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§ 5 MY‘Q«C@.S

A E.‘.*.I.l(;.‘i.ﬁi Z, oY 2~mani£o\o( 15 @ Hausdorm
-I'of)o\OS'\Ca‘ sFace 'Hﬂa'f is Ioca“/ homeomor’b\nic

4

to R: That is, tor am)/ PEZ there is an
open set UEZ] con't'aivx'mj P that is lnomeomorPL:c

{xéﬂizlﬂxﬂ-fl?_

A Sufgace s c\oSeA i—? s connecf’eﬂ,

cow\fac;‘i', and  has o \ooundar)/.

Ahy c_\o sec! , OY"len'f'a\o\e suy 'cace. is ‘norncomov‘,)\nic.
To  seme Z:,, , where nzO0. Zn is  the closecﬂ,
ovry en't'a\a\e suf-cace O'Q ée“ €W n,

OGDQ.

W
Spnere Tovus Two \Mlu! torus

Hiree laolcl torug



L_}e, q‘fou? .

For Gepelon]’, dfine (o) ~(ays)
le"le , ’3‘*"3*‘ f{o, l}, Then

%%
e

AN
(/25 is a 3~rouf>, So Z" is a 3~rouf>, nus,
Z:, s a suface and @ group, which makes g

!

a L]e Srou)‘.). \f‘/&’” See la'l'c.f 'Hno.‘f’ Z:n 1S wnot
o Lie j‘f‘oufJ i n+1 .

Visuali zation eXecrc) Se..




Non-orientable Suf—?g cesS.

(o) H)z<rg) s 'HNC Y‘CCK‘ Pxﬂecﬁve F)ame,

() The Klein bottle

) An7 nonorientable surQacc contains  an open suLsd'

+Hhat is lﬂomeow\orfn\ﬁc o a Moebius S‘frif).
VL7 7S A

¥ Mdbius  band is embedded in gg

\Man); sides  would ha\:e?

L‘IOW

/



E u‘cr Chavracteristic:

A ‘l'v*io.njula‘ffon og- o c|osed Sufg-ace is

Qo wa7 to disect +he Suf—gac:e. mnto a &m;l/

oY -Niaﬂj\cs where each +Y‘ian3\e. consists of

3 distinct vertices, 3 edje.s with Palrwise
o‘is'jo’\wi’ nteriors, and s l\ome_omorf)\aic +o
EJ‘-‘R;{’”J&”S@_ The interior of an eJSe of a
Trianﬁ\e occuf'mj n the +Y7b.n3u|a.+ion camotl
contam o vertex & a 1’Tian3\€. The interiov

of a rian le cannot contan a vertex or an/

Po'm‘l’ o an edje Lrom another 'I'Y‘io.njl&

“etvahedron

CuL&, with eac\—n sZu.afe
4 gertices cuut into  dwo 'i'\"ionj\es
6 eaﬁas 8  vertices

I8 eiges

4 'l'rians\es , o faces
12 fLaces



G)'Nen o Wiav\\cju\a't‘ion o-? Z‘h - le‘f‘k Ca“ T+ A._.
we let V' be the num\oer o[} vertices in A ,
£ be the num ber of ecijes , and [ be the

Y\U-W\\C)e‘( OS' 'pacé's.

The E ulev cLaraC‘l'eris't'ic OQ A is

X(M)=V-E+F

Exow\g]e.st The Euler characteristic oxl +he ‘i‘riarjulaﬂous

O‘? Zjo Qram +he P‘re\ﬁous Pase, ave H$b+ =2
ond 8"]8"'[2:2‘

Subdivision: Tf A is a 'l‘v‘ianjulaﬁon 0‘? Z,‘,

we can make a hew 'i'r'\anﬁula‘t'ion, A, each

og- whose  edqes and ?aces ace swmaller +han

those oF A and such  that 'X(A'):’X(A)

3 yertices 7 Jectices
3 elges — 12 edqes
1 Cace ¢ Yaces

Net c\r\an3¢ i  Euler characteristic : l—f-_q 4,5:0

This process is  called subd ivision .



Vector fields’ A tanqent vector gt a Po.‘ nt
J

PEZ:,. is a choice of Jivection and mojni-rude
ot the pont P.

The set of all ‘l’anjem‘- vectors at p
forms o 2-dimensional  veal vector space that

we deote by TZ . Ve cdl T,Z, the
Tanjen‘l' space ot Z'n at p.

/I

A vector S:;e.\cl 1S G conTinuous c:lnofc_e_ og

vectors  V(p)€ T;_.,Zn for each pe€ Zn_




_Il-ue,ofem tlet v be a vector ?—ie[cﬂ on Z‘n

S\ACL\ +L\0~+ V(P) #_O 'PO!‘ a” Pf Z‘h , 7716?1
-gowr an)/ 'i'rianju[a‘l'ion A o‘r' E . we have
xX(A)=0.

(V s In fLis Hheorem is called a non\ram'sl«inﬁ vedof‘p.‘e(cl.S

Pﬁg’

@ Subdivide A many +imes + moke a Trianju[a'l'ion
N & 7wt X(A) =KD ad such
thet  we may assme AT has steaight  edges

ond that v IS constant on faces_

-

SAS
-3
- -~
iy, —3
- -

- -

/
@ T‘;ajie. D so +that no Vector mn v 1S
'I'ahsen't' +o an edse.



There are now Two cases for each face

. / .
EAY E ither FHhe vectors cross inho the
-(;ac.a on 2 dﬂgs , anA c¥oss out on 1 eo(ij,

of else the wvectors cvoss in on 1 and out on 2.

—>

oY

I
!

/
o +1 on e\tex/ vetrtex OQ A , @

+1 in  the m'\cir”e 09 each —Qace, ond a
-1 i The Intedior o each e_claa.

A Poﬂ‘ioh of  the ’I‘rianju‘tﬂ';on

Notice that +he sum of all iils as  described
obove s V-E +F =X (p").



Let each +1 and ’—1 travel o litHe bi+

n the divection of V. until each is in
+he Intferior of

+ :___5
a -Cace..

Notice now that +the interior og each Qace

Conwtains either one +1 and owe —1, of else

two +1° and  +wo -1°  TIndeed there are
Two cases .

— + s

S 4 P

—> ) =\ /-

— * — " ¥
Thus, the sum og- e\IeX)/ +1 and -1 on Z',.,’
thot 15 ’)((A’)=’)L(A) is a sum of

one O for each Face of A That is X(B)=0.
END



CO““‘“’{Z.’ There is no nonvanis\n'mj vector 32;«.14
on Z:o.
Eoog-: I8 +Hhere  weve , then b)/ Thearemm 1

the Euler characteristic of a tetvahedron

would e_tiual 0. Bv.'i' we Saw +hat it ezuaﬂecf 2
[END

Cofo\lar{y : I‘p A IS a 'H‘l'anj wlation o-‘:
Zl ) then X (A) = Q. Tlﬂefe.-pore, we may
wiite ’X<Z'):O

P_f"i’g" AFPI), Theotem 1 4o  the vector 5;:910(
down on 2:" on Paje, 10.

[END




E;(ercise.s :

CD SuFPOSe A is a 'i'Y‘iamju\a‘\'ion O‘p Zn)

ond hat A, s o ‘l'rianju!a‘l'ion Og Z.',.

O\O‘i‘a‘lhed lo)/ Su\xr\\f\ cl‘\nj e_ac\q -&a_(_e_ OS‘\' A
S'\mu\‘!‘aneousl/. Prove  thot ’X_(A) = X(A')_

@ Draw o vector field on 2o thot
vanishes  at onl/ ?-'m‘rtel/ many points of Z.I,,.
let A be a w3an3ula+ion & 2 Use
yous  Vector field prove X(A)""Z—Zn_

Thus, the Luler chacactecistic OP En =
i 'a) AQPQV\A ?.Y\'i- 0? %e W‘\QY\SU.‘ O-'FI o) C—L\OSGY\ )

SO we  wiite ’x (ZD: 2' 2n .



§ Maﬂ;SFOlAS

An n—mo.ni'poté_ ;. Sometimes ca“eA & 'f'opoléaqica\
™J

Q-Man'a%\& s a Hausdorp'p -leo)OSical s):ace
+hat s lOCa.“)r homeome\fﬁc to ]R“

Move Pfec;'\sz!)// M is an  n-manifold
it for  each pe M there is an open set
ULEM  contain nfB P such that (L s ]nomeomor'o\nic,
To an open  set n R

We can woke the above definition

Seeva  move f?\'ec‘\Se. still \o/ odding  sowme wmore
notation and come Roman numecals.” FParts (2')-(1'z'i)
ate @ re?\?fas'm3 of  the Fam\jmi)\n above, and
Pa('(' (z'\l) ¥al|ows ‘?\ro\m (Z'z‘i) since COMPOSi‘l"\on_S‘

og' L\omwmorfy'\sms are Inomeo\rnorjp\misms.'

/V\, o Haus&orm space, 1S an n-mani?ola\

it
(Z) M is  covered b/ oPen subsets ui}ﬁq{‘ €T
(z'i) There are open  Sets L1, <R , for ieT.

(221) T\'\ere, ove \nomaomorf)\'\\sms ¢z' . ui —> —Q-z'
Qor 2€ 1. .

(iV) For any Zi€L Fﬁf"?s;-' ﬁ'(ui““j)"'*@'(ui“uj)

IS o L\ome,omor]:\\'\sm_



- .
.........

.

. "' ‘\“ ¢,°¢;f :(v‘ » \-‘\‘ 'A.:.—-Cl\
: ( Py (Uinllj)‘: SELALN ‘.t\¢j(uiﬂ f} '

eVt

-

-
o~
L4
.

The ma’Ps ¢fo¢;l ore called Trans tion

functions | Foc  an n—manisr\o\&, transition Functions

ase \nomeomarib\'\iSmS, which are maps that ezuam
'l’opo\ojic.a\ spaces. Tf )/au’d like your mani $ald
To clisF\a/ move.  Structure  Than that & a

%Po\os'\ca\ space, then )/ou'“ need the ransition

's:uv\C‘\"\OV\S -fo e«zua‘fe -Hne Structure ~H¢a+ 7‘”‘
wont  to disF\a)/.



EXaM?\GS

@ Lets look at a Z-manifold. Tts o %Polcj\‘ca\
sFace. I—P we ]ookeci at horizowtal lines

n the sets _Q..z'Sfsz and |"$ we dvew +hose
ines In uz' u$3v\3 ¢;‘, +then  the Jﬂoriaon‘t'al

] ne S\\ ?o{ u1 ey 3\r\+ not Ma‘f‘c\n UP w H"\ﬂ

+he “hovizonta| lines in U;

i

So it doesnff' make sense o s’:eak o(; the structure
o¥ ]r\oﬁzov\‘ra‘ lines on o ?_—Mani»pol&.



Howeue(‘ iiF the ransition '?uv\c.‘f"\OhS o your
Sufsace vv\a)p I’\OY‘\?:on‘l‘ai lmes o lnom &on‘f‘a /mes
n ’2 then the induced homton“ra( lines

n the sets (I, will ajree and  then we could
+alk aloov:{‘ +he j’ioﬂzo\n‘l‘a‘

A} )

lines on the Suf-‘)ace

Y v R

__(11 ,______,__,,,..._.c..\ ¢j a¢;' N -

e 1 e
T —'l, > ! ___'________:-:-—-‘-\—‘ f
= i ; mnfs hovizontal ! T ——
L S e |
o h,_.._.......-..-l\:—-_." lives l&oratom\\ T____....--—-——r

hines R -

-

A Z"Mav\ig\o\o\ wlnosa “+ran sy tion -Puncﬂcns ma Loritorﬂ'al

lines o horizontal Jines s Ca”ecl a _%lia.‘l’eéx Z'lrnanign\cl:




@ I‘p you wanted 1o do  some eomafr// on
your man?&lA, you could ask Hhat +the Fransiton

Lunctions preserve distance in R".  Thot is,
foc dll ijeT, and any xa€ (U auy)

w e dlg)= d(geg o), 00 1)
whete d s +he usual Euc.liclean distance in Rn
Suc\r\ Q \man'\sou 1S ca”ecl O Eucl'\ole.ay\ manipo[_cl_.

e you hed Sufs;ace,) and you wanted

o do some com?lex analysis on that Su(fpace,

Hhen you could icienﬁ%, IEZ with d: and

ask ‘Hnaf' )/our +ransition punc:l"aons ezua{-e

Hhose  Steuctures thet allow you +  do

. {
Comflex ahal7sis. That 1S, yow] ask )/our
Transition —puncﬂo‘ns “to be ho’omor?lr\ic.

Such  surtaces are called Riemann Sutraces .

Functions  that equate sets Yo purposes of caleulus

For open Set’s USIR" and \/Eﬁm, we 307
s:: U=V s «a smooth Punc:i'ion, or a C® ¥unc+ion)




i$ £ s continuous and all its derivatives

exist. A Ai-meomorfa\«\sm s a Smooth bajecﬁve

ﬁunc‘l'fon whose Invetse is SMOO‘H’L

Swoath MQY\‘PQ\AE_

An n-mavﬁgo‘A fs a smoo‘Ha ﬂ-man{polcl ,Of’

A C*® n—man'\?a\é} i? Its  Transition pumc:l';ons

ose d:g‘ceomorp\n?sms.

EX& W\p\eé :

The  collection {(ul‘z ¢l)}i€I 'ym““ the o(eslin'\ﬂm

os; o man'\Qa\A ave c;a”ed -Hne, C‘«ar-l's oj; ‘Hne
man'\sr\olcl.

@D R" with the single chaet  (R4d).

Gl o ek bt o 6Ly (R)

whete GLh(rR> is the set o-p )zx}z Mot el ces
with Nonzero Ae‘l"ewrm‘man‘i‘, ( I+5 a Lie SY‘O\-{P)




S'=faeqlrele4] _695

S

charts: U,= Eﬁzel <9<’T‘}CS|

‘(2 (" /"'T> R
@, U, —Q, where qb,(e"e)re

o —— - — - -
s o . s — ] rm— ——ry )

Note thot U,,U,£S' ave open , as afe £2,,Q,5R.
F-uffkerwxor&, U,Uu?_=S' and @, and qbz ave Lome_OMofPL;SMS'.

1_'!‘0?\5'\1‘ ion functions
B (g, 7)o (-7, 0) = (7)o (¥%,2r)
B, o ()= Ex 4+ ze(m,m)

xt2r & x€(-7%,0)

This s a A:me.omwp\n{sm, ond inverses of A\‘@eom\?"ﬁm‘
ale d&&eomof?\qisvns ;, S0 ¢lo¢z“ IS a d{g—peamopp\aism
Too. TlnuS, S s a Smooth _'l-manipo[cl.



I‘Q M i5 a Smoaﬂq ﬂ'manipo‘cl cmd N is
o smogth k—man'\gold, +hen MxN is a  swoeth

(n’rk)—man'\?olcl.

Tn:éj:y'ig is called an n-torus. (Tﬂz:’)

h=Times
@ The n- SP\'\ere s” {(10 . i)élﬁn“/ }
s a SMOO‘Hn n- \mamp(cl h

Let N=(1,0,..,0) and S=(-1,0,.,0).

Let @ S™ NP R b gla,a,)s B

and ¢z: S"'__is? —_— )-E“ be ¢z(xm_.?xn):g_l';‘_'ﬁ_p_
+,

n

0l (INI
Isli ol - Th

S0

|
is, le.oll=jgar




Note thet O, @), and PD,(x) are Co'inea(‘, S0

there is some Ae 20 sudh thot ¢2(x)=)\1¢‘(;()
T]nefegore,

Taan = 1.0 = M .69]| = 0, | .0

o @ (=)
T]nuS, >\1— )l¢.(1)ll2 SO ¢z(1)= ”q&)ﬂz- Hehce,

god ()= 2LEP) 4
CACKN) NG

This is a ol:QQeomrPL.asm Since O¢¢,(5h‘{N,S}>_

Similarb/, ¢,0¢;' 15 a dimeo\morp\«ism.

Le.f' an(,R> be the set 09- ives in Rnﬂ
‘,‘La‘i" contain O,
For each O<1isn , et UiSIPn(m) be

‘Hne set 09- Jines wlnoSe ‘L'H" coordinates o[o
not ezuad Q.

For examP'e, UZEFPZ(IR3 is the set op

novi horizontal lines in [23 *2
DX,

X,



Let ﬂingn be the subset oF R™ ojl the

Poin‘l‘s (x,,, N S5 1, Xy ,...,1,,,) where xhéﬁ?_

Let @i Uy —_ Q. be

Note that
Pre (Fr, (xw W SHN IR S J(.) “Pe (R(xo) oy Xget, L, 250, ))

= f_g. x‘ -1 1 xz,ﬂ xl‘!
X.k) J'in xh, xk) ;xh

is a d—WeomorP\-uSM since ary line in (. nuk uk
connot have a Coofo\mod‘e J(.h ezual to Revo,

HD(IR) S Webe also seen HD(IRB P (TR)

s comPac{- since ar\/ Jine containg a unit vector,



ond Fhus , +he C‘.Om,‘)ac‘f' s"” sufjed's onto /Pn(/R).

Rid&'mj __Pa'Hno\oaieS !

T'lnroujlnou'i' this course, we'll assume that
*Co( m\/ mani—coH M, ‘Hnere IS a sezuence.

o} com’)ac.‘i' sets Ko SM such +hat DK.«FM.

Azp

%u can iawnou Hhis s:w now. You don¥

have 15 vemember it . You'” be Ceminded ovice
it becomes im?ar‘t'an'l'.

Nototion: (Unless  otherwise no‘l‘eA, in this
text M and N will 3znera||)/ Tes:-er o
Smooﬂ'\ man]?o\cls.




Ex erciSes .

M Let p be o Pa'm‘l' contained in a chart
(u£, ¢z> 0"1 a %ha‘l’e&l Man3$o\A. De.Q'me 'Hne
\r\oﬂz_on‘t'al line ‘Hnr‘ous\n P to  be 9,52."( [ A Cé(uzb

wheve L. s 'H'Ie_ 'nor?%owi‘al live in

Prove thot The horizowtl line fLrouj\n P IS
we\\—deg’meci, ot 15 Hhot it doeShff' Je?end on
the choice of ( u{'¢z.)

Rz con’i‘aininj

.

@D Show that the distance between any two Poin'l's

n a common C.\naﬁ' IS we“-cl&;necl ‘por G

Euc\ic\.e.an maniQo\cl.

@ Ler M=, e (e nfnr) M i
the  Msbius  pband Find charts for M that
make It o @& Swiooth 2—man{Qo\A_

@ T M is an m-—mani-co\a, we say +he dimension
o M s m, oend we write dim (M)’-W\.
Peove that i+ M and N ate swiooth manifdds,
Phen s0 is MxN, and dim (/V\K N) = dim (M\*JIM(N),




g Funetions between ManRQo\As

let M,N be Smooth manifelds .

A ‘thcﬁon
£:M—N is smooth

£ i+ is  continuous, and

for each PEM +here is a chart of M, (U,¢),

covﬂ‘a‘m'\n3 ? and  a c\nar‘r o-p N, (\/’//')

con‘fa\n\no\"p('ﬂ Suc\r\ -‘an‘f‘ "f" of o ¢ ¢(U)-—*9‘fr(\/)
is  Swoot (I+5 assumed that Q(u)av)

This de-viv\'\'ﬁon is  well-defined bevuse  gmooth
smooth tvansition tunctions :

man‘\? olds have




-P.‘/\’\ —>N is a o\i—gceamoq:‘n'\sm i-p 'p 15

smooth , bijective, and L7 s smooth,

Note +hat & £ is a J}Qpaomorf;\-nism, 0
oo IS -S»‘—‘.

Dimeo\morf\«ic man'\po\és ave -quuﬁhf o—P as

be'mj e.iual in the S'h,tcl/ o? smooth manifolds.

29




Exexc‘\sf»_s .

0, Suﬁoose M,N,and P are swmooth manifolds and

that §:M >N awd SN—‘:P ate  Syooth maPS.

Prove that 3o¥:M-——%P iS a Swaooth maP.

@I M is a smooth mani‘?olcl, prove +hat
+the i&ewﬁf/ WM —> M s Smoo‘i'lq.

@ [e+ (U,?) be a chart ‘?or the Smocrl%
manifold M. Prove that Cf3u-"—)cfo(U)
15 @& &iﬁeomor?\n'\sm.




e

§Ta.n3e.n‘|' S? aces

SuPPose uSRn and V-c-ﬂ?m are oPcn, and
that £:U—V is smooth.

A“)’ xeU and 'H'GV can be exPressecl

as x:(x.,...)x,‘) and 4d,= (fU,,...,'K,,), Let
’TI}’RM""*R be. ’71‘1('3)=1df,

Le‘f‘ Dx-P be 'Hne, wm N mateiX

(Dﬁ) i E%Sﬁ

x

Dx-F:fRn'——?RM s @ Jineax aﬂjroxima.'ﬁon

OS: S;' neac X called +he Aiwewrewl"\a\ OQ -pa'l'x_

The diﬂevenﬁa\ so.’l"\sgies +he ¥o||ow'm3
c,\na.‘m Tu\e,: :[:-? (SV..._; [Rk 'S SMOO"'L’ "qun

s:or om?/ XEUU we have <D$(x\%>o<D"Q3: Q‘(Tg
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let M be a smooth n-manifold . Lot
PEM and choose charts (U,t;o) and (V,'Y")

contawni nS P .

M
/ N R”
’ -t ~ -l - - o ~
/ w °® s _ N,
: / ,‘ — f V= Dp(yop )(m))f
P, Y2 o

-1
By the chain vule, (D?‘P) ("f“?")} - D-m,)(?"fi
That s, D?(P)('Y‘o?"> is a linear ESOW\orP\-uism,

so it idem'i"\s;ies vectors in FR“ based ot

?(?) w3+\f\ VYectors  in BE“ \:mSeo\ ot yfq)),



The '1'an3en+ Space Yo M at P IS
de.-\\-ineJ o.S

TeM =1 (U

vector at ?(P)

e

where (u, . u)f\' (V,'\r,v> 310 D?CF)(Yo?')(u)z\/.

(U.,?) is a chart, p€U, and w€R" is a}

_T;,/V\ 5 a vector space. Vectors  in —J;M

oXe c.a“ecl '_l_‘g__gaen‘l‘ vectors +» M ot P

T.M




e

E}erc'\ses .

® Le_'l‘ 52 be +the S\moo‘H\ manitold with charts
?:5*-{Nf —R" and ¢ S™-{s7 — R?
WLeTC N=(l,0.03 p S=(—I,0,0) oncl

. _ (x,%)
P (xu,x,,x,_) Ry

Su?\;ose W€ }Rz so +hot (Sz"{N?,?,,u> re':)fesen‘l's

o Tanﬂen‘i' vector 4o S? ot some Fo'm'l' Ff s* iN,S}_

Frd veR? such +hat (Sz-fN—f,?,,u>~(52-{.$‘},%,v>.

@ Prove i? M is a swooth Mani-?olci and FEM’

+Hhen TP/V\ is an R-vector space. That 1S,
Show thot it (u,cp,u.)fv(\/,yn,v,) and

(U,cp,u,)"’(\f,’?“,\lz), +hen (U,qo,u.-ru,_)'v(\/,%\/,wb
and (U,‘?,)\UJ’\-(V,’V’,XVJ For any MR,

® For ('“:“75 MxN prove ']?mm) (Mx N) T MxT,N
us'm3 [(UXV, PxY, (U,\l))] H([(u,?, u)] ,[(V/Y-, v)]>



é Dimerew\"\ais —RW man'\gclAS

let $:M N be a swmooth map between
Smocd'\n man'v?o\o\S. Fér PGM, c,\noose, G c.\naf'f‘

(U,qé) con‘l’a-m'mj P’ and a chart (V,’f")
Con‘i'a'm'ms ’F(P)

Yofept
—~

| ]
>\
‘el CFEE)

=

_T\ne. d}g;g{e,n‘ﬁa\ og SI: ot P__ 1S ‘H'le linear mar)
DP‘?: T‘:M — _E(?‘N AegineA as

DFJD [( U,qb,u)] - [(V, ¥ Qb(p('h?'#ﬁ(u))]




The diffecential is well-de¥ined. Tndeed, if
(4,8) and (V7)) ave aternatives o (U,0)

ond (V) respectively, and LW e)]=[(8,5,8)]
o thot Dgey(BoF)(@)=u, then

-[(0.3, Dy (Fe¥ ot otegog o 8")(3))]

p)
= [(0,3, 0,6 =y B (o8- Dy, (#37)(5)

" [(V,’Y", D¢(P)(’f”°¥°¢”) Dap (¢°£“'>(a>)]

= [(V,#/ Dy (#+fo5) ()



Note ot DFSE:TPM—-—)'J:C(P)N is  linear
Since D¢(P)(’\/”o-po¢"3 i1 lineor.

