

display{'Initial guess: );
x(3=[-0304-03-0.305-0.37

fv, lambdaj = RayleighQuotient(A, x0, tol)

errorComp = min{norm(y - vec(:,2), inf), norm{v + vec(:,2), inf))

error = norm(A*v - lambda*v, inf)

display('Initial guess: *);
x0=10.3-0404-0.405-0.3

{v, lambda] = RayleighQuotient{A, x0, iol)

errorComp = min{norm{v - vec(:,1}, inf), norm{v + vec{:, 1), inf}}

error = norm{A*v - lambda*v, inf)

display{'initial guess: '};
x0=[0304-04-0403047

jv, lambdaj = RayleighQuotient{A, x0, iol}

errorComp = min{norm{v - vec(:.4), inf), norm(v + vec(:.4), inf))

error = norm{A*v - lamhda®y, inf)

RayleighQuotient.m
function Iv.lam] = RayleighQuotient{(A, x0, eps}
k=0
v = xO/norm(x0,2);
fam = v*A*v;
cont= 1. Ve



| = eye(size{A)};
while {cont)
vold = v;

tambdaOld = lam; g
= {A-lambdaOld )\wold;
v = z/norm(z.2Y;
lam = v*A*v;
K=K+ 1; M
cont = NotDone(A, vold, lambdaQld, eps);
enad
k=k-1
end;

function ret = NotDone(A, x, lambda, eps)
infnorm = norm(A*x - lambda*x, inf};
if {infnorm >= eps)
ret=1;
else /
ret=0;
end;
end;

o

b}

Answer received by executing Matlab command eig:

Eigenvalue: Corresponding Eigenvalue: Corresponding

eigenvector: eigenvector:

-3.80193773580484 0.23192061392433 | -1.55485813208737 0.52112088516960

-0.41790650594127 0.23192061392433

0.52112088916960 -0.41790650594127

-0.52112088916960 -0.41790650594127

0.41790650594128 0.23192061392433

-0.23192061392433 | 0.52112088916960

-3.24697960371747 -0.41790650594128 /| -0.75302039628253 -0.41790650594128

0.5211208891696 -0.52112088916960

-0.231920613924. -0.23192061392433

-0.23192061392433 0.23192061392433

0.52112088916960 0.52112088916960

-0.41790650594127 0.41790650594127

-2.44504186791263 -0.52112088916960 | -0.19806226419516 -0.23192061392433

0.23192061392433 -0.41790650594127

0.41790650594128 -0.52112088916960

-0.41790650594127 -0.52112088916960

-0.23192061392433 -0.41790650594 127

0.52112088916960 -0.23192061392433




Answer received by executing Rayleigh Quotient lteration (RQI) algorithm:

Initial guess: '~ - Eigenvalue - ~-Corresponding - Number of iterations -
B - dgigenvector '
1 -0.19806226419516 -0.23192061392433 3
1 -0.41790650594128
1 -0.52112088916960 / g
i -0.52112088916960
i -0.41790650594127
1 -0.23192061392433
Error {{A*A-v*A])  £.93889390390723e-017  Error {|Vyauan-Vaal)  2.7755575615628%e-016
05 -2.44504186791263 0.52112088916960 2
0.2 -0.23192061392433
0.4 -0.41790650594128
-0.4 0.41720650594128
-0.2 0.23192061392433
0.5 o -0.52112088916960
Error (|A*A - v*A]}  4.44089209850063e-016  Errer ([Vumouas-Veail) 2.2204460493/5031 e-016
R -0.75302039628253 0.41790650594 128 A
-1 0.52112088916960
-1 0.23192061392433
1 -0.23162061392433
1 -0.52112088316960
1 -0.417906505584128
Error (|A*A - v*A])  1.11022302462516e-016  Error ([Vuamn-Veol)  4.44089204850063e-016
0.3 -1.55495813208737 -0.52112088916960 3
0.4 -0.23192061392433
-0.4 0.41790650594127
-0.4 0.41790650594127
0.3 -0.23192061392433
0.4 -0.52112088916960
_Error (JA*A-v'A])  2.22044604925031e-016  Errof ([Vmavas-Veal) 2.22044604925031e-016
0.3 -3.80193773580484 -0.23192061392433 3
0.4 G.41790650504127
0.4 -0.52112088916960
-0.4 0.52112088916960
0.5 -0.41790650594127
-0.3 0.23192061392433
Error {{A*A - v*A])  4.44089209850063e-016  Error {{Vmamay-Vaol)  3.88578058618805e-016
0.3 -3.24B97960371747 -0.41790650594127 3
0.4 0.52112088916960
-0.3 -0.23192061392433
-0.3 -0.23192061392433
05 0.52112088916980
-0.3 -0.417906850594127

Error (JA*A - v'A])

4,44089209850063-016  Error {|Vuyatan-Vaaol])

3.33066907387547¢-016
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