\We \'\ou.w. 'H'\e Qa“ow'\nﬁ lemmq, 'Hqg Clﬂain
Rule, ?o»r man'v?o\cls'.

Lewama; Let M, N,P e SWIOO‘H'\ w\an'\go\o\s and
S;: M — N and ‘3N‘_"P e Smoa‘H« \ma'lbs. ﬂ\en/
foc any PEM,

D, (45 = Dy () o By (0).



gﬁ eCCISesS -

@D Prove +the Chain Rule for manifolds.

P\rcNe. ‘Hnod' S'\c( ar\)/ j:)éM, Df’ z‘d .7;/\/\_.-.97;/\/\
is the iAen'H-r/ rap where M —sm s
the iden‘l"t‘i‘)/ mop.

@Le:f‘ S;M——%N be a A?‘q}eomarFLiSW\ Op
smovth manifolds.  Use @ and @ to prove that
3¥ ?6[\’\ / then DP¥ IS an iSomorP\n'lSm O—ﬂ
vectoc 57)6!625.

@ Use B +o Pf ove +thot AI‘Q—Qeomor?\nic smoa-l’\n

MO.Y\.\S:O‘AS »\a\fe ‘Phé same d.imens%on.




éMaMQc\AS —pvom S‘MWP actions

G'Nen o6 Swmooth MOn'\'polA M, there s a 3TouP
D\Q—Q (M>:{$M — M I?— is « cl\"-weomor?\«is»n‘f

PSD}QS:(M) acts S;ree\x on M & foc av\/ PGM
and -[EP , Fhe eiua‘ﬁon 'JCF):P iwp\ies a”".’l.

['¢ D;W(M) octs —_?fo?efl/ A'\scoh'l"lnuousl)_/_ it For any
(,ow\?ac:‘l' KeEm,

\{afpf )K nK#cﬁ}

< 00

P\"OIPOS'\'FWM'- T8 P« Diff (/V\) acts ?(ee,\)/ and Trofef \)/
o\isaom'muosl/, then p\M is a smoaoth manitold,
ond  dien (XN zdim (M),

EX&ME\QS:
@D For n€Z , let K”GDFQQ(R\ be B-n(x)=x+n. Then

iz o 2Xg

hég




@Le.‘i‘ nfz and deline %eD‘f‘Q 1}2) \97 J,(x) = x+n.

Then  { oyl okx 25 and 2k

@ Let cx,pGD;Q?(HE‘) be % (2)=(xy+) and
ﬁ(i,%): (JCH,I"#‘). 'ﬂnen <“’N2 s a Klein
botrHe.

@ Foc S"=§xe B Il=1]  lt ac DIF(S") be
a(x)z-x Then <aps 24_2 and  ¢ad N z/PYR)/

+the  n-dimensional real ijw?aca.

® Let § R —R" be 3@ 2¢. Then <3022,
< > Dgg_\ (R io}> \ ZO} n-i l
a' , <a'> =S xS

© Let men\\ with (p,@r—i‘. Let 7€ Dt £2)
be 3Gz =(€% 2, &), Ther 1= %2
av\& <y> < D\Qg CSS) w\ne.fa

5 - LY
5 = E(%;W>€ d:z'l = 'Z,‘i‘lig_, WEW tIw, E?’-{- :Zzz.g-w’z.pw: :1}

3
Then Z/fz > is calld a (F,@-Lens space amg
is  denoted LCF'Z) .



[41]
@ let M be a sSwooth manitold w'ri‘ln -?eD.SPS(M)

Deg'ma 1_ € D\?Q (MX R\ b}’ 'f (M,t) = (’PCM)I t H)

so that S§)E2. Lot M = MR
G7

An 'lmFoWran+ meﬁnocl ro constructin 3*mani¥ous

IS crm‘i"mi (ZQ—? foc gé D\?'(T\<Z:y)

Note Sy = ., while &

Xy

1S a k\e'\\n bO'H'lC..

Prook  of P\m?os\’!"\onf

S'\'egl : p\M is  HausdocSt
(" Su??ose. FF4:P?, Powr ?“LEM'

¢ Choose c:\'ss'ko'm'l' h‘o\n&s Pé UFS':'/V\ and iéuzéﬁ/\
with U;, and HE co\mf)ad'.



) By propet d“\sconﬂ"mu'\‘l'// , the velevant Pof-r;ons
oF  the doove Uunions are Sinite.

¢ B ‘Pfee,ness p and fhe ‘?'m'\‘t‘enass above , We  may
4 4
reface Uy ond Uy with smaller sulosets of

themselves  such that PE VP and 26 VZ

() Note +hat Vf n vV SVF N Pui = ¢ and
\/z N PVP = ¢ ﬂeve?ofe, PVV and PVZ

afe Ais’so\n'i‘ open Sets in P\M +that  contain
PP and VZ , feSfec'f‘Ne.\/.

§;t'§.ri2-_" M = @l Ki '?o‘c com?a.c.‘l‘ sets K{ < K
0 V\M = GFKL w\nef& sz i -J'\ne. imje
=1

oY Ki in V\M, and  thus s COM?ad'.

S‘h:g 3 Charts.

Y Let VFG "\M $oc P(M_



@ Let (W) be o chact coh‘fa'm'mj P with U

Com?at:l'.

© {a'EV Z,Un?i':x:gz?} is SP\n‘\‘i'e., and [ acts M/,
S0 we oy choose (L'SUl  such +Hhot Ju'nu{"‘}?j
it ar#i.

¢) Le.‘i‘ mw: M — Y’\M be. -qu, Zuo‘ﬂem" ma’b. B)/
the  above , 7r[u, is a homeamor}:\n;sm. Let
(’?r(u'), ?go(’n’/u,)_!> be @ chart con’ta'm‘mj PP

M//}’;Lf’

u

7t >
"-"h\ 'f
t ] L]
t ¢ [y [
LY ’ eor

Eac‘n w /a_ uw

is a homeo \norP\aism

Feom au' to 'H’(U.’).




(D] I‘Q V’ 15 a set similar o u’ as aloove,,

Con‘f'a'm.ma Sowme a'PE PP w'ri"ln chart

(’n'(V'),”)I’W(T/VJ*') Sor P\M/ +hen

"'\\e. +ran Si'ﬁOﬂ ?uncﬂ on
-1

6’ ’ (’”'/V’y')" ( Pe (""/u')d)

tegep”
s smooth  since aféDi%Q(M) is  Smooth.

dim (ﬂ\)

Nl END




iTyPes O‘? Smoo'Hm maf)é:

Let F:M—N be a smooth map between
sooth mani?cus.

OF is an immersion at ?EM o+ Drp IS ir\je.c,ﬁve.

p }—-—-——-I—-*{I’Pﬂrﬁ : F:R—R
b |

iv\jedive S dll FGM_

P T . T R e

-~ _— nad —— e



) § s oo subwersion at pEM DA Swf'}QCﬂVt';
, ,

2
R it ——s

e v 2.
RN RN Sl { +p) F:R —K

.......
R D T L e

(-)1} i5 o gu\ow\exﬁon IE DP$ is Suv')e.cl'\\/e -por a“ Pé/V\,

2 A

A PR R
VR —
///\1, / le ?(iwg,) ”8

& is a _\_gcal A.\me.omggf\\'\Sm i £ s both an

Immersion omA a suLmef‘Sian.

£:R—S | M
O o TS

Given any of  the +7Fes og maias AJ};MA a.\ocve,

whet  can you Sa/ abou‘l‘ d\m(M\ cow\?awﬁec\ o dim (N)?



() An mmecsed. suloman#‘oli Is an injed—ive

immecSion imf/\/\ 3N, For an/ F€M, we
‘ldev\'\'iQP/ TFM with DFL'M (’[}/Y\)S TfN , 50 that
M= Dy (B, e b il o s

icie.nﬁ-c)/ M with T (M) <N, ’H\ou\j\n this  should
be dove with caution as the 't'of)olo\cjies on M

ond ?.‘M(M)SN can e ZuH'e di-mzren‘!',

ld-—-un———d--n—

Zl(o,oo) : (Oloo) —3 mz
2

R

1
]
L
]
{
]
' -— - - e

i
i
t
1
¢
]
i

Q An em\oec\&'mﬂ_ is  on injec:i"\ve. immefsion

Im:M >N sudh  thot Lo M — Z‘M(M)
1S a \nomeomorﬁ\niSm. In -Hnis Case , we c.a”

M an embedded Su\oman]fpolcl) ond  we uSua“)/
write  +thet MEN.

/

1= Z, <R
Y——%




D A continuous map between ‘fa’:o\o:\ica\ spaces is _proper
i§ the inverse imase. of any comi:ad' Set s COW\FQC_‘t
Prove thot it -F-‘M'—?N is  continuous, proper, and
in’secxﬂ\re, +hen QM—ﬁg(M) is a Momeomorphism.

@ Let $:M N be o swmooth, in‘jec’i"ave, proper imvaersion .
Prove £ is an em\aeclclinﬁ.

@ let F:M—N be a smooth mop of wmonifolds. Show Fhat
the set of PEM  such thof” D,:‘F is \oiSec:r'ave (res?ecrive\ ,

i“.xec:r‘we_ or sw&ad'\ve) is  open.

@ Prove the is no imwersion of S' inte R,

& Suﬂoose F:M— N is an immersion and  dim (M)*:A‘im (N)
Prove ¥ is an ofen  wmap.

n "
@ Prove there are via immersions of Sn, T“, or IP ()R) ivto K.

@ IS; f£:M>N s swmooth and ZEM is an em\&AJeA
SU\’M“"‘-‘QJ‘&; pYove -HE%—*%N is  Swoath and

DP(S;\%):(DFS'\)ITPZ for all peZ. (Hint: J;la'"'j;d?:)
With M N,E,2 as in @D, supose REN s
an embedded submanifold and  +het X(—Z)QQ

Prove thet quc (T},E} s —]:E(I’)Q foc all Péz



§1hvevse. Function Theorem

Calewlus vevrsion of I¥T:

SM?PO& F-’ R" ‘“"“"’}Rn s smooth and +Hat
D, is an ’ssomorfﬂnism 'Pof some XER"

Then there is a neighborhoad G-<cp”
CO““'“‘“‘“& X such thot ?(O‘) is open, and

(1:\0-: O H?(O’) s o dQWeomor?\nism.

(A SOGA vefetence for Caleulus IFT s SFivak:s Caleulus
on MV\ipo\AS)

/"\amﬁ,\a version ot 1FET:

S“PFOSC— ‘?'M""%N is a .SMOO‘H’\ Maf’ OQ SW\WH"
maﬂ%\&s and  that DFQ is an fJOMOFP\«?Sm ?or sime
peM

Then there is a neii\\\:w\«ona Grem
Con+a\nin3 P such that -F(d—) is open, and

Fl i —8(0) is « diffeomorphism.

Example —i
o TE —s

{ -3

ET"’\%v\ HR—R

1




Eo]

Proat of MIFT: This is a local vesult, so uSinj c harts
reduces o CIFT.

END

__E_"fﬁ_".‘_ilf.é_ Pi“?— of MIFT: Lot (U,?) be a chart
on M con-t-a“minj P (V,yf‘) a chart on N con'faininj
8.

-F an |Sow\orp\“5m =%D‘?q:’)(r}lho{-‘aiz;") an i.somorr\nfsm-

= CIFT implies open (€ g(u)
contaiving P(P) such that
pebogly 10— Br ()
is o o\iﬂeomor?\n'\sm-

= H?"(O)
pot ey LH (6)
"3(-‘:[ 4(00 is  swmooth.

'S \nijeul'ive and

is smom‘]n-

= ey is o a;mm?\ngsm.ré_@



el —

% Reﬂula\f* Value. T\neorem

Su??ose f:M—N is a Swooth map o& manifolds.

A Po'm‘l‘ KGN is o f_ggulox value it Df‘p IS
surjective for all )o€¥"(a,), The point Y is a

cvitical value otherwise.

Easu\w Value Theorem *
I? ‘FM""N is a Smooth map o? smoo‘f’lﬂ,

connected mcmi?olcls, ond it }TGN 5 a (‘gju,\qr

value with Q”(z)#@, then J;"Cy) is @ Smooth

manifold of  dimension diM(M)“dim(N).
Furthermore, —?"(}PE/V\ is embedded.

Coro“ar%_f S" is & smooth manifold o?

dimension n.

gv‘oo&\"‘ ) )
Let FiR™ SR be Fltot)z2xf Since

g‘ 1S o PO\/‘nom‘m\, i+s smooth. Note +hat
%’-"(u)=5" and +hot D?F#-O ks 1955"1 so +hat

Df,"r\ is Surlec.“l'ive and 1 is o ve ulav \m\ue.

Lost, dim(R™)-dim(R)=n.
’ (R)=n END

=1




152/

M)’_: Let SLH(R) be the 3Youfs O‘P Nnxn maodtrices
with detecrwinant 1 , +he §Pec.ia( [inear Sm,g_ Then

SLn(ﬁQ s a mani&u o-S: dimension n2-1.

preot
det P M (R —R s o polynomial , SL,(R)=det (1)

ard  Dydet #0 it peSLn(R).
END

E&MF\t‘.
S'-HP———?[R with 3(:4 o a):z-—xa has

D% (ax-, 4 aa = "' )~ X, 1)
S\n( d" Fﬁm —nnu.S, 3(0) 1S a SW\OO‘H‘\ maniyou.

\) 1
Non e.mml:_\_g_,:

For $:R 2R with Flg)eateat-y?
0 is a critical value since (o,o)e{f'l(o)
and D 9— (31, +2x —Zp =(0,0) is hot =i 0
surse.c:h\re. so £7'(0) nee.dn-f ‘ae a manifold .

w]nic.‘-. has r‘ank i

22+x?= 1;2



Lewmma: SUPPOSQ XSka and YEFE'Q ae  open
neij‘o 'oof lnoois o‘c O, +hat -p-'X“"”Y is sw\oo'ﬂq, +hat
£(:0, and +hat £ 35 a subwersion at O,

Then there is a ne.{jln borhood @< X o'p
QO and a cl?-P‘pe.omorP%ism F: & --»-?F(d) < [Ek

such Hat F(O) is open F()=z0, and foF 'zq

where ’TT“'R'?-—-‘)}RI 1S Pfojec‘ﬂon onto the Slir.ﬂ'
L coovdinates.

53




PTOOQ:
Df is linear and surjecrive, s0 attec a linear

C\«mnj@. o¥ basis  in Rk

we may assume  Fthat

/

DS = (I‘lm| O,.x(u.ﬂ\)

Dine  F:X = RR by Flrumads ($(en-n), 5,2,
and note that FeaeF

It e; is o standard basis element of Rk,
and 3t Jeisf, then D F(e)= DR(e))=e;. Tf
Lsisk , then DF(e)=Df(e;)+Did(e;)= 0+e,xe;.

Therefore, DF:RKSR® is he identity. Then
the TIFT Ew\fal'\e.s the existence of FSX such
et F 3(9'-——9F((}) s a cl‘ume,omorf)\"'\sm onto
an open set, where Q€O

Not that F(0)=(£(),0)=(0,0)=0 and

that  FoF o
' END|



P\roog' of Reju\ar Value Theorem

Recall $:M—>N s smooth , U»GPCM)) M
and N are comected, and Dﬁ is 5ur'je chive if P‘-F (3)
We want to show +that g"‘(y«) is a manipau.

Since DPSI IS Surje.c:hve, So 15 %(P)(""p"f’-f)-

P bt @'w:) P
_-‘—_‘_____,._.——.
Kdun(M)

We may assume ?O(F)=O and ’)}"(%)‘O The

P*(e.\f\ OUS ‘emma imi:hes +he existence o?
dim (M)
G‘i"(p) < ?(u) = }R

F;f Py : CB?;(P) E ?,? f-( (P)) such that

and @ o\{meomorFLISM

F?’f?f‘f‘(?’fP))"'O and. Ao o fo ?o ?:F:'Y‘ =



Let Lepr=F :r:r(%)) a Kec(r), Thus:
@) ﬂ?«'f"'r‘ is open in  Kee(m) = [R‘“‘“(M)'rlim(N)

(2.2) - ﬂ?' P',\r ) Cﬂf\d

G et Py (Qppr) = 7 (Rgpr ) 20 =10,

Let  Uppp = ¢ Fopp (Qppr) €M . Note
+hat U?P..,. is open, and 1t contamns P lﬂ)’ @),

By (i), F(Ugpy)=plopre HUppy) = ¥ (7"(2?)) ik
TheveSore U?JP’?\G—F (y«) , S0 the set of a

U_%Pr coveyr ¥"(8r)
We  claim f(u?,,,,r, 2P ?)}

rrr

?amx\)/ oc C\r\ox"fS ‘Po( ‘? (3«) Indeed

(F3328) (Fonr*p) = Fope(3r)e
s a o\imeowr-f\n'\Sm since each of +he three
""Ofs on the Tij\ﬂ' s a diﬁeamorp\ﬁs*m,

[END]




Re&u\ar values ave Sener'\c. Ly +he 7(',,llt_,,\,“.-,,,‘j msv.H-_

§aﬂl'§ Theorem:
It -FM"'—?"N is Smocan, then +he

Set of cvitical values of § in N has measure Q.

See Page 38l for a PYOO‘? oj;- Sard’s Theorem,
includ"ma what is weant L7 a measuce zero subset of N.

CoYo“a\flf
~7

Is: ‘F: M —>N  i$ swooth and dim(M)<dim(N)
“+hen Q(/"\)EN has measure O.

prock: ‘
I% 'teg(M\ and FG'F- (Z) then § is not
& Submersion of P b;/ Yedason ogl dwmension.
Thus, H is a criticadl «alue, So -?(M) is

Contained in the set o*p' CY'H‘iCa.( \/a\ues.

END]

————

E"‘“__E_"‘" le: ‘?:R'—“kz,smﬂl- R

L MR




Exercises'

@ SquoSe jn"!/"\——ﬁN S smooﬁn, M is comFad—, and
N s connected. Prove ¥ is .Surjec:l":ve_ if !

IS o Subwmersion.

@ Suppose XSR® and Yo k! ave open  neigh borheads
of O, that F:X—Y is smaoth, +hat £(0)=0,
ond thot F is an immersion ot O,

Prove -there is a Y\Q;S\nloor\nooci GeY of
O and o diffeomocphism F: & —> F(@) ¢t
such that F(G) is open, F(0)z0, and F™'of =
where ‘“Rh-—a}zl s ,,(z.,...,zh)=(x“___lxh’or__)o).

@ SufPoSe. M and N are swooth man':-polcls o?— Hhe
some d‘\me,nsfon, Hhat M s comPac:h and

thet LM —N is swmooth.

@) IF %GN s G mﬁulw value of § prove
|#Gpl< oo, (1Kl is the cardinality of X.)

@Z‘) S“]’P"’Se— £ is Sutjc.c:i’iwe and +het every
'H,EN 15 a 'reau\av value of -P I.P M and
N are connected , show that %;_.,] ’D-'(J)I

IS & constant -Funcﬁon on N



8 Transversalit Y

L ets restote what o Y \‘..j wlac valu.e. { S, Le;r
.F: M =N be sweoth and let 3€N Then
{‘3} cN is an embedded  subwmanifold o di mension

0, and Gfat}'-'o . and ¥ is a V‘ejula\r value
of £ if

D, § (T, M)+ Toplt = TipN

¥or all Fé‘r'(g) That 18, DP.F(T?M>:TH‘N 'Por
all ?6-‘?'(7)

A tvansverse manifold is a divect Sem.ralizaﬁon
o (‘esu\ar value. The Tmn,gvg{galf-t-/ Theotem

is  The C.orfaspondinj oma\OSu& to  Fhe Rejulmr
Value Theorem. In whats below, note +hat +he

0- manifold ‘i*ﬁﬁ is Lein rep\acecl with another
manifold Q.

Let £:M N be smooth, and let QSN
be an embedded submamfPold. Then F is tvansverse

-E..__.Q.. (wﬁﬁen 43th> i’c

Dt (T” M) * ’E@Q i T:C(P) N
$oc all F€¥“(Q§_




23]
Exam P,,,\,S_é.i

CDP!R?‘-——*HZS wheve -c(x,y,):(.x,'g,o) and SQSRS where
S* = {xeRE [ Ixl=1} Thea £4S?

(N 7%
[ e/
——— \'- \*?)/2,'

Note that .F“‘(Sz) = 5. , @ smooth manifold.

@ 1f FFM =R s smooth and UER" s
apen, then FAlL and P—l(U)SM is a manifold

0% ‘r\'.'s on o?en SULSQJ' o£ a man'vpolcl.
[ —
- em) | R"

/'\_/
\ f

’

-

4—-#____/

_5__\96-6—'\&\ case. I‘? M ,QS—‘. N ave ‘oOH'\ em\oeAae& Su\aw\anﬁu\&s’
we  Soy M s Transverse to Q ( M(hQ) i'Y- 1., th
whete iM:N\c_.--»N is  4he indusion. Thet \S, ;‘p

TM+T,Q=T,N e all peMaq.




Exam?lg,_s_:
@ RAS* i R

52

Note iPﬂj: R{']SZ is a O"Su\oman‘rpolcl 0? R

@ s'hs' i R

4

Note f_xnd'fﬁsl is a O-submamfold in S,

@ Slld(sa ‘o RZ:

6l




@ SI/Fh/S' in Rz:

—

O

We sow on Paﬁe 52, uSiv\j +he Reﬂula( Value
Thearewn , that Z={(xq.%)éh?3}xy=z} IS a
Sufs;ace in FR3 So is the Fldne. P‘-‘f(}t,y,,o)éﬁ?’}_

Le-|- X= E(D{,0,0) €m3§ OY\& Y: i(o,y,o}ék3§l
Sivice XYe Z: are  lines com"a'\n'\“j (O'OIO),

we ‘ave XN E'TZON\Z: , and thus

P=X+Y < Tooy T Since T 70 is 2- fimensiond,

we kaqe -T}.Ocapo)z - P g T;o,o,o) P' _r]ﬂ u'sl

_TEO,O,O) Z" M —[-(_O,O,Q)P ) P # R3 ) _IZO,O,O) Rs‘
Therefore, Zig(P in R®

Note +hot ZnP:X uY is not g
Man'\«co‘c‘.




Tvansver.sa\'\‘t/ Theotew

Su?])ose f£:M —>N is  smooth , that QeN
s on ewmbedded Su\oman'v?olcl, and 'an'r P(hQ

Then -?’l(Q)SM is a Swmaoth manifeld and

dim (M) ~diwa (£ Q) = dim (N) = dim (@),
F-ufﬂe\’hﬂof&, Q'l(_Q\ 5 an em\ou&&zd Su\omanigolcl o$- M,

Choose Pé#“(@}, o0 that $(P)€Q-

Since Qs N is an embedded Su\omanigo\tl,

We can uSe Fxeccise (2 from page 58 +o
show That there is a neij\«\oor\ﬂooc\ VeN of
F( and a da?%omorfms\m YV = (V)e pz‘“""‘“
such  Fhot ’Yf(VnQ)= ’yA(V)n(fEd;“(Q)x{o}>

We will let RERN phn@) pdin(-tin@

dim im ~diwm
and T R (N\—-? Rd (N)=diwm (@) be Pfoject‘i'on.

Then 1o (V@) = ((0) 0 (R, g) ) o,
and Yo (0) = VnQ.

)




-\m -
4 - A'n@\\
s (R 1
0+ < — \ Q ’
/ Aim(ﬂ\
\ , R
L = - -

Note thot neoac P, P, £7@) s

S‘Nen L)/ -‘:_‘ofra"'o‘]r-' (O), S0 we on‘)/ need o
show thot -F'io'yr-"o']r"(OB s a Man]gou- We'll
do +his \o/ s\now'm3 thet O is a resu\ar value

oS; WO’yfﬂF and -H\en aFPl)/i\n3 -H,g, %eﬂular
Value Theorem .

On +he next page we use the Chain
Rule, we 0dd O, we use that oy (VaQ@)=0,
The \‘meavh'/ o diffecentials, +thotr $HQ, and
$1nall7 thet ey is a submersion (since 7 is )
to chek that O is a reﬁular value of T opof,



D, (mopo£) (T, M) = o™ F
= D, (P)(’]ro’)ln) DF(TM) +0
" Dy [ DT + DF(r) (rey) (7’:‘(?)@
Do Toyﬂ)( DA (T + Ty Q )

" Dy (e (T, T )
) h?dm (N) - diwm (@)

Thot 1S, DP(W"Y""m s Sufjecﬁve_.
|[END

Comllag,zi IF M,QcN are embedded submanifolds
with MhQ , Hhen MnQ s a manipolcg.



66

Execcises:

@D Let V,W sB" be vector subsPace_S. Prove VAW
in R"iF and only H o Vew=R"

@ Let Oe R’ and let AIR"=i(x,x)e}R2“’xeR“}.
Peove that (B™*5o1) dh AR i P

@ A wotyix 1S Symme:t'r'\c iﬁ At'—'A omd S]few-s)zmmern‘c.
l-'; At-'-"'A. Prove that the sPaceS oQ all symmew:c

and s\ﬂew—s)/vnmeWIc matriceS ave Fransverse n

M. (ﬂZ) What is  theic ih‘l‘erchﬁon? What aye
theie vesfed"n!e dimensions ¢

@ Le,‘i‘ ‘35N be a Y‘eﬂu\af Value OQ a Swioth
wmap f:m—=N. TP Pé?"(z) ; Prove ‘I;‘F"(H,\
is the kemel of DPS:

& SuPPose. F-M—N s Smooi'\n, that Q<N s
on  embvedded Su\oman§?olck, ond +hat pd‘Q
Peove  thot T;,fr‘-'(Q\ =(DF£Y‘(TL(P)Q) Poe PG-F—‘(Q)_
(No*'e thot @ im?\:es@) (@ -S'\fow\ Paje, 17‘8 mij\ﬂ \nelfa>




©) Use ® + prove thet ¥ M,QeN ace
ewmbedded su\oman'\‘?ous, and if MHBQ n N,

then ”l}(MnQ)=(TPM)n(TPQ) i+ peMnQ.

@ SUFPOS?- F:M—N and SiN——"P afe swnoo*L,
QEP is an embedded Su\omanl?-olcl, and that

%(h(Q. Prove ‘P(hS”(Q) it and Onl/y i 344)@.

@ Fz;r a” 20, decide when 12+%2-'22=1 and

xz+ﬂaz+a"=a intersect 'i'Y‘ansvefSa”)/ , and
deaw the intersection of these Fwo woniflds.

@ As n the Pfoos:' oF +he Transversal H-/ Theorem
on Po.Se 63 ) show there is a d§¥£eomor,3\q{sm

y«:\/—-w»(v)sna‘“”‘“) for  some: nen‘JHoor\noocl
VEN of £(PeQ such thet ¥(FE)=0 and
#(vaQ)= o (V) a(R*"@x o)

(Use @ Hrom page 58.)




§ Transve.\'Sa\i-'r/ I

For swmooth manifolds M N, Q and a smooth
map Fi/V\XN—“?Q , we Ffix neéN and define

BiM—Q by 8 ()= Fomn),

EXQmFlg,_f
F:Z R —R°
"f' s j;g I? —}
fp 2, —r
q.
£:2,—F



an TransverSQli'r/ Theorem!

Let M, N,Q be smooth man'tgo“s, let Z<£Q

be an embedded Su\omani—polcl, let F:MxN—Q be

smocﬁ‘\n, ond assume F_(hZ -nnen Pov- a.e, héN,
X:“(h% whete f M —>Q.

Llet 1 MxN-—N Le Ffo]ec:ﬂov\. Then
D(mm)/’r : T;M"—E N— T,:N is also fro]e.c-t-ion
‘For all Q’“:“)QM"N.

Since FAZE, we also have that
T{F_"(Zz): F‘i(a) """7N 1S @& Smooth map OQ W\anipoHS.

B)/ Sards Theotem, a.e. n€N is a rejdar
value of T/F"GES' We will show that ?,.(hz for
such n. For this, choose 2627;_ and meé M w'er

€9

£ (my=2. We ned fo check Fhat QO (T.M)+T2-TQ.

Thet 15, 'Fof an)/ VQ‘;—,;Q we need “to ﬁinc{

vectors i D _{, (TMM) and 7;2—5 Hhat  Sum

-t
0 VQ'




Since F(hz omd F(Mm): ?ﬂ(m):%} we have
D F (TAMXTN) + T, Z = T.Q.  Thus, there
ove VM":TMM and \INGT;\N such  that

Va = D F (Yt vy) € T, 2
Sinee neN is a reju\ar value o
qr{r-l(z) : F'l(23 -3 N ) there is  some W, T \,JNé T(MM)(MXN)I
"i“anse.w\' ‘o F 4(%) , such +hat

Y= D(mm) T (WM +W~) = Vy
No'l'e, Hhet \o)/ EXerc\Se 5 on Paﬂ"' 66,

D(m,n) F (WM Wy > € —];—'(m,n)

2-T.2
Now we can see +hot

VQ - DMS;‘,.,(VM"WMB = VQ‘ D(mm)r(\/m-'\»/m)

- VQ - D(m,n)r ((VMJ'VN} - (w"" * VN))



-

= Vg = Doy T (Vi) = (it W)

) (VG B D(m,n) F (Vo VN)) - D )F' (W + WN)

(i
¢ T,Z-T,2
= T2

Since Dms.\n (V M“\’”/M)é DM.‘:'n (T"n M) . our ?roo-p
has concluded as D,,,%.(VM-WM) and
Va - Dm‘?n (VM”’WNJ Sum o Va.

END

EXG-YV\ P_\_g:

Let MSRn be an embaclcle& Su\oman'npo\c\.
For any vER" et M‘*‘V*{P*’Vemnlf‘fﬂ\}

V/ MtV
NS




let F:MxR" —R"  be F(p,v)= P+V. Then
D(F'V)F‘(w,v) = wtv o all  we TPM and veR"
ﬂnefe.“:o(e, D(P'V)F: ‘[; M"IR“ ,__.:,’R" is swjecﬁve
gor all (i:,ﬂé MAR" , which imP\'\es thot FhZ
go'r an)/ em\r:ecue& Subman'spo\a ZE}RN.

Aﬂ,\y’mﬁ +he ?wrwlous 'Hneore.m, ¥owr a.e.

VER™ we have Thot 'R.(h%. Thet IS
M+v h7Z.

Su\oexamg_!g,_j
Let M and Z be the ?o“ow'mj twa

civcles in the P\ane'-

O Qf

For which veR® is it thet M+v/ﬁ(2 ?

!




§ Boundaries

Let Un-‘:?(xn---,x.,)fﬁnjxa?o}. W is the
upper_holf space of R

// / Mf/ W ’ /
N

Lt U= {(tomt) B[ 250§ 5o that D7
15 d;gpeow\or?\nic +o [R”"'.

-
-

M s a smooth manifold  with bounclay_/_

i+
Q>M is Hausdor¥$;
@DM-‘TEj K,‘ $or COMPaC-f' sets Kz. QKM :

@.1‘1-) For am?/ PéM , there is & ne,is\nborlwoocl
of p LEM and a mee.cmw?kism
@ U — QL for  some open Qe

(V) Given 4wo chart @,y s in (217), FYreg”
exterds fo a di@eomorfv\w'\srn oF open
sets in R




o

‘nr\u.s, where @ mo.n'v?olc\ IS O Union og open

sets in IR"

n

... R
%
< l >

o ma.n3¥o\c‘ wi‘l“'\ boumclafy is a Union o-p o?en

sets  in Un

ul'l
b
e X

The \ooumciour)/ o? M (wﬂﬂ-en a/"\) IS

‘l’\ne. SFaca
DM =L oeM | GPEWL for some chart pf

ff_o?os'\‘r‘\on‘.
I‘? M s a swooth man'lpolcl w‘a‘H’\
b"““d“"/' then DM is @ smooth manitold

(wi'ﬂnoud' \ooumdar/) ond either M= /@ or
d\M(3M3= dim (MY~1. Fuctherwore, IM is embedded..



[75]

EXQMPL&E: @ w"‘ is a smooth man'is'\ou w;‘Hn l:mmda?/ and a(un):aun

QOIF M is a smooth manifold, +hen it is a
swooth manifold w‘u‘l‘\f\ boundar/z and M = g

S'x ]:o,l] s o swooth manifo(cl with bounday
and 'B(S'x EO,IJ) =g' )<

- l’
A
O” 7 )

(D More Sene.ra“/ , ¥ M is a smooth manitold

(w'ﬁrk M= ¢) ; then Mx[o,00) and Mx[o,]
atre man'\polols W’l‘ﬂr\ boundaries. Their boundaties
ace. M and M UM , '(‘es?ec.-l"we .

@ A _?of\r oF ?an‘f‘S

has bawndo.r)/ S'_U_ S'—U_ S'.



I‘p M s o swoath h\ani‘pou with boundaf/ ,

and F €M, then @(IEIU" for some chact @
T\nere, s a “-\u” n—-c\‘\mer\siona\ vector syace o-? vectors

ot cf)(p)éﬁi", and transition functions  extend

o o ne'\ﬂ\n\oov\ﬂoad of ?CP) , SO we can o[e.—p'uv\e
TPN\ with dlm(TPM>=chm (/V\) and  differertiols

05} swooth ‘?uncﬁo‘ns as be?ore.

Uﬂ

™

I‘P M amA N ofe SMOO“'\?\ h\ani'?ows w‘d’k
looundaf/ , then @& contihuous map f:M—N

s Smooth nt ’Y/‘U’Po?-| can be extended b a
Sw\oo’l‘\n ma? between OPen sets in Euchcle_an s?ace
For any paic (cf,yf‘) of charts on M and N.



EXerciSe .

@D Prove he proposition on paqe 74.

@ Su??OSe, N s o .S‘moo“Hr\ man'\golA WH'\'\
oN= ¢ . Le‘|’ F’ N— R be SW\OO‘*'L\ anci
Suppose 'KHR 15 a resu\ar value of 'p

Frove  that  §7'(Coo,yT) 1s @ smosth monibold
with bou“Aaf/ ;-'(433_

For example Dn={xeﬁn,llxl(fi—g is
6 smooth mavifold with boundary "Gk’ JIulcf]
sine F:R"OR 1C(x,,...,10=i1;2 is
Smocth 13"((_oo,l])=D“, ond Sf‘tr(ll): "

For 4wo wore exarples , ot g MsR — R
be q(pt)=t and let h:MtR-—>R be
h(F,t)=t(t—l). Then fg|(('°°a°])=/v\’<(-°°,0__(
and ' ((w,0]) = Mrfol.



8 HomoToPicS

Let T=[o] and let MN be swooth
manijolds withowt ‘aounciaf‘/.

Twos swooth maps -?M-""?N and 3:/\4—""1\{

Gre smooﬂly__ lﬁoma‘fopic & there is a smooth

map F:MxT — N such +hat F—(P’O)z‘P(P)
and  FpD=q() for all pem

T £ awd 3 ovre SMOO‘H'\I)/ lnowto’l‘oPic., we
wYite $2% F is called o lnomofoﬁ)/_ between

Q and 3

5 teT , we denote the Lunction
F(-,t):Mm—N as F,iM— N Thus,

ro f_y__F" ) and  wove ﬂenefalt)/, F,;_’XF; '?or
GY\7/ A,'teI-



Exam]o|es

@ F:s'xT ———5[}23

@ TIn F‘-'SiXI*"”fRZ below, we visudize +he
F;IS'-—?faz as a Ttwme lanSe continuum os man

@/

- 1] B

K Fy, F . F

B let neZ and define X.: 8 ¢ by
K, (et®) = ef""e , where  8¢€o,2%). Later
we'll  see ot thé’xk i+ n#k.



Pro?osi-ﬁ on'

Suﬁ:ose M and N are connected, smooth
monmields , that M s compact , and  that
FeMxI —N is swooth. T& F:M- N is (8),
Phen there is some £20 such thet F,:M - N
is ) for all 2€[o,8) , where &) can be

(*) an immersion

Y subwersion

¢)a |oca\ A’nu\eomor?\n\sm

() transvetse 1o an embedded Q&N

() an em\oe&A\ns
¢) a d?@eomarf}\ﬂ'\sm.

peost:

imwersion: | .4 ?le\. Since DFF; is inlec’l"!\ff-

and (P,*t)l-—-b DPF; i1s  continuous, theve is an

open set u[,x[o, ir)g_:MXI conﬁ'a}n;nj (F,O)
such thet if (?’,'IQE urx[o,£P> then DﬂF‘; 1S

intective.

Since M is ‘compact, ¥'mfml)/_ marsy o
+the uf covex M\, and we let & be +he  minimum

OSF +he c'_orfe.si)owal'mj -PInH‘el)/ \Man)/ ZP' /



Subwmersion:! Siwlac.

A

]ocal d'\QCeoMQY‘PL‘\SYﬂf Trmersion + Submersion .

4

“+ransvesse o QEN Similar +® the immersion

case, no‘l“mj +thot i‘?- Y is o vector sface
with W, W, W, U'sV, W+U=V, Waw’
ond  UrU', then \A/'-a-u_':\/_ //

QML‘)QAA.\Y\\C): An)/ continuous W’\QP ‘F\rom a COMPQC+
sPace. M is me?ef, 'i’huts b/ execcise 2 own
page 1‘1‘8) F; M—>N is an em\m&éinﬁ i$’ aml

on\)/ i? it 1S an inSe_cri\re immersion. neregore,

we on\y need o  consider whether F;. is
intective  Foc txO.

Our ?4‘00? ?voceeas lo)/ c.owf‘r‘aclicﬁc)n.
That is, we assume Foois iwjec‘!‘i\[e., but

thot \:;n is  not ]n}ec_‘l’ive $oc £, O




22 |

Define G:MxT —> NxT by (P:t)*'“”(F;(p),f)

Tn local c.oorcl'ma'f'es, D(P:O)G can be re.?fesen'l”eo‘

as
( D, F. | :- )
00|

Since DPF; IS in’Jec:t'ive foc dll PGI‘/\, we See

*

= Pk

+Hnat D(m% is injective Yor all peMm, and
thus  there is a nei:s\r\\oof)nood UP cMxT of
(p:0) such  that G l "

(s in‘secﬁ\re.
P
We have assumed +he F;_n are wnot

injective , S0 there are )om‘ZnéM with
g ond By (p)=F; (g0).

M s compact, So we Ma)/ assume
thet p,—p and 309 for seme p,gem.
Thus

/

Fo (P = b, R (= R (4 = R

n-3 0o



Because F, is injective, p=g. Therefore, for
n>?0 , (P“fi")k(infin) , S0 we may assume
all (F“fi") and (%,zn) are contained in a
Common  Up EMxT where we vecall heve
that qu}PeM was an open cover of /Mxfol
lo7/ open sets UPEM*I.

Because G

's  in{ective
Up, ) ’

G (pa,2n) :<F;“(Pn),£,.) = (F},,(Z.,), £) =G (guen)

imp\'\es ‘Hnod' (Pmin):(sz_n) , and hence H'\a.'f'
Pa=qn , which 15 our contradiction. /

c}iﬂeomorf\a‘\sml B)/ the above, there is some

£>0  Such that F; s a local o\i—ppeoMorPLnism
ond an ehm\sedcling foc all ts5g. Thus, we

o'n\y hove -0 show -that F;(M)“-'-“N Por t<e

By IFT, Ft is an open maf, S0 F;(M)

is open in N. Since ™\ is compact, F;(M)
is ComPac:t' and hence closed in N, B}’ +Hhe

connectivity oF N, F.(Mm)=N.
4 ‘ /  [END]

83




Exem'\se

Q) Add wore detail o the '?'i'\ransvevse, To Q__C_?_N“
cose Og\' ’Pr\ﬁ. P(OPasiﬁQh Pm\[eA ;Y\ “f"l’\;s CLG’P‘#&’(‘.



S Vector Pundles

Let TM=( T/V\’ +he 'I__‘_qﬁ_r_\.je,n‘l' bundle 03\- M.
pem

™ "

Proposition:  TM  is a  smooth monifold and
dim(TM) = 2 dim (M),

ErooQ:
Let m:TM —M e defined by ) =p

LAWY '[;,/V\.



Let (u,?) be a chart for M, and
et wWeT™(U) | so thot w=[(Ug,u)] for

dim (M)
some  u€fk ,

<

Let & T () — ¢ (W)« R

be defined by B W)= (gorpy), u)

Note that TM is the union of 77 (u)
whete  (U,0) is a chaet for M. We define 4
’1’0?0\03\/ onTM  such that  each P, is o
homeomorphiom.  We  let  the pairs (7(u),d,)
be charts for TM.

To check transition functions, (et (U,q)
ond (\l,«f-) be charts on M that give Vise

fo the chacts (T(W,8,) ad (77(V),T;)
as wn the ?fexlfous PamS\m?\n. For (x‘u)é?(u‘)xmd;nfm)

we let we T?"(x)M be w*[(u,y,uﬂ so that

"P{,O @l;'(x, w) = "va (w) = (Yo?—l(x), D, ('roff')(u))
which s @ d??QeomorF\«iSM.

R

END



A smooth vector Qielc’x on M is a swmooth

function 1M —TM such  that Tron=zd.
™
’iTl )A
M

The 'ranjewf- bundle of M is a certan

kind  of wa.)/ o} c.\reau‘l"mj a man\g'\o\i that
consigds o Pa‘ws o?- Po'm‘t‘s m M and vectors

in some vector SPQCP—- Thece ave O‘Hnar wa/s To0.

et E and M be smooth man'sgolcls.
E s o yechor bundle over M i thete s

o Sweoth sur:sec:t'?.on T E oM such tHhat:

() M is covered by open sets U;.

({1) Thece ate di¥feomorphisms  hy: 7 7'(it;) = Uxg"
such thot Féu; imr\‘aes \ni('fr"'qaﬁ=fr}x}£"‘.
G heeh s (Ui Ug) TR = (Wil )xR” s given
b)/ \nl'o\ﬁ;"CP'V)‘(P:g;i(ﬂ(\l)) Por some smoath

function 457 U U — GLa(R)



\'Ii(fltf))h 4 \
:é.//d':.\

Ry v ¥
w;*R" u: xR"

- Note ot i?}x Rh 'S Y\a‘t‘wral l)/ a Vector S,DGCE- ,
and  Hhot f 4\/6’/7’"(?) . then hfh:'(P' "‘.‘(V))
ecf’ua\s (P'\"'S(V))' Now because 3_-(2'(;;) 'S )inear,

Soc v, w€'7r"()o) we can define

vew = bt (p i) +h(w))



This additon s well-defined  since

he i (p, i) +hi00) = (p, gz i6p (‘"f(")‘*""f("“’))

= (P' CMI'(P)(‘"{ O”)) + (P'tﬁii(P)(h"(W)))
= b (p, i) + bk (it

= (P, h'(\l» + (F: lﬂr' (W)B
= (P s+ hi(w))

so h'(p, hi0)*hi(w) ) = \njﬂ(,ﬂ, LHOL "\f(“’\).

T\-\e.fo.gufe, each r"(P) is eZ“iPP“L with a

vector addition. Similar(y) e_ac‘n 77_—1()9) P
ezu'w\o?ed with @ well-dedfined  scalar Mul-l-i?\ica‘ﬂoh,

so each T P) is @ vectl space. We

call T"(Fﬁ +he $Fiber over Pé/\/\.

Weca.“ n ﬂne,f_c_l:\__\f o-‘: E, M +\ae,

bvase s?_g_c_g: og E, and hz-’s -t'he, !g_cal +r]viali%a‘l'ion9,




[qo]

E;&am P_Lg._?_

@ 1 M= R" — M where ’rr(,:,x)zP s a Vector
bumcile ) 'Hne pr‘odud’ bunc“e, oNexl M o—Q \r‘ank N,

@ TM is a vector bundle wheve +he
Dx(’f""?’_') serve  as  the 3,I(f>) The vank
o TM s d"\m(l“\),

@) Let 235123 be embedded. For each ?523)

let LPEﬂZg be the live or+\r\030na| -+a

TFZ: , and Pass\n3 'Hnroua\n p. Then r&)ﬂjL?

1 o T‘an\ﬁ 1- vector \oun&le over Z:S’ c.a“ed
‘ﬂ\e, Y\O'(‘MO.\ lo\moue..

Deg"m'\‘t"\on-' A vonk n vector bundle mE M

s trvial i there is a o\':?geomorP\nism
5}‘-E —“%l"\*i?“ such  +het 1Eor an/ Pé/\’\,
£ ’TI‘-'(F\ — i?}XR“ is & vector Space

iSow\arj:\n'\SM.



E AQw P_\_g,j_

@ Product bundles are rivial.

@ The vormal bundle of 239_923 s trivial.
We con moteh up Z:SX[O"OO> with  +he
dicections in the novmal bundle +hat point
outside of ZS' This  1dewtifi cation  extends

o a di—‘;g-covnorp\wiSm with ZEX}R

@ The Moebius band is a vank 1 bundle
over S that is not  trividl.

@TZ.‘ is  not  trivial i %f/:i,

@IQ’ M has only one chart, then TM .
trivid. So TR"= R%R" and TGL,.(B)=GL, (m)fo



_,Qegin'rﬁoﬂ_’ A swooth _section os‘- o vector bundle,

ME-—M is a swooth map &M —E such
that  ren=id. £
™| s

M

The set of all smooth sections of E s
denoted PCE) USinj the operations

(A.-r,nz)(p:,h.(ﬁﬂ;z@) and (o(,a,)(?)zo((A.(P))
Pov ALb € P(E) , X€R , and 196/"\, we see that
P(E) 5 a vector space.

An  element of P(TM) is exac:l'\)/ a Swooth
vecCtor S}te.\ on M.

Definition: Foc any vector bundle i E—M
let Op € 7[‘"(?) be the zero vector. The zero
section. of E is 2,€T(E) where 2,(p)=0,

'gor o.“ FéM'

- Note thot AiM —E s an embedding,
We et M°=A°(M>§E.



Execcises'

® Prove TM is a smaoth vector bundle over M.
@Tke_ Mobius band is [G":‘KRA where

(OJJC)N(I,-JL) , dencrl'ed below as MB Prove
MB is a swmeoth vector bundle over s

@ Let o0, R"— R and dfine a:R"—TR"
by A= (p o, anlp). Peove a¢P(TR")
& and On\)/ it each a; is swooth,

® Suﬁ:osg T E—-M is a rank n vector bundle.
Show E is +rivial if and on\7/ il there are

sections b,,.. A € F(E) such that ZA.(P),..., A.,(P\}
is o basis -?o\" "IF"'(P) %r all FEM.

@ Use @ to  determivie whether TS', MB/ anA
sz ave trivial vector bundles.

Prove V(E) is a Vector sPace ‘Pm- an)/
smooth vector bundle 7 E M

@IS </V\xR)—M° connec:t‘eo\? Is MB-(S')O

connected ?



§E7\‘|'QY\A3V\3 Swooth F\-mcﬁong

Lewma® For oryy £70, there is a smaoth
3€:ﬂ2-——3112 with

() 4, (x) 20 i xeR

6 as (D=0 & x#Fss] 7

(@i7) 6£(0§>o / gﬁr B
R

£ b, £ R
prsk. -(%-1) " - (% )2
Let %i (x) = {c € X € (‘ £/€>
0 <t (€, i)

Ev)

L..:M-'-' Foc ah)/ £?0, there is a Swooth
Gz (R"— R with
6,20 i xeR" T

Gi)G (O=0 i x¢TT[5e] G,
(i) G, (0)>0 (_JL

P 660 = ()




_L:E.I.“_“_’.‘_i‘&_f For awy 870 , thete is a swosth
i R—R with

@ L (D20 & xR
D) L (=0 b x=0
Gid) (=1 i} z28

roof-
= J'I
-8 )dt
Le't' ﬂs(f-): —-»OSCS%( >
jo (35/1 (t*%)cl‘t
ga 3%&05/2)
T xl c ® END]

M Eﬂ' Gh/ OFP-Y\ \(SR“ cawl'a'm\'n3 O, 'Hnem
is some swooth bR P such Fhat

@) b(x)20 i xeR" ~R
1
(i) bp=o ¥ XV b
(i) blx)=1 & x=0 Gmﬂé\,ﬁh“
v

Eigg"_'-_ Choose. £20 Suc,\r\ 'Hno.‘f' ;;rE- g, E] cV. C—LOOSQ-
ch ‘H'\ 2 o ~ .-' =
$30 su ot Gz(f') 5 he xx0. Let b—ﬁs"cvz '



Lewma' Let M be o swmooth manifold., For an
FGM there 15 @ neia\w\oor\nob& UEM  of )’D

such that for ary Smooth (f\U"%fR theve

is Swme swmooth TM-——»? with _?(;L):.T(x)
go\r a“ thF-

proot

( hoose (u,?) 4o be a chart with Pfu We
oy assume Fhat ?(P):O'

Choose an open \/E?D(UL) c.on+a3ninj O with

“\TS?CU), ond let LR =R be as in

+he previous levama .

Define §'= 4 (bop): U—R so thot
¥=$ neox fF, and ‘?':’-"O awo?/ Xzfnm P
Let ()= Efr'(x\ L €Y

0 U. —
* END|




& Dexivations at a P__o_'m"\'

Llet M be a smooth manifeld , and ot

Pé/v\. _ﬂne %&YMS O": Smoo‘}'\ﬁ 'puﬂc,‘l"lons ot ’?‘_

IS an R-a\%e\o‘m, denoted C?(My, and
dag'mec\ as the set og- Swooth —?unc-ﬁons

§:U—R such thot U is a mjjuoor\noaci

o o modulo  the e,zui\/alence ~ wheve
SF"U-"”JR ~ 631\1—"3]2 s there is a
Y\eicl\n\oovlqoo& WE Uav os\» P suc\n ‘f“\'\orf ‘W\szlw

\A“nic.\q ezu?va'cnce cla55e.5 in Cc:(/"\) are
invertible

dim o oo ‘-
BQ—CGLL&.SQ /y\ 15 \OCa“)/ R (M)) Cf’ (/\/\\g O(Rd ("‘)



A decivation on C:(M) s a linear maP

S'-C,?(/V\)-———a}ﬁ

such thet i [?],[3]6 CFOCM) , then
5(Bq) =4S ([T)+ 9(p)s (07)

The set o  all decvations on C:(/V\) is
denoted Df,(/v\) Note -thet DI,(/"\)C‘—E Do(;gd““f’”‘).

O\Dswvaﬁ ons '

O T xeR and 8,,8,509(/"\3, then
0L6l+821CF°</"\3-—3E IS linear and it Sa’tispn‘es
the "ondud' ?ofmula:\ aloove., S0 OCS,+Sze Df’ CM)
That s, DP(/*Q is an R-vector space .

I* xER o\eno‘rés a  constant gunc:ﬂon on M,

then (0x1)=0. Tnded, (T11)=5([t-1)=5() )
so 5(011=0. Then &([1)=8(x[1])=x §([1])=x-0=0,



Exam?\e'st
@ "’"‘ D(Hi) where -—-" ([pD

T\n;s 1$ we“"de‘(r\inec& since 2L

X, o"

;33

9-1'1' 0

Feq.
Note ot “"g}?; . C‘:(@n) — K is Jinear

o '533:'[0([’3@3 %@I o2

() Since DO(JR"> is an K-vector space ,
g‘xig%;fLGDo(Rﬁ Soc any o;€R.  Thus,

we. hove a linear map A-'fRn—“‘“”Do(fEn)
n

where A (s, 00) = 312 |
2":.; 9’

+ 3(03%5; 0

A e ‘,y\}e.(_'ﬂve.. Trdeed ¥ %, 7O,

Then X, 311 ([x"]) X, 0  where

+h
ikim -‘QR 'S Pfose(_‘hor\ “to ‘I“ne. h

COO‘(‘A'\\"\OA—G . T"\LLS, A(o‘n---; Nn) #0.



’ﬂﬁ&ore\@j
A:‘Rn'—""’Do(IRn) IS .sw}ec:five so +hat
D, (R =R". Tn pacticalac, ¥ 6€D,(R")

Hhen  S= L-:Zh," S (['x?.J) 3?[2, /o _

Pmo&:
Let S‘Do(f?n). For any [{3]6(,;0(/?"),

is} t€[0/] and %20 +hen +x is in “the domain
of- '? Hence we can c\e}-ina hx:[o,l'_] — R l,),

h,‘(t):?(‘tx), Nete that ¥ my bl —R" s
m ()= TxX, then l‘\z;'Fomx. Thus,

\"Ii(t) = Dt h;{.
= D.t(?-"mx)




Hence,
FEO-F0) = h (1) - hy(0)
= 5: h, () dt
_oton .
i L § %,% LX) dt

) Z:( :5% £x dt) xi(x)

=i

Thexelece,
s(153) = s(UN)- 0
= (1) - 5[5

= 5 ([$-400)])

- g([g(g' k| it x])

i‘( a:ﬁ' dt & (L) *12(0)5(U'§f’ et >>
2

[END]




Since C;(M) = C: (fgdimm) we have the

I

S‘onow‘\nﬁ

Coronarz N DF (M) v Rdim(’“)

T+ will \ne\P us -Hne, nieat c_‘na?‘t'er

o \nawe o (_oo\rci‘ma'l-e.——?fee wa/ “to ex?ress

devivotions, For his, it ve TFM , then
we define the Lie devivotive in the direction
o vt ke L, eD(M) where

Lo (B¥3)= D, f )
Tlnus, foc exam?\a, if M= ﬂi‘s and Pf-‘O ) then

N m) =D (“)
CELZED (5

+ 2 of £

312 *C 3x, ?Xalg

-
—

Bil

-




M VI—*--‘}LV 's a Vvector space fSOMOY'}DLI'SM

bet ween 7;,/‘/\ and DP(M>

ono—g—f
You can check that vl is livear,
and v know  dim (M) =dim (D, (M), so

we will Show that v, s injective.
Suppose VEQ. We want fo show L, #0.
Trdeed, v=[(Up)] for a chart (U, ) with
@(p)=0. Lo+t mio(U) = Ry be projection
onto the lne Ru. Then it L= mopiy—R

we  have

L, (B1) = D(H) () W

1-__.._

- L ?
#0 Pl g ¥
LA
S0 "Hf\0-+ Lv#‘o :L%/éu



Th liS\n-l- o +he Ffev'\ous Two ‘Hneorems,

i-?— one is u.siv\3 local coordinates on a manitold

M near a Po'm‘l‘ Pél"\, then  one os\—‘l'-er\
d.'in(ﬂ\)

: o
wYites s = +o dewvote a tangent Vector
t 2X; P 3

=]

in T';l"\

A|So, we write 20"%, in'i‘erc\nan ea‘ol uu\'fl‘\
i tip 3 /
Lpty2

; c("'*3""?]P '



EXerclses N

@ Prove CF(M)“% C?([RC“M (M))

@IQ RER  and 5, ,8.€ DF(M)’ prove tHhat uS,“’Sz
Sa:l‘\ss-'ses +he Pmduc-[- Soemula.  That is, Hhat

@5.782) (T]) = £p> (6,75, )([3) * 9P (6,45, )([F7)
foc all [$], [q1e CI(M.

B Let $ec(R®) be £, YEORERY +2x?i+323*5

amdlei'\l—’nge\l(/gl)

Find L (08D,
@Le‘f £ be as fn@_ Find

i\ o
——
2 2X

@ C”F"(M},_; B whee D?] — -?(?) s a linear map.

We let mi, be the kevnel o?- +his maja , So ’Hwa‘l'
’M.,, s o moximal ideal in C?(/V\B.

Let  m? {[iﬁ ]I[?,-],[g;]emr}

(1.3\) aal(zzl) 3%(231) ¥

L=




Then ’M_zf, IS a vector Su\:sPace. 09‘ ?’VLF,

m :
S9 P s a Vvector space. Le:i‘
2 o =F
m %
( f’mz) be the dual.

P

Qiven @ € <MV2)* let & -C”(/vﬂ-aﬁ
g / A

be defined b)/ 6?([‘{:]):?([{:'“@]*7%2)
Given €D, (M), let g™ Al

be defined b)’ Ps ([?]"“m > [‘F:D

) Prov is  well-defined ard € (mi’
@ rove  Pg 19 " 796 41;

~—%

(b) Prove 6 € D (M)
) Prove D (IVQ""“?(m \ where &+ P

is  linear.
(on Prove ?93-—-‘96?, is the inverse of 8""‘”?’5

*
ond  conclude Fhat (m%’}) ~ "]}/\/\



8 Global  Devivations

Let M be a swmooth manifold .
Let CZ(M)  be the m-a[jelom of  smooth

Functions F:m—pR.

A decivation  on M s

a lineae 'Func:l'icn

§:C2(MY — (M)
such  fhot 5(5)=§5(q)+ qS(H)  Foc any
£ qeC(m),

We devote +the set of all devivations
on M as  D(M). Check +hot D(M) is

on  R-vector space.
Given a vector fie\d A€ P(TM}I
we de.‘g"me
Ly CZ(m) — C7(M)
L-A (’v’) (‘P) = LAcF)-?‘

{

M %
AR R
i e

1071




Lewma: [ € D(m)

grm—‘- :

T. Li is linear:

Llet w€R and ‘9‘,36(_“(/"\). T]nen -Fvor an), FEM}

LA(MQ*fO (F) = LA'(F) (0(‘?“‘3)
= Lo (8) L (gD
= oL ('?)(F)-PL (3)(F)
= (o«LA(-F)-i- LA(3)>(F)

T]nusl Lp. (olg-k&\: ol LAG‘-)-r LAéij '
I- Product rule!
Let ‘Sl G. Cm(/v\) . Then 'For om)/ FGM’

LG (=L, ¢, (b)
*HP L () + 40 Lup(D
P LG + qpL($) ()
= (L@ -+l (®) ¢
Thus, L, (f9) = UOELUNGY @




Thewem: T(TM)x D(M) as R-vector spaces
via B HTM)— D(M) where B(a)=L,

groaf‘-'-
I. & is hinear:

let wéR , and et A, LB, € V(T/V\) I
Y,e C=(M) and pEM, +hen

@ (oLA;-rAz) (9—) (?) = Lou:.,+A2 (g) (Y)

=L

(u'hi-"b'l.\ (P)

abﬂ(?\"’ﬁ;(?)

- (O( LA.(f) * LAz(p))(S:)

= A(y)s:- LA()‘Y—

= ol (P + L
SACNOIORE TR D}
Thus, P(ar+s,)= P @)+ Bay).




TL. P is \nlet‘..‘!'ive,‘.

Let &, b€ Y’CTM) with &,#4,. Then

+heve 1S some Pé)v\ such Hhat A'CP)#:A'Z(P)

Let USEM be a Yle_'\j\n\oor\nooA og— P, and
in local coordinates et —F-‘U-"R be a

livear mq? with —?(l&,(fnﬂ# 41(&7_(;3)).
We extend F + ré Cw(/”/\)

so  that
BH(TH) = Lyiiny
Loyt
= DF (ayp)
= F(a2i(py)
Hence,

B2 D) # B,

Thus, AV +P(A).



L. @_ is sucjective

Let S€DM). Given P EM, we define
SEOM by 5 ()=5(T)(. Since
T?/V\?-" DP (/"\) , there is some b (@é 7;, M
SULC\P'\ 'Hﬂa-+ LA'S(P\ = 5’, . Thus we have
cle.g-‘mec& o vector S}i e,\éu As M — TM ,

"HﬂOuS\n we still have o check  Fhot A-g
s swiooth.

To see et b 53 5mao'l')ﬁ, we
use local coordinates do write A'S(?X:Zi:ai(p%‘:lp-
Note +hot &g will Yoo smooth it each ay s

Svnoa‘Hn , S0 we let JLE be Fm’}ec:l'ion ontao
the )a"’"‘ coordwete and note +hat

O.ja(]ﬁ “(IZ: a, (P) f;}L)(xh) - L..A.s (P !
= 5. (x%) =6 (XF) (p)

Since  SED(M) , ap=5(3®)e C°(M), so we
have +hot Age(TM).



L.ast note +that

D(25)(H) (p) - L, 06

=L, . f

AS(P')
54(F)
JOIR

1]

il

T\nus, @(Lg)-"g .

—————

END

As we saw in the Proo?— og' +his

“Hneorem, swooth  vector Y—ie\o\S afe c$~+en

written in Jocal Coom\mo.‘l”-e.s as Za(pax’
4

P
w\«efe. 8.0-6\'\ a; IS @& Swooth v'ea| V"alued
i;u.\«\c::t'umr\

We can, o.Y\A Ao write 8(1 (P)a"z}
ond. LZa 0L , m‘l'erc\nansea\o/ And w\wev\ o

its uhde\rsfooén that ‘Hne a; ave functions, we wite Z:az 2%; .



@ Prove i} xeR and 5,,5,€D(M), +hen
MS.*‘SI so:ﬂsgl‘\es The Pmo\uc:r rule_, and

therefore, D(M) is an R- vector space .

@) |et Sle C,w(mz) and AGV(T[EZB be
S‘Nev\ \D)/ ?—(x,g): 2x3152 +7 oand
' = t ”a""' X _@-— n /
A(ey)= () dz 3 135 Find L (F)Cep).
@ If M s a smooth manifold | ac(TM)
and  Fe (M), prove L feCP(m).
(&_n_j'_ check this focally, and use #2 Paﬂe‘ Q3>



4

8 Lie Byockets

e

D(M) 1S o vector ST)ac.&. The joal of +this

S]noﬁ‘ c_\noP-t'er is o ntroduce O mu(-t-';io\lca‘l-'aon

for D(MY, hus Ma\c‘mj D) ints an alje\avf‘a.

IFf 8,9 D(M), then &s8":C=(m) — (M)
15 linear , ond  one i 3\\-# hoPe that 508 also
so:r'\sp'\cs the Pfocluc"t' gofmula, because +Hhen
6.,3’ would Yo an element 012 ‘D(/"\). Bu‘l‘ 5"5,
w'\\\ WS \Aa“)/ viot §a’ﬁ5¥7 'I'l«e P*(oduc:‘l’ —S-\ofmu.[a.

Eample:

> 2
ﬁ,%’jé DORz) and %»3-3- does ot sartisg/

the ?foduc:t' formula since  for x:'#é C“(Ri!)
we. $e€ 'H’\G."l—

aat a? (’“(P = (x) =1
but
X %5(—9 (}') jax 33,(3‘) Jf-ax (1) ’a‘ax(o) 0.



While  §08" does not in Senera\ satisty a
P‘('OA\.LC“‘ T\L\e, 6051-—6108 AOQS’ So we Can Uuse

+he o?em’ﬁOn (S $ ) — $8§'-§ acS +o defive
an aiﬂe\om structure on D(MY. This is the
content og— 'Hne, Qo“owmg

Lemma; T& M is a swosth manifold  and
55€D(M), +hen S08'-8%5€D(M) .

NOW we  can \Use ‘Hne Jector s?ace ivanon?\a'\Sm
D(N\) = P(TM) +o Aeﬁ'me an a\:je,\ora styucture
on T(TM) as  ollows:

us! XY ET(Tm) , then LxIL‘f € D(m),
so Lyely—Lyol, €D(My2 P(TMY) , +thus

there s & um?,ue, vector g—‘\e.\& on M — Which

we denote \97 EX,YK - such thet

L[X,Y] = L;(OL‘{ . L‘Y OLX ] We Ca.[l [X;Y‘] f’ka
Lie ‘oracket o8 K and N, The Lie bracket is
the mwl'l'iP\icaﬂon wde  thet wakes V(TNQ an a\ﬁe\o\t‘a.




Note that Soc ;(,\{,EeP(TN\)/

@) [XlY} = - [*{lx]
@) {x,x}=0

(2‘5_1‘) [X, [\Lz}] + [Z, [X;‘f]] + [Y ) [%Ix]] = VO

The hird e.iuo.‘\"Oh is called the Tacok I&en‘\'ﬁy.

With These vules , V(TM} 1S an examP\a
oF o Lie alﬁe_\o_va.




ZH72

_E_Xerc.\sas :

® IF¥ 5,8€p(M), prove that 5°5'-5%5 satidies
e Pmdua*l- 'gofmu\a. T‘nqs D(M) IS an a‘.ae,\ora.

B Foc 25,3 PR, S [, %]

Fix X,\{EF(TNQ. Prove  that [* ,Y:‘:P(TM\")V(M

is tinear. (Using thot [ qT==[4,X] we could fen
deduce +hat [)( ,w] : V(TM) —y V(TM\ is lineae as well.)

@I‘Q *?yff Cm(/"\) and X, Y¢ F(TM)/ prove

Y_Y—X ,3\(1 "%[X,Y} + H'x(?\{ - 31—\{(9))(
® Use @D ond @ o chow that if b,qe C_oo(lﬁh>

v 21 3b da_ 9
Fhen [a%iz\:’a"j]“aaxiéai}"b’é”ijaxi

@ Use @ and B o Hind [%,fg+x-§g} /

2 2

where 37, 3—%*1% € "’(T[RSB
(@ Prove +the Tacob Iclef\’\"‘?.



éFlowS

M
M___,.._..

let a,b€R  with a<b so that [a,blSR. Lot
M be a Swooth Mahigo\é\- G,'wen a  smooth

curve  cifab] —M et c'(t)&'[)tc(i)ﬂ:w/"\.

We have 4he $ouow\r\32 P{o)‘ms\f\ons ‘Ffom 'Hrle
-\'\ne,av7 of ODESI

PvOPo Syhon',
¢ PE/\/\ and X€ P(TM} , then Fheve is
on nterval T, eR with Q¢ Is, and «a

uV\‘\cLULe, Swosth  curve Cf,-’ I‘, M such that
@) ¢ ()=
(i3) Cpt)=X (c‘,(t\)



EQPOS‘\‘Hon‘-
I-? ?6/‘/\ and XEF(TM), ﬂnen +here are OPeY\
neifj\n\oof\nooas Vem of P and TSR o O,

such thot Joc ar\/ zé\/ , ISEIZ and TxV—M
defined \07/ (tﬂ*—*ci(ﬂ is  smooth,

Notation CZ(‘ﬂ SU.jieS‘f‘S ‘Hr\a‘f‘ we ave —plowinj Q

Fixed tifl"\ for a variable time . 113 'msfea&,

we wish 1o suﬁesf Hhot we are ﬂow:nj variable
Po'm'i‘s in M $or a gm& Hme t, then we may
wite 9:,(2\ instead  of Cz(‘t), This notation also
rerminds LS of the wle of Xe€f (TM) Now the two
vules feom  the previeus page become 1 (2) Q: (?\ =q,

and (1) Dy ) (D(1)=X (€1.(9).

f_gpos\-’r’non'.

Given XE€f(TM) and FéM , let Vand I be
6s above. TIF t,t,t+t’€L, then GE:VHG:(V)SEM
is a diffesmorphism  and Or06y =0}, 4.
Flow'm3 for £’ and then foc £ js the same as -mow'mj
foc  t+t’. Thet s, 9).;: 06:’.'3@;*,&:. Now wete +hat Since
0,714, 8%,:0,(V) >V is a swooh invere of G, > OLW).

‘ENDl




Given Xef(TM) and PEM |, we let
Pe\/ﬁM and O€T SR as above. We call

x L}
{Gt «V —J’M.}‘tGI & loca\ one Pamme'{‘ef Sfou?_

foc X near Q.

I V=M ad T=R , +hen {e} <D,¥¥(M)

is called the one Fa*‘ame‘i’ef Swrouf of Ameomoro‘mms
for X,

E?\O.MP\Q.S

@ For teR, Lot FDIHRY be Llupl=Gery).
Foc %EV(TRZ> , note that ¥o(x,y,)=(x,y§, and

D 5;-::(—'* g) (I o\l
¥ . (x,g) (x*’t '{f)
6”" . That s @a" (x, }p (x«c--t 2)

@ Foc xaﬁgé F(TFR ) e av(x b{) (X. y-i-t:() s$ince

D’t *33(1 H')a) (o, x>}(:. Y4taX) - x%

5&2 w’,j':: Liﬂ
"'"5..@ -~ ol xa—"
-..*
_~—_;l__4,_-_:~ ll”t{s 33'
lt¥1T



3 For XeP(TZ) as below

X,
61: : Z:. — Zl is a c\ockwise Yotation cg 2,.

HO.\I‘W\3 0. one patameter Srou? ‘?0(‘ € P(T?V\)
15 better than \'\av‘\hS a local one Pa«ramﬁer
T‘ou‘) ¥m X J aml welll See  in -Hme, c,ofauary
to  the S?o\\ow‘mj theorem  that  the key for

\ncw'mi:) o gu“ one Pamme‘re\" 6\’ N? g'or )(6 P(TM\
is o have M e Com])ac:t




IIZZZ

T‘newew\‘-

Suppose  X€P(TM) , frot K &M is compact,
oand that X(p)=0 ¥ pfK. Then , with
our wnotation as a\oove., I=K and. V=M

s thot X has a owe parameter jfou? of A?mamorp\\:s;ns.

P_focS«‘.
Cover K with 9’1n‘r\'&7 Mav\)/ open VCM
ord let T.<SB be such that iet V-—‘*M}

téIi
s a )ocal one ?amw\e.‘l'er 3(0\&?.

Let I-‘—”(i\'l_i ; and  foc teT [t

N0) ’{Q?@ * e,
| ?, i§ 1# [i)\[i
By uniqueness of Hows thﬂ'(i): Q:fj(z) 0
‘ié u,‘ﬂUj. Also, 9:1(?’)“{/ i 9€V; - K,
50 Oy :M—M is a A-S}&Lomovp\«:sm foc oll 2eT,
Since 0% 06 29", B all 3, so

t+t’

ex o "@tﬂ: , and ‘ﬁ'\u: we can extend iei}te:t L
AR by lu-”(@:) Yoo all ke, END'




C OYOHGf%.‘

8 M s compact, any XEF(T/VO has
& one Pamme-t-er 3~rou? o} diWeomorP\nISYnS o$ /V\,

gwroog:
Let K S‘\'(‘OM "H«e_ F‘rev'\ous ’Hﬂeorem ]o)/ M,
END
Lemma‘.

Let peM, £eC™(M), and XeP(TM).
Then

R LN ORI
L& (P3*f’”_,."o -

Recall  Hhat 62(;9):? and that
Do (9:@)(1):)((61(?)). Now we view

S.\-o@:(‘:\iﬂl—-—?ﬂz as a function of %,
wiTh P and X S:ixe&, to see that



LA L, F
=D, f (x ()
= D4 (x(e*(fﬂ)
= D} (1 (e q»))(i)>
= D, (8 62()) (1)
EARCED)
= Lo Feou(p -Tee5(p)

———

h—20 \n

_ Ao Feo () ()

h=0 ~ |

[E ND I
E yereises

@ Defie xer(m) by X (V=0 for all pe.
Show that Q.t =74 for all #€R.

@ Fed 65 DN (R,
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§ Pus\n —-‘Forwards og vector —Sj;e.\c&s

Let e Ds‘?g (M) , whete M is a smooth man;po\c;,
ond let Xe¢ P(T/”\). The ?usln ~ 'Porwafci ogr X
with TeSPQC‘t' to f— 1S 'P'* A€ P(TM) defined L?/

FX (86) = DF (x)

£
/X(—;—\ £6)
P Y m

A

E}Mg\_@_'-

For —é‘a'fé P(TﬂZZB , We Saw own Paaa 120
thot 63{"5 Diﬂf\(ﬁfz) is Q?(}?/Z) = (P+h ,z) Thus
¥o‘( X .53%6 V(T}RZ) , We can fvd  the Fus\vpovwafo‘
ot x% with res?ec'l' to 6%"‘ as

(65 (23) () =0%), () ()



That s, (eﬁ‘i)*(x%@:(xw,)?g,

Tn the dvawin \oelow, horizontal vectos ave

)
% , vertical solid vectars are (@I")*(x '3’33 ’ and

vextical dotted vectors based at the same points

alfe b4 __3,_..
a‘g .
So  the hov‘iaon‘l‘a'
1 A
- vectors ave
Pus\q‘s\n3 +he dotted
“~ — =4 vectors S:orwaf‘ol
aA—) — : to the vecrti cal
.r.._-.g. — T,__.) —> . 50‘)(1 \’e.C'i'O‘rS .




L&mmaf

TP FeDdf(M), XePTM), and heC=m),

+hen
Ly (\f\°¥3=(1~$“x h) «f

P‘(‘o .
ﬁ,f Pé/‘/\ we have

Ly (hef)(p) =Ly (heh)
= Dy (hef) (x(p))
® Dy b o DF (x)
= Dyyh ($,%(561)
) L#,x (1) h
= Lyyh (26)

“(Lgyw)F (P

[EnD]




[i28]

E\_(_-__oFosi'\'S o’

I $eDiff (M), xep(mm) p€M, and
fg {Giftei IS a loca\ one ?aramefer csfoup
near p then Xé V(T/"\) has E,Q ex{,‘"}
as o \ocal one. ?arame'fef 3{0\4{) neal _P(P) -nm?"

hx

= o0, of

i5, we ma/ 'rq‘co_

BTO(S—:
Recall  from Faﬂe T +hat G%X 'S
uv\izuel)z defined  for clx?"(P) by

6 6%(=g , and
) D, @H(z)(ﬁ WX (g))

S0 we Sus+ have o check that -Sjo@:o-?—'

Soutlss;ies ’t'\neSe ezuo:f'\ons as wa“.
For G), 100@;‘09-&(2):;010-162)7, and
foc (T1)  we have



D, (§-0%4" () (1)= Q:o(&oe: (3°6))) (1)

“(Oy 1F )= (22 et

" D (51 ﬂ)ﬂc (X (6: P"@m

= X (8e6L (1))
= L% (Fe0 ().




Lewmma:

Let  £:(-£8)xM — R  Le smooth
with Q(O,P)=O for a}/ Fé'/"\. Then 'Hoev‘e

IS a Swooth 31(—£,£)><M———-§[2 with
g('t,P)"ta(‘t;@ and %(OIP)"’ﬁ(O'P).

Let q(t,p)= j( (At,p)dA Let
lf\f,P(Q=$(.b-‘t,P) ond et m(A.,‘t.P)=(,n_t,P)
so  thet l'\'.&'P(A-):Q"YH(A-;t;P)- Then

\n;‘P(Ab = ?l (m(mt,fﬂ) M'(blf;)’) =4 ’(At,;ﬂ T.
ﬂnu.S,

) = Bt P - §(oip) = hy (1) = by, (0)

= ﬂ }"l,t,P(A) da- = LlJF (at,p)tds = tj(t'f’)-

F—ur‘l'\nev moYe,
%T% (tip) =1 ';?%('f:P)* q(t:p)

which im lies ot 2 (O ) (O 3
P 3¢ \0:P) = §L0p B




Foo XY €P(TM), we define the Lie
devivative OQ Y in 'l‘\ne, direction o—?— X +o
be the vector ¥§ew LxYér(T/VQ d-e.gineci

by

— . Y(P) - ((6::)* Y) (El
LY (p)= hﬁ_;; -
E-Xcszg\e'-
For 'ééi ) 1’%: ¢ V(Tﬁiz) , vrecall  Hhat
(@%)* (1 %D = (;(_-\n) '.:?%‘ _ﬂf\u.S, ‘For (F,Z)G’RZI

2 2\ 2
L_g__(x'a?%) (szj = L xa}f ‘(pg) —((eh >*133>(P’2)

h—0
h

2 Fl
= /’\:\ P 93 I(P:i) - (P-L) 33' I(P:Z)
h=30 -

- /k h %a ‘(PfZ)

h-»0 h

2

- ——

% \C?'z)-
-]
That  is, L% (x%,): 7y -



(132

27 9% 2 a1
Note fhat [5}.‘,133 -'g‘;zc"gg“‘x;g”%ra%—

S0 we See In ‘Hnis examP\e 'Hna’f‘
X =) 2- L=

and  the ‘Fo“ow'mg Prapos'\‘i‘ion shows this

re\a.'t-'\ons\ni? is frue In jenem(, +hus va‘soq'mj
UAS len anothey a\escr'\?-’rion OQ_ +he Lie

bracket:

Eﬁg?a syhon:

T XY™, then LY = [XY].

prook:
Let e CPY. Then Ffo ei € C2(m)

as well | foc any h. TIF h=0, then
Goeiwﬂ(\m?}:o, Thus, by the previous
lewma, there are  q, =q(h,-)e C7(M)
such  thot



(l)(‘Foe:"pB(h:P)’:l"jh(P) , and hence
hgy (P H )= Fe 8L ; and

@) 4u(p) = 5 (R0 0 - 1) (o) = L p),
\97/ the  lemma  on Paqe 123

USini ’Hne. PTOFOSI'HOY: on dee /27, we Know

+that <L(6’L§*Y$50 @i = Ly(‘P 09:5 ., and

+\nem(;ofe , -?'or cm7 FGM we  have

Lene*® = < O, ﬂ & e62 (p)

= Ly(f65)e0l (p
= LY(G-,“(?)) (-Y—oe:)

Ly (or, ) (P +5)



T\nefe»?ore, ;
(LL,J D = L @S;

=L,

L Y- ((e\,)*Y)(p\]

- 55 (L)
- b L[ Lys - Loy vt 0]

L.\—ao

= {\"_:Ot[,—yg: (p) — L"{(e_" ( 3)(‘”3“‘”]

' [” P - Loz o0 ) [

ln—'*o

»\—aO ]jL\,‘}(pB -LyH (8] (y\)] [L ‘”jh (9»\(?‘5_\
= L (Le$) (p) = Ly ae (p)
;O—x"L\r\(Q(?} - (Ly"LQ(I})(P)

p LD{ ‘Y]-V- (?)
\We conclude "H"a‘t— Lx\{ = [X;Y] ' END



E(exc.i se.

@ Let M be a smosth manifold with XYeT(TM)

and »?éDi—PQ(M\. Use the PfO?OS'\‘ﬁOh on
poqe 127 to prove thot if 36 C=(M) , then

(L [’;*X,Q*Y] ‘S\"g = (L_ £0xY] 33‘# and  thus thet
P IxyT= [0, % RY]

- - — — - P, — ——m— —— — — —— -~ e — -

Notice that in yowr Pfovp’ of D, and in +he
Pfoo:' o the ProFosi"rion on ]27/ -P needn’
be @ Aigf\eomoq)\nism. Thndeed , what s reiuiv‘ecl
of £ is that it be a smooth map f:M—N
thet IS sufied'i\re, and  such thoet ¥ F’?,GM
with $(p)=5() , then Dpf (X = D f (x(p)
T8 4hese conditions are wmet, Fhen we can
dekine far  Xe Y’(TI"\\ , the Pus\n-parwar&
vector Field £X€P(TN) by £X ()= QF(*(p)
foc all p€M. Then he Fmﬂs above st
apply o show ETxyT= B EYT fie XYET(TM),



_§i Faha:'i"\ons

Let n>k, and Suppose F:R" “"”th

1S & Function of +he foem
FiRMR™ — R

F (1'13) =( Feu, 3(3))
wheve -‘;:Kn — ka and 6! }Khdh-—-—a K
No‘l‘e. 'H'\&"' F maFS k—dimens'\onal

P\ahes of the  Sorm IRk*{'éf} to  R-dimensional
Plane.s & the form this(}ﬁ' and it

F s invertible  then F(kaiﬂ}):mkxfﬂ(z)}'
Note that i} jS\z and  22ksl , then

omoF o
t . Ameg L,
?%; 2%

Fhen
D, F = ( ull *_>
Ok *

Converul/ ig' D‘,F 1S 01} ‘H\e a.Lomre '?orm por Some
FR' =R, then F(’(‘P:({:("'}j)'jc}m as above.

n-k

so  that it Pé[anfﬁkaMk




Exo«n‘g\e. .
IQ F - (: d} ¢ QL;_(IR) ‘l'\neh F MaPs
R x i«z} onto  Rx iclg-f :

D&S"'\V\'\"rion '
let M be a swoth n*Mani'?ou- A k-dimensiond

Yoliation  on M is a collection of charts

E(u,?)’i covef‘ma M such that all  transition
?unc{-'\ov\s ave Swooth and of the gorm
’Y"’?‘i:thﬁzn-h“‘“”[thfRn“h
'Yno?"(xig\ = (Q(DC:P, 3(‘3-))
whece $:R"—RE and SﬁlR"'h—-}R“"h Or,

a\-t‘efno:tive\/ , 1-9- »‘:ar all Péfgh

N * | %
DP(Y'?> (On.k,h|*>.




De.?"mi +on'

SuP?osﬂ M is a Smooth maniﬁold\ wH‘\ﬂ

a h-d'\mensiovaa.l S;olia‘l"\on. Fc_ar PG/V\, c,\noose.

a chact  (Up, @) containing P, and Suppose
YER™ s such thet g (IER g}

¥ (N 4) 35 o chact  with UpnVi#g
then o (R 1ye]) € BTy oo some
i R™®  Continue this process of extending

?;‘(Rh*i’a?}) ID;’ ’Y";'(fgk*%b{b and ot
L-r:‘ ‘f’;lmh"iﬁe’ﬂ U Lijﬁ‘(ﬁk*i‘éaﬂ
L,: is  the _l_g-_q_g of the Foliation +\wow3¥\

P It is o mnne,c.'(-e&, imme,rse&, h—dimensionq\

Submanitold og' M.
If ?,26/"\, then either L,=L
or L‘F{\L‘Lﬁﬁ' Also, M'*‘-‘(P)Lr.

2



I'
12 *

S
n

-
(]
'
L
=L

R

T+ s cu5+ow\av7 in describin foliations o

deseribe the reSul-t'm3 leaves oF +he “foliation vather than
the system of chartss Seveval exaw\f\cs below Sollow +his custom.

Exa.hnjp\es

2
@Tz = m/zz adwmits mul-ﬁ-Ple foliations, IAP
A€ F'(}R) , +hen choose o  basis e, e, Sor mz

such +hat e,€A.



The transition functions  for R/zé’ ave

of  the  Sorm (x.bt)l——q(xm,gr*'ﬂ) for nmeZ

50 -l'\»\e cl'tmefenﬂq‘ of» om/ +ransition ‘P-unc‘l'i on
is ( :) 0‘3 with fes?ed' To any L:as‘\s, and in
Pav—\'§c ular with  ves Pec_‘l‘ to  the basis e 1,82 .

\Whot this weans for us in this exam,ale., 1S
that transition fuwctions  For T 2

ma lihes
Po«‘alle\ ‘o A In Rz to -H\emsdve.s. 'ﬂ\us,

A€ IP'(H&) , and  lines Pafa“e.\ to A in H?z,
determine a -colia.'l‘ion on Tz thot we

Aevm‘t'e heve oS o
A.




I‘P Aeﬁ)‘(@) , then each le.a'p or— "3‘5; 'S
an embedded S'. TP LE¢P@), then each

Jeag 09- o

E. is an immersed R with dense

ima3¢ nw T2




z = mzﬂgo} 2 2
@ T <?>\ where R~} —R"-fo}

[142]

s @(xp)= (2x29) |, and Aransition Functions

For -I-‘nis c,\nar-t- s?/s'l'em on 'T2 are )oowers

ox' . T]ﬂus Tronsition 'S:umc.‘ﬁons ma
? / f

. . 2
hor‘\%owt‘a\ “hes o lfmri&on‘i‘al IMeS m /}?-{a}/

ay\d lqoﬁ%on-ra\ [ines Maf) +o /e.ave.s op—

the Foliation under Rz'fol-—?Tz,

The intervals [-2,-3xfol and [1,27x{0}
each map +o S' leaves in Tz, which we
denste as L, and L. An/ _:-H-\er leaf L T2
s an imwersed R with L =/ L, 0L,

T
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@ Let @ R*-fot =R 10} be PCgie)= (2x2y 22)
Then for fixed =z, ,?.-Plcmes of the fem 2=z,
mop o leaves of a foliated <?>\R3_{0}:52XS'.

The lea‘g" ‘Fof 2,50 15 a Zl, A” other

2 /g

leaves are  immersed R
Szxsl has a 'i'o}) L)a.l-p where Z20,
aY\A a loottom ‘ﬁa|‘p w\ﬂefe— 250, Eac_\n IqaLP
1S AIWcomor?\dC +to sz S’ with 2 (szs‘)
ezu.o.l +o  +the Z“ I&a*p We could write

+\'\\S oS Sz)( S‘ - sz S' U sz S'
4, '

This Soliation on Sxs' s ca“eA
+he  Reeb Soliation.

® Let S*={(zw)e¢? 2 1%¢ [ [*=1]

Let  ar:iS® = PUE) be the Function
that maps &  point o +he comrlex line
+\r\rou3\«\ 0 +that contans it in d:z. That
A T A



F(‘.N’ an)/ ©E€ HD'C(I:) , 77--*()0 < 535 C2 i
+he c'\rc.\e oF unit vectors contained in +he
Com?\cx hine A& €% Call +his ciccle S')\

- 3 * ]
Since any (,w)€S” s contained n Swa,

we  See "Hna‘l‘ U 5)\ = S IS Q l‘dimensiond
XEP(E)

foliotion on  S3, called +he Hoph Holiation on 53

&) Con+inuin3 Fom the previous example,
¥ @w)es® and  |zlzo, +hen (a,w)es;.

T J2l=1, +hen WE0 so  (2,w)éS.

I§ Jzlza with  0<a<i, then
121%+|wl*=1 im]:\ies ,wl:mzm

v

so frot (zw)€S) with |A]s o Ve

l&l

o0

P'@) .
\—"hl @

o]



For any Qcac<l, +the union of S}
IA,gJ"—GZ

— is a ciccles worth

such that
ot circles. It5 A:‘;Qeow\orj:%ic o a 2-torus,

and we denote this set as Ti

Let  2,=T, Not that SpulT;

J
asl,

s diffeomocphic o D°xS'. So s the
bottom hal® o S*, SL LT Al

azly

loof\ﬂ \r\al\mS a*\— 53 \na\fe \oaunclaf‘// T;"'Zj,_

Thus, by endowing each half  with the
Redo Foliation, we have a 2-dimensional
foliation on  S*= DS’ U, D*xs'

@ The quotient of MxR by the action o}
(prt) — (5(p), t+1) where FEDIFF(M) has

a 1"0\'\me\f\6ional and  dim (M)"cl‘\mcns’sana\ %\Ia‘i’ion,




14€

@ S'XEO;I'] 15 -po\ia‘t'acl by c.'\rc_\as S'xit} {20(
't‘f[O.l'l. We denste S‘xft} \s/ Lt.

Note that B(S'x [o,l])'—'Lo_Lj_L,.
TE we i&enﬁ{cy Lodl, with itself uSing

the iden‘ﬁ‘!‘)/ ™Mayp, +then we can obtan

o goho.-ﬂon an  a  forus.

I-c iv\S‘l'eaA, we id.en‘tig?/ Lo To La u53n3

+He icienﬂ‘ly map, and L, + L, usinS
+he anﬂ?ocla\ map +hen

S*f0] U S'xLei)
Lol

Pmduces o foliation of a Klein \oo++|&.




[147]

@ E!a‘oom:\"mg on e.xamPle @ ) an)/ R-dimensional
f)\cme P.‘Eﬂ?\n ?(oclwces a k-dimensiond -?o{ia‘rion
OQ Rn 107 *E*C\'\menﬂona( P\ams '1‘\'\0.‘[' ave
Pw(a“cl “o P

-ﬂn'\s ?ol'\o't'mn induces  a 'Foha:l’\'()n on
+he guotient fR“/En:T", T+ is o

k.- dimensional ’Fo\'\a’l‘ibh on an N-dimensiona

Man'\S;o\A .



§ Frobenius’ Thesrem

Be:?ore cominﬂ “to 'qu. main clegini‘l'ion c:mcl

Fheorem for  this ckaP'!‘er, we'll be3§n with
two lemwmas thot we'll need in the 'P‘{'Qo‘?'

o +he wmain +heotem.

Lewma:

Su??ose. M is a swooth Mahiy‘olc‘l,
that  £eDE(M) and X eP(TM). Then
‘I*X;X it and onl)/ i-F @zogzj;o 6; for
all celevant +€K.

To vestote the lewmma, -?-*X'-”-X i+ and

O'n\)/ & @i =9-%,,X lpy ‘Hﬂ& Pf‘oPoS;Tion on Paje 128,

-nne sugg\'ic.iewf condition IS irmmediate.
For dhe ne.cesso.wr)/, Suppose @i=@§*x. Then

Sor amy PéM’ e o
X(p) = D65 (1) = D0, (1) = LX(p).

END]




Lemmq‘.
TE M is a swooth manifold  and
X,Ye P(TM) , Fhen  we lhave EX,‘{_J:O

it ond only it 006, =6f00% foc all
relevanwt n,tfﬂi.

prook:
T§ 0406, =0Y00L, then by the

P\(‘e.v'\ou.s levama, (6_?) N=Y. Thus,
[XXT= LY = b Y- (e,.) -0

h-—>=0

FOT the conveyse, OSSuwme ):X,Y] =0.
Define q’ (-5,2) — Tf; M by 3(‘&)-‘-‘ (@:)*\f(f)
¥or Fé M. Then

Dtﬁ(ﬂ" & -{-ﬂ— [3(":*\")"3&{‘
R [ORR ORI CARTE)
R IO ANMOI



e DGR CORTEAD BTGl <r>)ﬂ
* Dy t[h_,“[(e) (@’;(p)—Y(ei‘c@)H
- D, @Qi [L,{ (-v) Che (pﬂ]
- Deft(P)G;‘([x,—v] (&2@)

* D n6: 0
=0
Thevebore |, q()=q(0), 50
O Y (=61, Y = Y (p)

g'owr PéN\, w\nic\n 'S o _ga/y +Hhat (@;)*\{-:Y
87/ the previous [emma, GtYoei:@:QQtY.

£END




Examgle’
Foc %Z,%% ¢ F(T[Rz> , @g_f‘ (x,z(f): (:ut,a)

and Gi‘}(x,g«): (x,?fta.). Thus, the two

'Hows commute, and [‘2’,‘5,‘%{]20.

2
I +
Snet
t’ ———
Definition:

¥ ™M s a smoath manipolo\, o 5moa+lq
h-P\ome, Fild on M is @ W\QF F""“”Arf 7;/"\
such  Thet

@) Af,fTPIV\ s a k-dimensional vector
Su\os‘)ace.

(57:) I§ Pé’/‘/\, Phen there is a nes‘j\nbor\noaci
o} e, UeM, and X,,...,XkEV(T/V\)
such that tor any ieu,

span IX.(9), .. X (1)} = A,




Exameles:
® Let 59;:5., -gag+x—.§g er’(TfR3)_ For any

3 3
Fek y %IF a‘nd aglr 1""—' are

linear l?/ inderenden‘t‘. les

msFaniale, aylF'f aa)%
5 6 sSwwath 2- P\ome field on fR

@ IS; M s a s mooth mani-colci and
V £ TM is a k*d'\mensiowa' vector
Su&:SFacz %r some P and ;'P
G < Diff (/VO acts Sim?\)/ —'f‘ransi-fivel/
on M, Hhen AﬁPo: Foi (\/) Lo 366
is a SMOO'HG k—F\av\g g.‘e_la on ™M .

@ SUL?POS& O Symooth ma.n't-;-\olo‘ ™M

ho.s o- k—d‘\w\enS'\ona‘ 'Fo\ia‘ﬁov‘t WH‘L\

leoves LNE/V\ Lor xEA.



T p€M, bt w(eA be such that

pé L Then Ap= T;., L“CP) ST}/V\ defives

& (p)

o h'd‘\mensiona‘ Plahé ﬁ?elc& on M\,

M T(ﬁ
/
1 /45

B

Deg\-'m'rl"\on'.
Pm)/ 'P\ane ?‘ne\ci aris'mS '?rom a

;o\"\a"\’ion as In -Hne Pre\/xaus éxam f\e

s c,a“ea 1n1'63ra‘<:le .



Efo benius’ Theorem:

SuPFOSe M is a swooth manigolc\
with o swooth h")olane. ‘?ielcl PI——-%AP

The P\ome Freld AF’ IS in‘resrcﬂol&
£ and only if e any X, YeP(TM)
with X(P),Y(PBGAP for all PEM | we
have  [x,Y](peBp For all pem.

EXGMP\FJ
-T\ﬂe P\oone. gie\A on FES Sive\n \07

AFIS?O“{ax.\r,aa,\ _9_._\ }
is not inteqeable. Tndeed azl GAP
and -"‘"“P +xa%l GA for all f€ﬂf but

gx;f‘é 132](?)‘”31?:, ¢AP’ S0 we can
Qf’f’/ Frobenius’ Theorem |



l 55|
_’?‘roax- o-?- ‘Hne.orem.'

SuFPose AP is in‘fejm\ole. That is,
Suﬁ:ose M adwits a foliation with TQSul'l'inj

leaves N, , xeA, such dhat it p€M and
M(PYEA  with FGN*‘P)’ then -TI”N*(P):AP-
Let XYeP(TM) be such that
NORG TV all peM. We wont to
show that  [X,Y](PeD, Hoc all peM.

Since X Y(p)e A= —];, N“‘P) , we
have That X
(N (-f) } lNu(p)é V(TN&.(PD

Thevefoce [X N N(PXe Y’(TNMPD so that

[XIN“‘?) ’\”N"fr"J (?) ¢ TF N“‘f" =h,.

Dur  claim, S:rom which we C,tmc.\uc&e

that (X, Y} (p)€Dp, is that [XYIP)  eguals

[X -:( (p) .

l’s(f) ' u(r)



To preve our claim, wnote that
X
Q\nlN satisties the de.gin\nj dif¥erential

ok(p)

ezuaﬂon Lor Gt’““?’ . and Fhus 9: :@i’“«frl
wip ’
ﬂew‘eg’\ore,
[X,Y}(ﬂ = LXY ()
= Lo YO -((@) )
h—»0 h
5, a0~ (e, o
) T

)} ( L xle IN&(D (]ﬂ

[y Yy, 1P

6s was claimed, 'nnu.s, gor dY\/ XYé P(T/"\)

with X N(PYeA, for all pem, we
hove [XY](_QGA for  all ’35/\/\ We have
?fo‘!ea +he Su{:g'\c.\evﬁ‘ IMP\\Ca’TlOﬂ ag’ ‘HM- ‘ﬂ\eo(em



Now wa'll Prove, ‘ﬁn& convecse. ASSwme. ‘Hna‘f'
AN €P(TMY  with  X(p Y(PYEA, o all
Pé/"\ Then [XH}(P)G Af’ for all PEM.

Let n=dim (M) and  vecall that
R =dim (A?) for  all Ff/‘/\. To show that
‘H\e P\OX\P— ‘?‘Ie\& 1s i“’f&ﬁf&b'a J ‘FOY‘ a\y\)/

zeM  we'll define o chart @, Hrom
o neia\n\oov\nom& og z to [2“ Su_c_,\q —and'

& WEM  then Da(cia"v',ocl'pz): (Oi,}_’:’> Doc
nkk

0.” velevant O-G;Rh- Fuﬁ-\«e.rmom, we’ [l show

’ﬂ’\&"’ ‘l‘\‘\e ‘('e.Su.“Hnﬁ leaves o.[. +he

k- dimensional -cb\ia-t—ion ave 'i'an3en-1' “to AP
'S:o'r al' FGM

For 2€M,  we —?ix local coordinates
in M near 3z  such that 2z corves chds

o O€ER" Fucthermore , choose +he local
Coord inate 575’1'2.\«\ Su.c\ﬂ 'Hf\ aT



Ao ___,_FRk < kaﬁmhzmnxj—omn‘

We let TR >R e projection
so thot for pz0, (DPW)IAP: Ap""'ﬁ?-k
is \oiiecﬁ\m.

For l¢isk and pzo, let
Xi(p) ":@Dr"’)' AJI(%} W) so that
Bp =3P { X (P, X (P} ond X,6)-

By ]nypo'ﬂness [Xl , j] (?)6 A
foc all ’S" and pxQ.
B)/ The execcise on Pa3Q 135/

T, [Xl-,)( j] @) = [’n;G X;, mX j] (mep)

= [aax, / ax (7"(?)>
= 0.
That s, Dor (Dxg %1 (p)) =0, se Hhet

2. /
x|, .



[754]
[xe X1 (¢ Kee (Or). But (O)

IS

Bp
in‘\ec:r':ve, and [xf'xf](P)eAf’ 50 [&Jﬂ@’*@
foc any 2 ond px0. Thot is, [x.,X]=0
SO wWe \!\CNQ \o)/ ‘Hne. ’emwm on PQSQ IL{'?

: A

Hat eioeju@troq& I, any ateR meor O
Define ?—:[Rn._ﬂq[R" b}’

‘p(ﬁn-quw = 6:" oe:: O 0 ea);h (O

J"'Ioiah,”,. ..,an).

Note £(0)=0.
We daim for lc7en  thet
D (Ma ) = l., . Tndeed, Foc Sé C(R n>,

Lose)? ™ Rq(04(iL)

= 0,(5") (%)
,ﬂr [%f;(o ,0,h,0,...,0) - 3“03]
%Jﬂ{%g(o 0, k)0, ,0) 3(0)]

-0 N




IQ f>\2 ; +hen

Lostasl)d BT Lyt o) -q0)
._/(A”___..[%(o ,0,1,0,...,0) - S(@)]

h—>o

Llﬁ

IS\’ 2‘5]2, +hen

L
L osai) )= 4 [ ghoronen)-g0)]
SR ELNCRLC)

h—0

=(Ly,q)0)

El‘l‘\'\e( W&y LD-{‘-( l)% L_a ‘ (S gof Q“
SéC (R), 50 Da$(811lo3 ax,lo as c:lm'mecl.



The PTO\JQ.A clain  shows thot DGP

maFS O basis to o bO-SiS/ O.ﬂ.d 'l"huj
+hot 'Dof_ is a Iinear iSomor]o\ﬁSm- B)/

the Imrefse Function 'ﬂneore_m, '?' IS
a d‘mmmorf)\«ism neac O,

\/\/e. C\Q]m 'H’\O.‘f' -‘;or aefn w'\'H’l

a%0 , and for all |sisk,

DA (F=.) = %; ().
Tndeed, let a= (a,,...,qh), and
¢ Co(&). Ther

LD,} (Z1) 3704 (Dﬁ (’SB?L“
“ D, (49 (33 D



. = oY O.l “(r"
Since L Df (%,'l)% in(%\ﬁ for o (3€C (R )
we  see thot Dap (%[J D z Xi(g@ﬂ Soe Ll

ax0 and \Sz's\a as C\a\m«e&-

T+ go"ow-" ¢ thot %Y‘ axQ
Da‘g (fgh % 50.0 = Ag(ﬂ .



Now let 90%4"' be our chart on M
oboout z2=p=4+(0).

Note thot it PéM s near 2, then
the last ezua'l'ion -prom the P\”e\/ious Paje

states D, (8¢)= R*{o} < T ok
Hewce, 5 wEM  and Do s  the si\m;larl//

constructed chart about w, +hen
D‘hcm (popst) (R*s i"})

* Doe (Dh(?)?; | (’R " Wﬂ
= Dy (Bp)
= R*# o}

for all relevant P- That s,
I A
D?a(iﬂ(cfw 992 ) - <On,hh # )

so that the charts @, define a k-dimensional
Loliation om M. Alse note , that



. n-k -1

r‘l '(JI e R is such +hat Pé % (;gk,{%))
‘ﬂnen ?gz‘“'(ﬂz k X {3}) IS an OPen neij\abor]noac{
o the ok N“‘P’ con‘i‘a'm'm3 P Hence,

£p =D, 75) (R*x101)

= T, (93 (R«t51)
= To Nygpy. '




Exexcises'

® We define a Z“P\ane field on }fg \o/

Bp= spar{ 2l ey 3l Syl yaal
g‘of ?G R 3. Is AF infesralolc?

@ For peR'-{0}, let Ap T (R*fof) be
+the line containin O, and ovrthogonal
J J
1o the vector P

For (x,U)e/RZ-— o}, let A("'?’ﬂ‘-"?’(m{{o})
be the line C_ana'mivg 0 with slop
"4 €Rofedt.

Ace By and Af"')" iw('esm\a\a? ppt
so, sketth the induced Soliation om

R*-{o}.




&l e G)fo\;.f)__g_

A Lie S\f‘oue_ iS a Smooth manixolcl 6
with o gcau? o?emft'ion such thot

GrG — G , G ™G

(‘51\") 3 S\" 31——-’& 3"

ore  Swooth -pm\c:t'{onS.

Exowmples
® R"

@ Sazfez‘eed: ,@ék?
@A IF G and H ave Lie Srours, so is GxH.

@ Tn:S'K'--XSI is a Lie aqrou ,

N-times



GL.(R)
@ sL.(R)
@ The He.f.Sen\oev‘s__smPﬂl %('o"‘ 2

® <ol : e"?tx
(ZZ 5?)

x,},& 658}

1,1&,‘1: ek}

3 4
@ S . T]ne. __iua‘f‘emions ave ){‘{x*z}*rj%*‘kw/:f{?

arve té|
F

So 'ﬂ‘o-“' )—( 1S ch‘We.aMorF\'ﬂc to BQ *

)'( \nas a Mul-'rir:\ico:t'ion cleginecl L:)/

22 :fzz R’ = -1, z'j zk= —ji, ﬂ? =2 =‘—k’j , kz'=j=-l‘,2.
We et 53 be +he unit .S)Dlﬂéf‘e in

H o with His Mulﬂfal?ca‘t’fon.

SGSIP ’ 5'9 t, and 53.‘5){ ace +he Oh(/
s)o\-.eve-‘- Hrat ace Lie 3\"0u)95.

@ GLa(€) and SL(C) ave e,)(amP)es of
C.om)o\e.x Lie Tf'ouPS.



[i¢8]

We w;“ not l:\rwe. the -?-o“ow?mj imPor’l'anf

T\ne.ore.m L
I8P G s a L qroup, and %
H s a C.\OSeA Su\oafa‘)uf} O?' Cj (V"\eaﬂ;\ij

‘H\a‘i' H s a su\::jv‘ou? o.nA 1S a c.\oSe SU‘OSPGCQ

of G:), then  H is o Lie aroup.

@ IQ. ()(z'\' (».az) € /En , le.‘l' <Cxi),(‘(fa')>$§1t'3i

Let o(n) = {A€GLA(R) | Av,AWY = <viw) bl uue'f

Then O(n) s a closed su\asroul) oF Gl (E)}
so O(n) s a Lie 3muf). O(n) is COmFac:f‘.

<o(n) = o(n) n SL, (R)

@Fc-w (x-)(a-)ek"m, et c_ﬁnm((x,)(,ﬂ Z:x,# z'mx}

Lat O~ {ACCL ()] B (AP} = D) 1l K]



(69

Oln,m) is a closed Su\oafoup ot GLMM(R)

6 its a Lie SfouP, Note +hat O(n,o):: o(n)/

but it nm>0, +hen O,m) is not

compac‘t

(8 S0(nm)= O(nm) N Skpyem (R),

A Lie erou? H is  linear E«‘: 1t s
o Su\oa\row‘) o‘g , dv\cl an Immef‘seA Suhman;palcl
in, GL.(R) %oc some n,

T he vast Ma:SOf\‘\'/ OQ Lie %wrou‘as
encountered axe linear , 'mc,lucﬁivxa all

eramnples above.

Fov instance, R" s the Srou? oQ
(n-rl)x(\nﬂ) matrices  of the form



X
Ian,n x‘z
3.‘n where XiGE’ GY\A
Q-0 {

SI:{ cos(8) —S;n(9)> )GQR? = 50(2) )

sin(8) cos(8)

Note that oy ceal uwber is a
Sum oF m-\a‘rrmrﬂy small numbers, and
That any  votation in 50(2) s a product
oF arbitcarily small vototions. These ave

o e.xaw\F\e.S og the —po“owinﬂ

&;Posi'ﬁon: o
Let G be allic qeowp. I8
UeG is am open ne.'\j\n\mrlnoocl of 1eg,
Then )
Uw=6

where un = iﬁeG , 47 U Uy Uy, ‘?of u€ U¥ .



Let V= uﬂu._‘ so thot \/"'V-‘ L.et
H:-' D < U U. \A/e.” S\r\ow ‘H'\o.'l' H G

F‘:fg}, to See +lno'i' H is a Sfoup, 54[:
k m R\~ !
. 77‘\[.’ é ( ') (M ! - ™ {
izlr\’l ' e 1 H , 'Hnen IZ-’:V‘ Z!"Vi = 'Z’; V?: 'iz‘f\fl' €H.

S&@Y\A, to see that H is oFen, note
that V — hVEH is o  Smooth map o all heH

xl——*—!kx

ond  thet xe—h'x is a smooth inverse. Tlms’
since Vs apen in G, s is hV. And

sinee h=h1ehV , H= Ufhlc UV ¢ H
heH héH

s0 that H= UhV s open.
heH
LaS’l', 4o see that H':G , note +hat
as obove, swce H is open , so oo is SH

fpo( av\/ %QG, Hence USH is oPen S0

H = G- (?HSHB is clOSeA Since H is
open and t;\ased\ ond nonemr)/ and G is connected, H G.

ERD]



Eﬁ:el&i
Let G be a Lie drouj).

OF™ Séca, let Lst — G be Lj(l«)zjln.
Prove That L3 is @ dimeomorphsm.

@ Eor 3667 , et Cfl: GG be Cj(h)’—‘slﬂﬁml.
?rove. +hoct C_S s & &?-Weomor)ohls\m.

®Lz‘(‘ Cf be the cannecl'eA comfaomn‘r
o} G, thot contains 1€G . Prove ‘Hwo:!'

Go is & Lie Sf‘eu? without usinj +he
Theovem own paqe 168. Prove +hat G4,

Nf_g; Rﬁc-,,-"”cy where Rﬂ(h)z \ﬂj s also
a dimeomor\oms‘m.



§Lie alsebfo.s o Lie a‘roul:_,_s_

[et G be a Lie group, so
that  1¢G  and diM(T;G>=a;M(6).

Exarples:
® TR"=R"

® T.R,,=R
@ Let G={(gt?)

teR{. Since (£ °)-1¢G
and %\ et =1 while %l 1=O, we have
TC\ { x o eR%

G
1 T,G
0




® 1 H=§(5 2
TH = (5 2)

® Lo+ A- {(O

ifgg since I e --j_

J(u
xn
!

A’-‘}:[Rn- Le_’f' B e the matrices in
A with x=0 ¥ i>L, s that B=K

xl'ék z S0 'Hﬂod‘

Since %.Lx' =1 / ‘3\'-2‘\01 =0, and %u‘oo SO/

we See +Phat 71 B < TIA Contains

(o

g?/ Te—f'\a(-'\nj X, with an)/ X; | we
$'m$ a basis foc TiA, so that

T4A :{( O ::‘) xz-eﬁz_




@ We denate TiSL,..(/K) as M R.

Contains ‘f‘\ne ‘s:o”own 8 jlhearl iY\A{’; endenf
05

VEC.‘l'orS-(:Lo), ( °°' 3
(2:2) (Gl‘"'ol S)I and (°'°) NO‘l’Q- ‘H'\a‘i'

at o/l ¢ o O 0O 06~



each of these & vectors has trace O.
Furthermore, motrices with trae O are
o vectr subspace ot My3(R) 4
subspace oF  dimension 8 since

tvace: My3(R) =R and 203 -1 =8.
Since  dim (33R) = dim (SLiR)) = 9-1 = 8

we conclude thot A«{:JR is  the space
o?— moteices  in M3x3(fg) whose trace is Q,

Sivlocly | 4,8 =5 Ae M (0 | rachc]

@ We o\ents‘f'g _T;LC,L“UR) b/ 2.?“?
Becausé GLhOR) is an oPen set in M,,,,.,(IR\
(‘_on‘l’a‘m'lrﬂ 1 , %,nfgzlv\nm<ﬂl)_

@ Ap/.,(t = _ESL,, (4:) ~'~'§AGMW\(¢)\ fraceA = O} )

__ and %ﬂ“d::EGL“(‘t) =thn ((t)



D We let 16, =T,50(2). Recall #hat
50(2) ius(@ -sin{e)

Sm (0) cos(8)
cos(0) -sin(0)
<SM (6) cos (o)> =1 , We note ‘H’\a‘l’,

a
.a-é-lo c_os(e) =0 amd .g—é-\osin(e) -1 to

GéRE *S' Since

conclude  that (i 'zjé,wzl and  thus

=1 7) [ert

so(z (a —l)

i o



D Let G=Rxs'
Os' ‘H"-e ‘cafm

whece 2,86R . Then TIG s +he
Vector space og moatrices 052 +he gb(m

o 0

o -2

L]
0o o O
0
0O 2 O

o o 0o ©

where «&,2 eER

be wen  as meaetrices
J




We 507 )(eP(T@,) s le‘p‘f‘-in\larian'f'

:-f 'S:or a“ 366" (/.3)*)(':)(/ wlae\rﬁ,
vecall, (LQ CKET(TE)  is defined b/

(LQ*X@") = D Lq(x()
oo ol heG

(Lﬂ)* : V(chv — P(TG)B is  linear

Sncee DhLi 15 ]'mear, S0 Zxép(-rﬁ) (LS)*X:X}
15 & vector Su\osFace 05; FCTG)) '?of all
36 C—:) The intersection og su.c.\ﬂ Su&:spaces

?ov a“ éG, 3 'Hnus a Vector space, ‘Fne_ !
space ot le}%'m\!ar'\anf vector QielAS, denoted F(TGD




EXO&MP\QS_:
@ 1) \ €fs)
v
/.
v
N\ Va4
¢F(T5) /_/7 //‘ﬂ; QF(T[EZ)L
/'/ 7
7
/\
— 2\- S DD QL
N IR ==
I R 2=




&aw\glei
Let a,,.,a,€R.  Then _and;"a%gép(rmn)lt

Tndeed, Jor vwep”

/.V(X-)-‘-‘ V+X  so

DWLV =Td ond 'i'\neve‘cor&,

Q—Q* (?01%‘) (vew) :QLv(éasf,;;'w)

n

wALE

1=t

50 thot (vax (;ai%) = ZG;%. -?or
=i i3 ¢t
a” VE Rn.

V+w

Nc-f—& -Hﬂo:r 'rLere \S clear ass‘\ﬂv\men‘f'

'TD Rn — P(Tmhy‘ Si\le\n \07

n 9 n 'a
;az SZ'L > Zai"é;
=y 1=t

We'll  see below that this is a [inear i'SownorP\nism.



Definition:

e V€ T:LG; ,  We defline Xv € P(TG) L//
Xu (9= DLy (v
¥or all 36@, Note +hat since DiLj

is “Y\Q.af} XV""N = XV + Xw QO‘r O” V,WGT;Q.

T\r\u.s, 'T;G R V(TG> w\nere Vv b Xv

s “\neaf‘.

Le\mma’
emma:

IF VeT G, Fhen Xvép(—rG)LI -
VX, is a binear map -T;G“"V(TG)L_

YOouT "

_I‘?' SGG , +Hhen Sor am/ \nEG
(L Xo(@h) = D, L (%, () = D, Ly (D,L, ()
= DylgeL)(v) = DLy () = XV(S\")'




T\ne ‘ma? S;fom ’Hne Pfevious [emma ‘nas

o linear inverse V(TG)L — '}16 Siven
l?/ A ""’X(i) This s ‘I’\ae_ Content
of the g‘?“ow‘: nc:s

Pfopos'\‘ﬂ on.

P(TGBL = —E 6 a.s R-\Jecfor sFaceS.
In ?ar't'\c.ulor / P(TG.)L s S;inife ~dimensional,

Let XeP(TE) , and lot vaX(1). We
want o show X, =X. Tndeed, if G€GS then
Ko@) = D,Lq (v) = DL (X()) “(LaheX(y) = X,

We also need 1o check +that Jor

ary VET,G, we have Xv(i)*—'\(. Tindeed,
Ly=ad, so Dyly=ik. Thus, X,()=DL,(v)=v.
END



Tf PE6)" hoes an alqelora structure
then we could use +he identification
M(T6) 2 T,6  to define an alacbra
steuctue on 1,6, And  T(TG)" dees

have an a‘aebra Structuce |, wheve mui'rif)\icaﬁon

15 6\\/@!\ }07 +the Lie bvacket. This
is  the content o he s\'ollo\winj

L ewwma:
emma .

IP XY €T(TQ), then [X¥1eT(T0)-

prot
By the execcise om page 125,

i qeG , and XNET(TE)  then
(LS)* [X'Y] = KLfD*xf (LQ*Y] = [X,Yj :

END]




T\r\e. Pve,vious lemmma  shows +that
V(TG)L 1S on aljebfa ) 5% we can

O\Q,S}me an al3e\o~ra structure on -T:'LG as

[T =X, %] (1)
Yo any VWET, G. B)/ the votute of

+his o\e.g'm‘\ﬁoh, We immed\a‘l’e‘// \naxle
'1'\’\& g’o”ow'\v\ﬁ

-ﬂneorem'-
T:LG’ X V(TG)L as [R“alael:ras,

Dex\—iniﬁ%! )
1,6 (or V(TQ)L> is called the
L;G 0\33_\?_"”@ op G) We'll OQ’i‘en deno‘t'e

it as ?




Examplei

IF a,aeR and by bu€B . then
Li a n
l:;aiﬁ' , Zbi%:] =0. That is, the Lie
- L=

brac\<e+ a?- an/ Two e‘emenﬁ’s op r(mh)l—?‘-‘-‘t

s O.

PvO?os\'ﬁ on -
It G, is a linear Lie Srouf)) then
foc A B¢ %9/\/\“,“(@) we lhave

TART=AB-RA

Efoo&- :

See exercizes an pages 190 and 19€.

TE) re.cH%x ‘\‘\ne, P('ev'\ous examp‘e w‘\‘Hﬂ -qu

F‘(‘OPDS'!’I")ON, rea\i‘&e fEm as a Jinear Lie jfw

ond check  that for A,Béﬂgn‘, AB-BA=0.

‘END\

?n
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E xamp\g '-

Let G= {(i\ T) , 250, xdﬁ%, Note
Thot (:, 3) € TiG is Tanj-en'i‘ +o  the

line (?;T) for A0, ond that (395-};6

is Tanﬁawl’ o the ine é’f) Lor x€R

G T s
16
1 A
XV

Icleh’\'{?r?fmi (g F)G G with (P’Z) € Rz, hote

thot (l,x)(yfi)f(p,q'u) and (%:O)(Pv‘iﬁ()‘[’:)‘i\

So S'Ne.n v € Tig, X, is obtained \o)/ ‘fmns\aﬁ'nj
vV up and down and $calir\3 \eﬂ{- and ri?\‘l‘.

—_ ——y — T

=YELT S Ti

) ey 2 T

- oc ;T l (oo)




[e8]

Ren  Ragy ey X
Let  §,.(0:0 .05 ®.0,%1)

g“of A,'téfR. Notice that “:A,'t(i):#i' Thot
s, 'H\é. -Flows o X(m) and x

Gy 4o

not Covm ute .

& & N

far()®

10— —

BY +the lemma  on Paﬁe M‘?, we con

be assured thot [(,‘,3\ ,(;’;}]#(3;’) In ‘pad',
x’A.t(:D is in the direction of (gol) $eom 1,

and



E-XOm?ie:

F:D"' V:We_[;ﬂin / XV,Xwé F(Tkny_ are

. )
'conS‘ran‘f\ vector Y-ie\cls as  discussed on

page 131

AN

X
an& 9“ commute,

Thet is, @) avo @i" =2d oo all atep

N

f*/)

X

‘nws, the Llows &

|
Thevefore, ]:V,w:( = Q.
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Exefcisesi

@ Let AcglR o thar X,¢ V(TGL,,(R))L_
For 4€ GLA(R) , show Hhat X, (4)= 4.

@ Let A = > 7) st and :<jf¢l;> R
(iT)aR = ye )

o ® W\

Fm& XA(33

For @"@; let Afgejﬂnm ’ 36 GL,,(R), and

let xS {GL(R)Y—R e Pfo'gec’t'ioh to the Z'f'cmf33m*€-
® Show Ly, (5) ()= 2iai0 Ay
@ Prove Ly (L D)(g)= Z Aﬂf(éﬂik@@

@ Peove L [, %s] (xl}) (3) = L (x"f) (33

X(AB-BM

@ Prove L[A,B]ng = LAB-BAIZ]‘
@ Prove [A, B] = AB- BA.



éHOMoW\oWP\r\;SmS 0'(; Lie j\t‘ouﬁ_{

et G oand H be Lie qroups. A Lie
%w{;g_\:\?ﬁ \no\momo%‘?_\:\_'\sm CP: G —_— H s a

smooth  function that is & homomor?o\nis\m

cg‘- %\fouf)s-

+
.

Example’
{" "K — Sl w\nefe 9‘(@): 62'6 is a

L Ve afou? howio mor\)\nism .

Lew\mai

SU\F?ase c;o:G —H s a Lie %Y‘ouf}
homomorf)\n'\sm ond +hat Véy. 'nqen/ "zor

Ony 36 G,
Dg‘io (Xv (033) = XDN (v)< ?C@)



prost !
For F€6,

L o P (p) = LM)(?(F)) = p@e(p)= #(q F)"?“Zj(?),
W\nir_\ﬂ 1s o 507 L?Cﬂ)o? T @ 0L3 _

Thevehore,
D, ¢ (Xu(9)) = D, ?°D,Lq (V)
= D, (golg)(M)
= D, (Loep) (V)
= D Lot (Di?’(")>
b xuiqo(u)(?’cﬁ)). -

|END,



f/‘iS?
Relow , CA, ond h  are the Lie alﬂe bras

of G and H, respec.-l-we\/.

T8 ?:G—H is a homomorpl\'\sm op
Lie 3(‘0\4135, then Dj_?a:j{——%j,_ s an
alge\gra \nomomorP\nism. That is, i \/,wegz

fren D, 0([v,wI)= [Dye (), Dp(wd].
oot -

Let $ec®(H) and 366' Then, t?/

+he Pvev{ous lemma

( xocp(v)g) ?(3) LXD'?(U)(?’@)Q

i L Dﬂ? (X\!(S))‘?
= Dy (Do (xm@)
D, (5+9) (X ()

L-Xv(-ﬂ) (’F“‘?)
= L‘Xv ('FO?) (3)

H

|5}



u_s'mS the Prev'\ous e.iua‘r‘mn for v,wea,
and §, L f LX €C°°(H), we have

o ! " optw

£

[X Dip) / xD,tp(w{] (90(3))
;.—([_ o Xo,g0a] ¥)° P4

i (Lx"'?m ) ons?(‘“ﬂu?(@ ) (LXi).tp(w)o LXD.?(v)¥) °?(3)
- LX" <(Lx° ?’MS;) o?)(? ) L ( an.qo(v)m °7D> (3)
- L (Lx.., (4‘ ?’))(3) L L @ ?» (3)
*Lp (0@

= D3 Go?) ([Xv,Xw](CjQ)
= D?@S)‘F ( D‘i\?) ( D(V ,Xw] (%5))

—

L Dg? ( [Xv,ij (@) ‘?



-T\nefe.g-ore, for all 356 P and V:W‘Ej«;

[?4 D () xn,qacw)] (‘F @) = Dﬂcp ( %y, Xu) (3))

Se.’r‘f‘mﬂ 3=i, we  See

[quo (v, D"f"c‘”)] - [X D,?(\t);XD.Cp(w)] (1)

= D, ([, x)(1)
= D,y ( [Vf"“])

Co \"O“argi
- 4

I? o Lie 3\(‘0\4? \f\omomqwr‘?\n;Sm
qu-—%H is an Immecsion ot 166)

then j’ is a SuLaljehm of h.



G is a Lie subgr_g_uf_a_ o o Lie
%\(‘ou‘) H A: G) 5 @ L‘;e STOUP, G

s on immersed submanifeld of H,

and +the inclusion G e sH is a

homomorr:\n'\svn.

Corouar)_/_'.

If G is a Lie subjrou? of
a Lie 6{‘0»&? H, then ? 5 &
subalgebra of 4.

3
prook:

APP‘?’ +he ?*reu'\ous Cc)fouar)/ to

the inclusion G caH .

[END]



Exam?leS:

Let

u=§07)
V={G )] ]

A3 (32| yerd

Then SO(Q?-:‘S‘, UxR \/Sfﬁ,an&
AR oace Lie su\oarou\os o} SL, UR)
Their rechc_‘r’Ne_ Lie suloa[f)e_\ora.s o‘l AQ,_IE are

0024 (27)
T (0 2) xRy
TV =30 )[R and

xém}

xéﬁi}




Exercise.s !

®© Let G be a Lie SubﬁmuP ot
GLV.UR). Prove Hhat i A,Be%sgﬂnﬂi,
+hen [A,El = AB-BA.

@ Us'ms @, prove Hhat ah/ Lie Sroui)

\nomomovP\niS‘m @: SLz(H@-—?F?
has Di? =0,




§ E;( ?Pj\en‘l’\a_l MQP.,...

Lewima’

Le*l- G be o Lie fyrau": w‘rl‘\n X€P(T6)L.

—nneh -’r\nexe 1S o one Paravne:l’e,r SFOUP

of  dif} e,omowrP\f\'\SW\S R g@i}te p <Diff (6)
Yooit'
For  1eG, let {e‘ﬁx'@}teIi be the

local $low of X neac 1, B}/ +he Profos'ﬂ'ion
o poag 128, it ac G then Hhe flow
neox LS(D:% foc LS\*X =X is

{Lso 6:1 0 Lg_'}teIi . Because Flows for X

are umiuel/ determined \o/ X, the {lows
Soc 36 G ooree in the Intersections of
")'\f\ E’,-\'(' a\D YV’\OL‘\Y\S . m‘(ego{e , we ().&Q;Yt e

O eDSR(E) o €T, by OL(WN=LyBhL ()

if haq. IF REE, et o, = (o1 )



IQ G is a Lie gfouF with Lie alje\ara
%,, we de.g'me ')’\ne, exPonen’l‘ial maP_“

exp: % — G
\Qy exp (V) = ei("(i)

Eramples:

O Let %QGLl(R)* R , fé%iﬂz, and
reR.

 Recall $rom exevcise @ on paqe [90
+Hhat X (3«3 %‘f

\We \:ewr\$>/ +hot ei*(}f) = e‘“% L’)/
c\neck mS ‘I'\me Q—\ow eiua‘hons s:fom Pac\xﬁ HQI

By =y

@) Qo(e‘t"{)(i{i\ J =™ yt = Xt(eA"ty)
Thus, exp()= OF(1) = ¢¥t.q = ot



@ For G)’HZ“, we have %*Rn. Given
o= (_a.,... Om)é [Rn f‘tca” 'f‘rom Paje' 131

thot Xza Z,at 7., ond +hus

t axz

Qt Sa,%] (x) eZ}'aux,(x) = x +ta.

e, otp () = 815 e

Hefe a-(a,, ,an) 1% usua”}/ l'olen'l'i‘p'\eci
with Z:az 37|, s thot exP-‘-'zb(R.,

Lewmma !

Let \163/ ond Ar,tER  Then ep-iv:e)i&v

Bvoo\}:
pet %6 G  +hen

pXv(q) = 2Dy kg (W)= DLy (av)= ¥ (9).



202 |

37 +he chain vule,

O, (X @) (&)= D (@) (AL, )

At,

= 2 %y (0, ()
= x AN (6:;0 (‘33)

Thevelore , er 6:‘“ .

at

- Lemma'-
Let \;e%, . ond 3,\(\66 and €.
Then CACOE 36:"&) .

Since (Ls)*xv‘«:)(v , we have ‘07

Fhe proposition on ?ase 128 +hat
e’:oz_s.—_Lﬁoe’t‘y, Thus, eZ“oLs(h):Lsoa;"(h)_

_




203

P\ropos‘\‘l'i on

Ik \/'E?f , then Rv is a su'oarouf)
ogr % The vestriction

eAplg, RV —G
15 @ howo MOTP\'\'\S ™.
For »t€R,

exp(av) exp(tv) = 62(1) 6°(2)
= 0, (161 (1)
= 0 (6} (1)-1)
= o™ (8 (1))
SCAREN
- Qi(f*h\v (1)

ma——

= exp ((—tu.s.)\/), EBD_




Examples

2

Let T? 2‘?’3 so that T,(T%):=T (RY)
Let veT,(T2). T8 v is venzevo and has
cotional slope, then  exp(Rv)=S'< T2
T% Ry has ircational slope, then
exp(R)=R <T?

De.g“\ nition:

For o Lie %‘(‘OuP G, it V€3, and

\I=/=O, we call ex]o ([Rq):‘.G 'f‘\ne, one Pamme‘t'er

ﬂ}iﬁ‘-‘?’??’" o?— G corfesljonchhﬁ To V.
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&onsi+ign‘
Q.XP: 3, —> G  is Smooth.

Eroo‘v-!
For (V,g)eﬂ,xG, Tv’ﬂ)(?xgv_—_. j,x—fac), SO we

defie YeP(T(4Q)) by Y(vg)= (0,%u(g). Then
67 €D(4xG) is Oy (v,q) = (v, 61(¢). Tf
rT: 3,;(@,, —G s on\'\ec:t"wn, then

’lroef(v, )= ’Ir(v, 6’;"(1)) = exp (v).
END

E\_r_pPos'rl'ion '

Doexf’:j":’% is the io\.en‘t'i‘ty.

g&eg:’

For any ve%, we let c-‘}R———»g, be c(t)=tv.

Hence,

D,exp(v) = D, exp( Dyc( %‘Elo)>
- D, (expec)(Sel.) = D (expeen) ()
= D, (85" (1)(£1.)= D.(610) (4l
= % (B (1)) = X (D)= v [END]




gorollafyl

7
Theve ave open neij\n\oor\noods
_uo,c_;j, and UG , of 0 and 1
msrecﬁvel)z ) such  +that exP)u U, = U,

5 o A'\ﬁeomoriﬂ{nsm.

Eron?‘.
A‘aply Hhe inverse Sunction +Hheorem
usin3 +hat Doe.xP s o linear iSamor.Ph;sm.

END

Pro position:

I‘? 99: G —H is a homomorP]nism
of Lie Srou.\os whose 1 ﬂS?P—C’“\M Lie aladorus

ave 3/ a\nd 1\,, then 'Hwe 2a”ow;n,3 Commutes

D9 24,
e.;kPG L le.xPH
G —H

?




Let  4,4.€6 and veg. Fiest note that
Polg T Los? sine goly(q)= 2(390) = 2(p)ple)
= Loop(qe). Therelore, 0@, satishes the
Flow equetion Jor Xy 0 € PTH) restricted
to ?(G) T wdeed,

°9XV(S”) o\tl) (D ""c»‘f’> ( % @de 5

=D xv()?’ (X\,(Gt (@))
AQ o
v " 96, ) @3;;@7’ (Dz Le;‘;@ V)>
] ol
% =
o) D ( diits) 7’>(">

- (Di ?09"'(33> (D2)(v)

y o, (v)(?“et @
So °Qt‘v(S) g, )(99@3.
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—T\newregofa, Since 99(_1_).—._1_) let+ 3:._1 and 221 :

Xoypt v
exp Dyp(v) = 0 %P (1) = po8, (1) = poesp(v)

Proposition !

0 aR
QKP: jﬂrnﬂ:\) — G)Z-n(ﬁ> 'S C)(P(A)zké: —ET

ok
I‘? AC?ﬁR then Z:-—-—eﬁﬂff To

see Hhat 2 T EGLa(R), et BEGL. @
be such thet BAB: ((;i) Ther

|
i M k %
BA\‘B'._-,(BAB Yk (Ox "-A'*>: <
B (i ﬁf—)% l: o (BAB-I)b _ Mex‘l * )
k=0 R k=0 k! ) "‘e)t,, ¢ GL (t
..ﬁ- )\2 @ Ak . .
Since A e -'#O H&Y\CQ, k:o“ﬁ- IS contained. in

al.R 0 B'GL.(E)B =9l.R a GL.(€) = GL. (R,




We want o show that it t€R, then
exh(i)': Z@A)k. Tndeed, Fiest note that

Z';@")k _ Second, note that

D (EGF) ()= &0, (S)(AL,)

R0 hi

-

\__/

§ls-

t

e
ﬁ’;"
>

~

&
¥
T

1

ANVIEINUIE SNV Y

)
-
.ﬂ

o+

o

P
*

|

1

X
¢
~

1
it

o

Z

T
)
<
=

i

i
i/
‘\
8
o
=
x
x>

s

T
s

,u_o“*

\___/’

ﬂ"

i1

M(
00 k
Thus, éiA(i)ﬁéog_g% , So sz—HnS t=1 yle\AS

exp(M:éff(l)ri‘ ¥ ]




Cmro\lar;i :

I'Q 6 [T Lie Su.\sj\r‘auP Q‘Y- -qu_
Lie group H, then 6"P~l = eXp, .

prook:
Let P G —H be +he mclusion so
thot lepl ? — 'Iq_ Is  the inclusion. Then

QXPHl?( TP TP oePe T eXPg.

END

Corollary :
T8 G s a Lie Su\oSmuF oS; GLH(R)

ond  Acg S alR, Hen exp (A)- 5 _/_S_
kee R -

P\(‘o : |

g (A) = oo )

¥

210

Ry AR
(A) = exPGLhm(A) -,-é.e_.{.. |
END

]



1]

EVeR,  ep(t )= (500)(58)

(E ;, Z) in the Lie a\ae\om o

0 =X 0 -X cos(x) ~sin(x)
("L o)émz" eXP X 0>:(5'\n(x) cas(x))éso(z).
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Exerciseg '

D Llet G be o Lie SfouP with Lie a\jelora Zf ,
ovd et TLTEDiN(G) be I(j) = 3" " Prove
D:lI (\J):-—\I 100« all \Iég'.

@ Prove ¢ ome Fafame‘l‘ef Sulojrou? o?— a L]e j\rou?

is a Lie Subﬂ“’“?'

(2 Let G be a comected Lie Srou? with Lie aljdom
%. Prove G is obelian ¥ and on,/ gt [V.WJ=O
for all vpweq (See pages 144,170, 182, 184,185, 200,
201,202, ond 206. Such Lie a\ja\oms ave called g&elgg)

& Use (D on paqe 198 +o prove that i}
¢ SLR) R s a Lie qroup homomorphism,
+Hhen 50(3)=O foc all %é SLZUR)G,

@Le‘l‘ H be a Li T‘ou? with connected Lie SULj"OUPS
G.,GZSH whose Lie a\jebms ave %, and %,2, Prove
-H'\af %,E%z ';m?\‘\es G,,SGI ard  that %'-'31 '.m?lie.s
G.=6,. (Use the propesition on page 170.)

L_e;r u_::ic: ’S\_xéﬂ?% Find oll conmected Lie
Su\os‘f‘ouf-s o} SLZ(TR) Con'i'a'm'mﬁ U.



éCorresPonAe.nce ot Su\OS\rouPS and subgljebms

Let G be a Lie S\rou? with  Lie alﬁe\ofaﬁ.

Me sow on page 196 that if H<G s
o Lie Sulasrou‘), +Hen -T;LHS% Is o
5u\oa\3e\om, Tke f?o\\ow'mﬁ +heorem ProviAes

0. Convevse,

'nﬂeofemt
Suppose 415? is a Su\oa\je,\:m. Then

Fhese exists a unizue connected Lie

Su\osrou? HsG such thot Ti H="h.

We will ?rov& +he existence o—c H

Un‘\c}/ueness -‘:o“ows S;Tom exercise @ on

paae 212.
Given 566, we  define G Plane ?iel&

213



on G by Ag=Dily(h)= TG

?ix o bosis {\l.,j};;' for 71, so that
EX'W(?}FI:{D-"-LS (Vz')}::' is é basis for Aﬂ
Since h is an alse\o\m/ ):Vz‘,ijej’L, 50
[X"i ,ij](gQ - X[Vi,vﬂ (3) =D, Lﬁ(["if“m ¢ DiLj (’hﬂj
S;::r all SEG

To show that A3 1S in‘i-eSm\o{e )
assume Y,Z€ P(TG> ace such +hat YC%) 2(33
ore in AS foc all 3 Then YC:‘P Z:a( )X (3}

and 2(q) = Z‘\o@xv @ For some agbeCg)

-ﬂﬂws, X\r! (3) 7 XV§($3 / [XV.”XV‘] Cﬁ)e A3
jm?\‘\es Hhat

[, 2)= | Ziai Xy, 2] (9
- 12—;4 [aixﬁ ) b’gx“j]@



%

€ span 31X, Xy:|@q), Xy:(a), xvi() .
por 0 X9 X4 @), K@l

< AS'

where The first live a\oo\:e is fhe Yormula ?com
@ on Page l|7, T\ne\re—?ore.! A3 SaﬂS‘pieS
“+he \nﬂoo—i‘\nesis os; Frobenius’ Theotem
'Y'rom paqe IS, so Af& is ih‘t‘éj‘f‘a\ol.@.
Let H be the connected leal o +he
Tesu\+'\n3 Coliation +hat contains 1€G
Then H is on imwmersed Su\mman\'?olé og
Q ; QY\A -DH:AI:DiLi(/I’L):?’L- \,Je,
on\7/ need. 1o show Fhat H is «
5u\ocyou‘) o G .

For 32@, since L3€Di-\7¥CG§/
LS(H):ﬁH is also a connected, immersed

215]

- Z (aiL§ [X“ifx"i] O LXV{ (bf> XVI i bf LXVj (QOXVD@)



2]

submanifold of G. And if heH, s
thot gheaH,  then H being a leat
of the foliation means T, H=4&, =D)L, (h)
ond  Fhus | | |

TA“(?D ) DhLﬂ <ThH> - DLLg\(DiLL(M)
= Dy (Lyels)(R)=DL L?D 8,

ﬂevegove, 'i'%e mam?ous SH ace exac+l/
the leaves of the Foliation.

Le_+ h,kéH. H IS a Subsrou? o G,
it h'keH

As a\oova, L\“‘H s a feag and. i+ contains
W'h=1. H is dso the lead +hot contamns 1,
so W'H=H. Hence, h'keh H=H. END



[Z17

Exefc.\se_ :

@ et H:{C X 7

o |
OO‘&

zé‘ ﬂ?} ond let

Z' {(gé?> EGR? so '}‘\«a‘f Z is a
Lie $u\93~rou‘> o} +he ni'Pofen'f' Lie arauP

H. (Z is the center of H>

F‘u nd o' l the Conne,d'ecl Z-dimensional
Lie su\oaxroufs o H  +hot contain 2
Desceibe  them  as  both  submanifolds of H

ay\A as 3\(‘ou?s .
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g Homo eneous spaces
REE=

L&'f‘ C'; be a Lie 3{‘qu. H IS a

closed

Lie subgroup of G i} H s o Lie subgrup
of & and HSG s a closed subset:

I8 H=<G is a closed Lie Su\oﬁf’ouP,
ond if @ H—G is inclsion, Hhen for
any compact set KSG, we hove +hat
@' (K)= Hak s compact in H. That is,
@ is propec, so that H is an embedded.
submonifold oF G by (D on poqe 48.

T\ne cLuo'i'iewi‘ +ofoolo$>/ -?ar Hhe space
ag ]e-9+-H—cose+s G/H 1S Jegined b)/

l"mr‘mﬁ i%“Hz«eAS G/H‘ loe open if and
on\?/ i & U%“H cCG is open.

REA
Note +hot the natucal action o} &
o G/H 'S \97 \nomewnor?\n'\sws, ond +that
'Hﬂe %uo-ﬁen‘l’ MOI:) '}T"G——%G/H s oren an& CO\‘\""\V\MOU.S.
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| evama’

I‘Q G s o L 3(0\4? and H<G is
o c\oSed Lie Su‘asfou?, i‘\rten G’/H s Haus&orﬂ.

Bgo_\l__:

Suppose 3,H¢32H. Let 3=3’"3z, 50
thot  qfH. Because H is closed, HE s
open. Because ria\r\—r—rvml—r%?\ica’rion is a
dimeo‘r\no\r?\ﬁsm, HCS’" is  open. Note +oo
that 1= %cj"e Hca".

Because 1-1=1€HCS"', he inverse image
of HCS" undec  the multiplication mop
GxG—G is on open set con'ra'm‘m3 (1,1)6@(6,
Let LEG be an open ne,ig\n\oor\noaa of 1
such that UxU—>Hgq', that s, WeHq"

Re?\admg UL with Ual, we roy
assume +Hhot u,l’u-'. '



T8 heH, then uah and Uh are open
n G. Thus, UgH= Ullgh and UH=U Ub
are open i G. By definition of the
quotient —foPole\/) Ug“ and UH are open
cubsets of 6/ . Since leU, USH and
UH arce neiS\n\oorkoo&s o SH and H,
Ve_S?eC‘TNe\)/. We wish o show 'l'\ne)/ are
disjoint Y\e.'\%\n\oorhoOAS.

T nof, then U"SL' = u,_\n,_ for  some
U, u,€ L and h, h€H Then we would
howe ‘Hne S:ol'ow'mc:) con+rao\ic.+‘\on3

hz\n—;l:u;lu‘ﬁe u—|uc'3-":- u2_3 c HCS—'¢3= HC.
'ﬂnefe_gofe, UaH ard UH are disiont open
Y\eis\/\\oor\noads of 43H and H. Hence,
since leg-l'-mul‘l'i?\‘scafl'ion oQ %%66 on G/H

15 a \r\omeomor?\n?sm, we have thot
A (USH> and %,(u H) ave dRSjoi“‘f' ope
neiﬁ\n\oo\f‘\«ooAs o %’3H = %‘H and 63. H. E@



Theorewn
I—p G s a Lie 3\(‘0\4[3 with a c.\os«e.&

e Su\o%‘f‘ouP H,‘EQ, then  the s):)a(_e G/H
s a smoothn man'\golc& og‘ dimension

dim (G)) — dim (H)

prook
Lef Clq - dim(@\, A‘H = &‘:m (H) , and

G Q/H be the czuo'l"sen‘l‘ ma?-

™ G= 0K for compact K €6,

=

-Hhen T(Kﬂé G/H is compact, and
G/H = i@ W(K{S since r is Suwr')ecfwe.

Recall Fvom the ono? of the previous
c\no.fﬂ‘ev‘ that  the cosets 3H§ G are
the leaves oF a foliation on G. We
let c;a:u——-v;;zd‘v be a chact for this
Soligtion  such  thet Z€(L. We assume
@(1)=0 , so thot o (0)€H,

221



=

For 166 qu—du , ?—c(lgduxfaa})gﬂ,t” For

some c&,eé;, since @ is a chart  for the

$o\§a.+'\on w‘nose ’eaws are  cosefs,

| et YH = i 136 Rdardul cp-l(mdax 5'50 = Hz
Tn H, each ?“'(Rd"x{yg cH fo 1J€YH,

IS open, and this  collection of sets is
Pa‘ww\se AisSo’m’t‘. Tl‘\us, ?9—*< YH) [ H s
discrete. But HEG is closed, hence embedded,

- ‘ . de-d
% @ ZYH) is discrete in Q. Tlﬂu-S, YH <R & o
1% discrete . Were‘?ore, we ma)/ re,f)\ace

u with an open VSQW COn‘t‘a'\niv\S 1€G, such
thot for the chart cp:V»-——%fRdG} i£




Choose W<V such +hat if cyt:.i, then
§'WEV, Then Hog'WeHaY =g (R {e])

Theeehore, qHaW € 07 (RMufy 1) for
Single eﬂad‘ﬁ“dn
3 T .

we have seen that

Tepomr™ (W) —s RS

s well deg'mec\. Move Senef‘a“)/ ) i-? 366
+then  To goo[_s-l ol 7]—(3\,«/3 __)Réc,-du

223



is  well-defined |

[RAG‘ & RAG‘AH J’

Each %\A/EG is open , and (Ja\««/-fG,

3&6

50 eoch ’7r(3\»/) is open ond 3LGJG 7(3\"/):%.

T\nus, we take the ?uv\cﬁons

d¢ -d
T °?°L3"°7T": ’/T(SW) — R

S;o( eac\n SeG, as ouv c}.af'\'s gov G’/}.—].
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Last, note that if z‘“’:fd“"‘l"__.,;g‘lﬁ
denctes  +he inclus'\cm, then  +he ransition

?unc.‘ti'ons
-1

('E"?’ °L3“‘°7T“) o('&' o?oLk-:o 'ﬂ'") = Z'°?°L3‘fh° ?r'oz_-l

ove :s»mOo‘Hn.

END
Le\mma.'-

i,

Suﬂaose o SrouP G acts 'f‘ransi'i"a\fel/
on a set X. Let xeX, and let

G)x={3€613x=1}. Then theve is a \aijecﬁon
b 9%, —X

cool !

Let —f—(ﬂG,A ax Surgec'hvry ot b Lollows
$eomn —&-Y'ansrh\h'?/, ond if %Gx #hGyx then
‘n"'-‘3¢6x 50 lqu:#z which :m’a):es +hat

4:(‘36;3:‘31*\“”?(%613. @E
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E?(O»M?|es :

CD zn 1S a closecﬁ O"d'ume.nsional Lie Subj‘rou])
of an. Weves:-ofz, T"= Rn/zm IS an

Nn-o0=n - dimensional smaoﬂ’\ ‘manif?ol&.

@ Sim{lar “o  the OL‘DOW:’—, an(-a'):Z‘nz

s discvete ond  hence closed in
M\mm ( HZ) - fgnz. Pass‘mj to the su\as?ace
SL,(R) € M in (R) . we see that

SLa(2) = SLalR) 0 Mam(Z) is  discrete
and  hence closed in SLH(R). —nﬂuS,

SL"(R)/SLH(Z) s a smooth manfald
of  dimension nZ-l = (n*-1) -(0).

@ Let P (R) be the set of lines in
R" possing ﬂ«mak O. The Lie group
GlL. (FE) acts —rransiﬁ\re\/y on this set,
avd i x€PT(R) is the line

S




X= E(A,O,op--,o) IMIR} . then

i]—?) _6 GL,.(R)}

GLn(KL is a Lie STOMF’ as its on
n=(n-1)

open subset of R , and it5 closed
n GL, (R Thetefore,

IIDM(R) _ GL, (R){L (R)

s @ Svnooﬁﬂ Mani?o\é 0“1 cl.‘\mens\ov‘\

nz-"(n"-(n-lﬂ =n-|,

GLa(R), = E

® et Grg(mim) be the set of
m-dimensional  R-vector Su\osPaces & R"
(Heve men) GL.,.(HQ acts ‘hfansiﬁve\)/
o Grg(mm), and VM€G,rm(m,n)

is the vector su\osFac&

V= § (0 dasc Am, 00,0 ) | e



then  GLu(R), = g(o,:m}: >€G’L"(m3]

IS o c\osed Lie Su}oa*(‘oup O‘? G;L,,(R)
of dimen sion .nz;(n-m).m., Wefé-pcre,' o

G}‘”m("‘f") = C:'L"'(IR)/GL (R)
W Vo

s a swooth manifold  of dimension (-m)m.,

G,rm(m,ﬂ is  called a  (3rassmanian.

Grg (4,m) = P(R).

A moanmibold of +he Sorm 6/ 1
wheve G s a Lie SrouP and HSG
15 o closed su\osrou? is  called a

l'l o cgeh €O\US SFO.CE, .




Exefcise R
- ACR AR

@ A E‘i!'."?le+e 'Flaj‘ in Rn s an indusion

o& R-ve.c‘l‘br su\osFaces o-‘l Hne 'porm

DIEAVAEAVAL STRE AWAIFS 4
50 that  dim (W,')=i.

Show +hat the set of comp\ei‘e.

g‘lo.SS IS a \nomoseneous SPQCE.. \««/l'lad'?.

its  dimen Sion?

_ﬂ'\is \nomoﬂeneous sPace. )S caHecﬂ
a -ﬂas manigolo\.




§ Exter lov_A lae\om.s

n
A p-tenssr on R IS a '?uncrl';on
]

p: R 2R —R

?a'ﬁ wmes

such thot  for \(t‘,wz'éﬁ'\)n and  a€f wehave

?(Vs ""’Vk’ Vb_“"wizm\lh*za ey, VP>

@(Vis Vi, Ve, Vigens o ¥8) * (Vs s Vi, Wiear Vigan wNp)

ond

@ (""'“'Vkaa\'hﬂ:\[h,«z ,...,VP) = (1?9 (V“ . "’\jk'v\lﬂ'\!k*z""’v]’)

We et TP(K“) be all the ?-‘l'evﬁofs on K"

\JH\'\ Po\vrl-w‘zse. oddition and sco.lar mul'ﬁj:\icaﬂon

S:or ceal valued S;umc,’rionsl TP(RN> E
Ve ctor Space.



E?(a_\mg\a E
For kisn , let &12'3 FK"“"‘* R be )Df‘ojeci"ion
onto  the i""‘ coordinate , S0 that

o, (q"") = Q4
Note thot if {eﬁ;m is the standadd
ordered basis for R"  then

14

_ .1. 'l-‘: Z':::'
- (9'5)“{0 3 z‘*}(

Tensor fmawfc
I8 @eTHR) and peTHRY e
et oy e TR be defined by
@0 (ViseosViy) = (N A Y("h«m : -vVhﬂD

wheee vy eR"



Lewwma

{dxil@)...@dxik I(i.,...,z'k)efl,...,n}k¥ is a
basis  for  TR(R).

E‘fcog-'-
Note thot

dx; @ “'®dxt‘k(e‘jn"" ¢) = dxi‘(ej'.)-- ' dxik(ejk)
_ {1 o (z‘n'-v[k\=(fn--':'fh)

0 otherwise

‘nnu.s, i‘? a,; L‘kélf and

------

G_S”,_.’jk = ( Zj ‘ )ai.,---,ik dii.® ~--®diz‘h) (es",...,eik)

(B 2

= 0 (e_-|,...,ej0

O

Yoc all aj_.-)---,jk CR, which is to say +hat
ouy FfoPOSed basis is linearl)/ indefcn&evd'.

H
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¥ e THRY), then for any (i, i)
90(31',)“.,31"2)6 ;R S0 'Y"::(Z ‘ ?’(ez‘ ...... é; )Adife'"ﬁdxz‘h

js N ‘l'\ne. chm o@ ou ProPosec.\ basis.

Note +that for any (f“"’fh)z

W"(eg.u"'l eyﬂ = ?(ej-, :---,eﬁ,) .
T\neregare,

n n
Y i"?t‘ AT !“;l: £ (i;ih)bi'. N bl‘h ‘y’(ei.: "'e"b)

- ( X
#(iéjigbl‘.‘ . bih Cf’ (e.t" yeey e'l‘h)

- ?9(‘2:; kéﬂi,...,:éb?@.i)

END]
The Symmeﬂ'ic_ 3vou.? acts linearl/ on Tk(iR"),
TP «eS, and qpeTk(;R“) we let P“‘ng(Rn>
be @7 (V1Y) = @ (Vo s Vo).

so  That ’Y': P .
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A tensor @€ Th(ﬁi") s al+erna+in3_

i? CFGW’-:"?’ '?of‘ a'r\y odcl G“€Sh'

Example*

Resa‘rc;“\“i V., "-;Vh € th as Column vectors
S50 'H’\O.‘f” (VI PRTI \/‘,13 € Mnxn (m) J dﬁ+ (\/: 3o '/VYJ

o\egines on  altemot ?Y\S N-tensor det€ Tn(ﬁ\; n),

Degin‘\ﬂovxs :

We et Ak ( YR“) be the alternati ncj
k-tensers on R” 50 Phat _A,k ( IR“) is a
vector subs Pace og- Tk (h?“) ,

Given ¢ A'(R") and pen (R,
wWe de,(;’me +\ne, WE.AS%_?‘(‘Q&&C‘_‘_’ ?9/\"{'6 A\E'i‘l(mn)

oS

whete  sqn(@)=1 i} o €A, and sqn )=7| otherwise.
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Le.mmo.'-

T8 AR and pEARY), ther
@ A ’f" € Akﬂ(’an) :

Ewroog ‘

First note pap€ TM(R"). Second, N
T € Sh 1S OAA ’ ‘Hnen

@)A’Y’)r: (fl-l;, Z sa‘n(cr) (99@7»)“-)1

TES 371

“ WD 54 (poy)™

= | N 77T
] a-;;sgft\ (v77) (poy)

= | -

- mT Z scSn(cr) Sjn('r") (?ocm "jf)

TEShyyt

it i}
{ A
< 3
> '
")
% ~—
4 Ve
-~
>
>

END
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Lemma’
pe ?éAk(Rn) and “FEAI([R“), +hen
@ A’Y/‘ = (_.])kﬁ q’»,\(’*p . In Faﬁ“’\c‘.u\éﬁ lg' k s

0dd , +hen ?MP’—‘-’O,

E('OOQ‘.
Le:f‘ /,Lﬁsm be the Permu‘l‘aﬁon
Lok elekel,
I £><_L+l~-«l+k]

so  thot san(/k)::é-l)u and 9:@7"7-(’?’@?9)#.
Then
\ L'
@AY= W Z 53\(\(0")( 559@7»)

q‘é Sh.u'

“ T 2 o (vop)

I eSh *ﬂ

T Z, spe) (rop) s

ATESpy
= LI sqn(a- )
Ayl é;msy (s (1o
-3y (/u ) mgsmsﬁn(ﬂ (Y‘Q?’)r
< (N e END

u
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Lewmma:
T ?éAk(IR") , ,v,gﬁi(;g“) , and E¢ AM(IR“)
+hen ?/\(’1""53 = (‘i”“}‘“)" S.

prosk:
prlrrD)=paliin g sy (ros))

‘ £
= miéh 53?1(2) (?@ (z’li‘;'i% $qn (w\(Y"®g)¢>>

++m

S i
M (el tind St 531 () (5%:3“ () pe(yas) )

l

" Ll (L) 7 Z, Sﬁ“(iﬂ(?@(?%ﬂi

T€Shem £ am

| - i - o NG
h!LM!(lm)‘.q_%m ; . Q" (7' (?’@(7’@5) >

Rl

il

'y U.L!(lm)‘. Z, Z, 53n(£> (7’@*@@2

TESfem T E €Sy pom

{ <
" RO () @m)!sezswf? @ (pore)

= T & s (© (pere)
£€5hifam
Sienla] L, the above sum eiuals (?,\/)(,\)Ag_ _':IEND




Lemma:

TP oe AR, PE AR, S/ (B, and MR,
then @A (MF+E) = A(gar)«(pa§) and
(N+§) A = Nopag) + (Erp).

We'll check the QSrS‘f ezu,a-l'ion. The second
S Siwilae , or ga“omfs 'pfom 'HM [emma on Paje 23¢,

T\ne g'\(S‘\' equotion 1% inearit og} fe.-g‘f‘
1 g
Wedi\hg with P But -l'l\e We&ae Ffod uct is

de.g‘me.c& usin sums, scatarS, tensor ‘af‘oc&udj on&

The 5h+£—o.c.‘\"|o\f\. All o‘?' +\M‘£S€ ave linear, so

[END

We define _A? (IR") =R and it \R
we let A A = )\? Cac ?€Ak([{2"5. With these
OFeva‘\"\th, the lemmas above tfell us that

?A-—— must  be near as we“.

——

é_A‘_Z (Rn) 15 a caded a\ge\om, 'Hne, i)ﬁ‘ter'\or 9136. maQFg“
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k
FO( OY\)/ (2,“ 2‘;_,---,-1‘&)6 il,_.., n¥ , Axi. Ahizk.mdx;ke‘Ah(mn)'
I‘P 2:£'-” Z'M -Cof /('?:iE m, "H—-.en

dty A adaty, = 2 dxs A daty a--adz
! R zﬂ' Ty H

k
=3 OA---J\Ax;k
=0,
So ¥ d"-z‘."“"\&iih is nonzevo, then +he 1§ ase
distnet, Ren, and up to scahn(j lo)/ --1, we

ma?/ 0-Ssuwmé 2‘,<iz<‘“<2~k. E)Y‘ SUUC\'\ a Iz—fu]:ale,

Og' The we&%e. f:foclu.d' , Hiat

. - 1 \
d"t"\‘i"tz*"'”"ia RETFINI] éksi*“(“')(&s.‘”"'“"’z‘b

= Z: ssn(u')(dxz.‘@...@dxf)

o
0"65}2 k

Second, o\ AGMM‘R(RBI +hen Viewinj +he

k- columns oq‘ A as vecters in Rn, we have



%)

beanen b, ()2 21 sqn (o) b0 (4

€S,

_,_ q_%hsﬂn(u-) ( Tzf’ A,:J-,c'"(ij)>
: c%:%m“) (7% Af'»f(*}“)
- éji‘“m( 7]‘Az a-(n>

= det ( A“"'""")B
(Fem 3'}0

where A thxh(lﬂ s the mateix

obtaned from A \9)« cle\e'ﬂns The m-Th
cows  Jrom A if m¢iin.--,‘l';.z,

I Faf‘l"\cular, dx, A AJ:,A “ A Ath AH(IR“)

is  The detetwwmant Quncﬁon

det anUR> '""'—}H? .
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SQPPOSQ. j‘ N “<j‘h ) T“Q‘ﬂ “Pof* (efu"'lefh)G Mnxh(m)
and z‘.<-~-<‘z:‘R we  lhave  thot

A_X&-l A “A&iih (ef,,..‘,e.jk) = de‘f((ej”.__’ e_"rh(iu,,_.,l'k)>

- { L b Gonieofu)

O otherwise

Thus, ¥ $oc a;, ;6B we have

Z: Ao 2y, Aii,A"'AAX,‘k =0

i,c---(ih
+Hen
a.““'.h=( Qi ie Q%; and; >(€ , )
§f é«z\. Pt SRATACER JA S &k
= O (e.i,,..., e.io
=0

‘yor a.\\ aj.:-u,]k GFE, w\r\ic\n is o SQ/ 'i'\v\a'f
s ?m?o%c\ \asis 1S 53near\/ inAeFev\Aen—i'.
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It ?éAk(fRn), +hen ngTk(/Rn) so  Fhat

I (z.ijh)a ~i U dig,@---@)dxik, Since ?eAk(ﬂgn),

"'l‘“i‘ Z. sg‘n@"\ @

' u’ésk

T2, sqa(e)e

TESY

~— Z Scy\(tr\ ( Z: iy d"fu@".@dxikjr

T-€5) (f, - Z‘k)

- Z a;... e (
ISR WA Gl SN

Z: b;., ‘h dih)\ Ac\z IIB

L.( <2k

¥Df some bia:---,ih éf?_ T\qere_go(e, our \amPOSeA

[END|

\:as'\s s?ams .




Cofol\aw)_/_:

dim (A (H?"))ﬁ (Q AR = Redet,
RERY=0 # Lo, ad © e denote the
extecioC a\ie\om o¥ /Q as A ( fﬁ") -{-lqen
AR)= B A(R).

/

Deg'. nition:

Foc a linear function AR —R", let
AAR = AR be Alp)=gpoA  and
RN (R) = LR be AN =N

Ha\:mﬁ defined AT D the qenerators
ba; & e alaba A(RY), e is a unigue

3{"\9‘“" L\omomo\rs)\nsvn A _A(m )..__:,_A ]‘R)
ex%nd\ncg A as wn the Ffe\nous Pafasmf\:h

so frar, Yo example,
A (Z a;,.. zhdx"'\ AAi’k> Za, Tk Ai‘ A)A A< )

£ (Zk 1( (Lh
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A’7k 1S o S(‘QAEA ‘nomemorf)\q‘,sm, me_a“"“s
ot A (ARD) £ A (R,

L&xnvnqi
T e AR, AR =R is i,
and Vu---;\/kéfgn, +hen A*cfo (V.,...,V]q)* ?(AV,,.--,A\I}Q

ggog;

Tt sulfices fo check foe @ = dty a-ndy
where

A (Ax, A "A":Q(V ------ “\J =((Aii,°A>’\"'A (Aiz';m Vi)

 Z 2@ ((Ax‘-,oﬂ@-“@(disgi\)) (Vi)
=2 5‘3“@’\ ((Aii."r'\)@"'@(‘“ih"A)) (V,,--(,,,...,Vq,.(h))

TES),

q-ésk

« 7 soo 5225 (i )

o€

:(c\ii, A A cii,‘kXAv., v A«Q‘ WE)\T]SM
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Lemmq‘-
I? Ark"-—-ﬂi"" and B:[Rm..._;ﬁi}' ave }inear;
then (BAY" = A¥R*.

Er !
T+ Sug;g‘\ce.s ‘o c:\nec.k %r -}-\«e, o.{je\o‘ra 3&1\@(&‘1‘0\"5

dz;€ A(RY) where (RAYA;=daroBA = A (d4oR) = A* B¥d,.
FAD

Lemma
T AR —R" is linear and ?GA_"O‘R"),
then A'e =de+’(A)?o.

Em&:
Ah (R“) IS One-d'\mens'\ona\ w'\‘Hn basis AX,A”'AAX,»,)

so it suihices 4 Hiad }\AGR such  +hot
AF (0 -adta) = Ny dia- - adtn,  Note

>\A = )\A Ax,l\"'ﬁdxn (eu---,e-nv

= A%(Ax.,\.-./\d\x,) (e,.,...,e;n)
= dx, A AdX, (Aﬁn-'-erf‘)

= det (A).
" JEND]



]

Cocollasy
I'?-' det: Mo (fRB — R s +he de.ferminan‘f',

then  det (AB) = det(A) det (B),

prock!
Foc  det€ K(Rn> we have
det (AB) det = (ARY' det
= R*A det
= R* det(A) det
= det (B) det (A) det,

So  det (AR)= det (B) det (A).
END

Coro“au‘z'-
T AGLa(R) and BEM(R),

+hen  det (A-') = det (A)—] and.
det (ABA"') = Aej‘(@.
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E rexcises”

Q) Write
(SA-": AAJL2+ %dstsz*zAishaxs)/\@Ax| +3sz+' 5&13>
6s o scalar multiple of ot M (R) — R.

@Le:i‘ A(x"IQ:(H”%"%Q be the linear kmﬁon
A=ﬂ22-—-*f23 defined \07/ A’(%:) Write

15
A*(Z&%,A&'\tz + A\jzAc&«JS— BAH,,AA«&?)
as o Sc.a\af mu\-ﬂp\e of dx,Asz,

@Lﬂ-“' In:lﬁh —R" be the iclewﬁ‘iy. Prove
that I::A(FR“)"“"’A(R“) s The iAen-’rH?/.

@ IQ Sec)l—n (@ ; show Fhat Cg‘ \ K(Rﬂ: A\:‘(K“) Y A\z(mﬁ
1S invertible $o any R.

® Su??ose LeR™ W isopen and  Fhot
g: U= GL(R) is a swooth Function.  Show

I1s & S\Mob""\n

AR
function UL — GL(m(@ .



248

8 D?Wefenﬁ al Forms

Thn the vemainder, we will devote an

ar\o\‘l“(a\r)/ (-’-" yers z‘k) € i' ”‘fk wH'L\ 2, 0% Z‘h
as Ih ) ancl we'” wyite Ai; A- Mh‘h as dek
Thus  an OLY‘LFW‘&('// element of _A (ﬁ ) s

Za ‘L"Ih whete 0‘1 eR foc all Ik

Until we concl ude oW ?foos; o} Stokes’
'nm.o(a.m we assume /‘/\ Is a 5Moo‘H1 mam‘golo( w\‘Hn baunclar'/.

Proposition:
Given o vector bundle ’iré. : E——-}M )
‘1“(\&(@3 o vector bundle ’77211 Ak(E'>-—3 M &.T
ay\y ke 220 Suc\'\ ‘H\d‘f‘ Lo( 0.” f) GM ;

UNOEINCAON
prst

et lf\;-"7r"'(u;)-->uz~xﬂ?" be the local
+eiviali zations  for E , wheve U; €M and
\f\ \f\ <u (\u) R “—'—')(u nuf> fE s SN'QY\
57 \q \n (P'V> (P 3;2(]7)(\/)) ‘For‘ S‘moo‘i’% )
Yi u,nu — GLa(R).
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Let Vo= U AR(RY) and A(E)= Yy
wheee (P, Zogdey )~ (3, Zbsdur) e
(v, Z a1, )eV; and (g, gbx,,cixzﬁé Y
P oo and cﬁ}iqﬂ)*@h bxhdng‘@:“f@"fh)-
Defie 70 N'(E) — M by
T (pr Zagdes,) = p

END

A é@gem\r\ﬁa\ lz—-gafw_\_ on Misa  smooth
section of  AR(TM). The collection of all
Aillecential  k-forms is denoted ..Qla(/"\x so
+hot Qh(m)xP(Akfrm)> is a vector space

with ch-rwise, addition and s calor Mul'ﬁf‘fcaﬁon.
The CAG_Q_\{(M\ ate efoesseci in local

c.oof‘A\v\cd'e,S oS CAC@ ZOIK(P)dx ﬁw sw\oo‘Hn

real valued -?unchons OIk




Examples:

O Recall that A(TM)=R foc all pem,
so that Q(M)= C®(M).

@ Su?fwse ‘?6 Cw(/‘/\>: _QO(MB‘ Reca“ ‘Hﬂa'f
A<TFM> s the SPGCQ- Og‘ [inear *Yuncﬁamls

T;,/V\ ~—-%H2 , Szof an)/ Pé/v\ He\nce,
we let dcé,ﬂ_l(/\/\> be Ae:QineA e ?GM as

o\g(gﬂ* DPQ iTF/\/\ — 'T;(?)ﬁ'g:ﬂi’_

Trn local c_oorc&'mo.‘t'es, -Fov ie ...... e_,.}
+the standacd ordeced basis 'PO“ Rn,
and for a;ﬁﬁz, we have
d (?\ @; a;e;) - D‘,Q (iéa{ei)
= hZ Qa; D,,*? (e:)
EY
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T‘“‘*S d'p(f’) < fa.“.‘ olx S0 we See +hat

— 37,
o@ € _Q_l (M) s indeed 5M00+]f\.
Note also that d:Q00MM)— Q (M)

1S linear.

@) The wost imf)or-t-awi' eXamP\es ot diffecential
‘}orms with \"esaréts to inteqration are
gorms meﬂn(l"\) whete n= d’-w\(/"\)

Recall that for am)/ eM A(T/v‘) ﬂ?

corfes‘aomis 4o scalar mul—’ru? of a
determinant on T M . Thus a.:€,£')_ (/V\)

co‘rfes?ond.s 40 a swooth choice os- o

detecminant on each Tanaen‘t' space og M.

- ]
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Be{c?ﬁeS‘-

D) Let coe ﬂz(ﬂag) be delined )0/
Co(x,‘bl,?_->= JCZ Adx Ad'\d' + 3905,23.3, Ac\%_ .

e (e TR, 5 otunl()9)

@Ld‘ 7E—>M be a s\moaH\ vector
bundle.  Let MOQE be Hhase Pcivd‘s

n E +hat \'e.fr(es»e\mL Fhe 2eXo vector in
some $iber over a Fcin‘f in M. \We can
veriby  using local tvividizations of £ that

M, is on embedded submanifeld o E,
Jilleomorphic to M.

T& M s & conmected, smooth
mani Fold oF  dimension n, prove +hat
A (TM)"MQ hos of wost 2 connected

Com?onan'\'s .



§Pullbacks

let $:M —N be a swooth map
between  smooth manidslds.  T§ mG-CZk(N),

we define -Y*c\_;&_(?_k(/"\) \oy

*

P () = (D) "es (56)
foc peM. We call $%s the pullback of
s with fes?ec‘t' to f

Levama:

pr _Qh(N\ ———3_(1\92(/\(\3 is  linear,
and ‘?*(oo) A ?*(e) = -?*(a.) Aev for  all
e Q™ (N) and 0 Q7(N).

253
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Efoo?- .

Suws, scalar mul'ﬁ?\e.s, and wedie.
Ffoduﬁ‘l‘s og' ‘porms afe deg'\v\ecl Pﬁin'f'wtse.

T\r\e lemma ":o:\\ow.s Since at e_ac‘n ]ooin‘t-

P OF) L A(TpN) —> A(Tm)

15 an a‘se.bm homomor?\nism_

END

Lammm‘
¥ P M—N and 31N—""Q are
smooth  and  co€ ﬂ‘YQ) , +hen (%og)*ao: ¥%*w

Eroos:'-
As a\oove, +his  mneeds fo e checked

ot each PEM whece

( Dy (39 )*": (Dsrw‘& ° Drﬂ* - Df}* q@{

o lemwa on paae 245, .
U P [END
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E Kamf)lej_i

@O let $:M N be smosth. Recall +hat
Q°(N)=C®(N) and  LU(M)=C*(NY). Let pem.

Because @f,#)’* : K(‘]}@N):[R——%x@}m)sfﬁ

WaS o\e‘f\‘mea as +the iden—ri-t)/, we have ‘Pof

o€ -Q—Q(N) +Hhot

Fas (3 = (08) @ (590) = o (89

So —?*m = 0«-34

T eTe]
M, N

@ I¢ UN SR "W are open and il -V
s smooth , then foe ?fu.
P (dtyne2da) () = (Op 8 (dton--nd W)
| = det (DJ)(&X;A--V\AM)( F)
by lemma on page 245, Henee,
£¥( 3ot a- A dotn) = Cl%-"’(DP-Q)(Ax,A---A Axn)_
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r
wt‘“'\n
ey
o
¥
e
, s
a€C
)
= ()
O(V
)
, th
en

£%(
o dx
o ANd
NE
.
. a A
= (CL (0*3 P
: @:;) AA::*AAAI 3
. et ) |
‘\’(D\":;}j )((:dx )
i x,;\n
|I\"' .“AA-x
Adat )
,,)h



Execcises

@ Let $:R*—R° be ’?(Xﬂg)z@,xz,xéf)
and let o€ Qz(h?s) be
m(x,vj,%ﬁ dec!-i/\c\% +31%d34&6‘.2,

Fnd %, QC(RY

@ Let £:R"—R" be smooth. Show that
$ e QRR™ | then $% is  smooth
thot is  that £*ae QR (R,

Since swoothness is a local condition,
it dollows  that i LM N is smooth
and coe_Q_k(N), +then i}*co€ﬂk(f’\).



é E?\‘i‘exior dimeran‘ﬂa:ﬂon

Let USRI be open , and let coeQ5(W)

O
Recall  that we defined d(axk)€ _(7_‘((}) )9)/
A(GJ:Q(?)'—“ DFa:h for all pell.

Now we define  de€ Q¥(W) by

C\-OJ = 8 A(alh)AdiI .
I, e

Proposition:
® d: Q%W — (W) s linear orall k
@ I e (W and 8L, +hen
d(wn0) = dean B + (-1 Resnd@
@ dod QR — QR(W) is O




?foog-i
® d ( %aIkolth + \ % bihcl"::b

i d( %:z (QIh*%bﬂJ &iig

= IZ;A(Q;[&* )\bib)/\AIIk

= g(clo.;k + XAbIk) A dxih

= éAO.I\!/\Ath + ) %: deh Adxik
= 4 ( i“hdxu) 22X (%b;hdxio ,

@ ((;h agdzz ) A ( % by, a@)
] O\( Z;nl % Az, by ‘b‘xk"“&)
= Z Z d(aihbfj>AAiIhAdiIﬂ
e Ty

- ?L % (thdbi‘t*’ b:[iaa-;_h> /\Ax:[h )\Axil
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= 2‘3;:; %axk‘iba/\&izk AAO(-I_‘ +§k€ b&&axk;\d\xgk,\dx&
R
= (1) %%azh%f\a\oxpaﬁ *é%dark;\dxih/\b&&x&

_N\k
=0)%( ﬁ O‘Ihdxih)" (% A\ozﬂ/\o\x;i) + (;h o\aIkAAiIOA (Q b,, A‘g)
=("Dk(§‘°¢hd"1u>"d (§ "’I;AJ(‘D N O\(EQI"AXI" ) (%‘ bI‘AxI‘)

=A(§ng a : A"*”‘A"ID
n

- % 2, A(Z20) adx; adrz,
- n n gza‘Ih |

%;é Ro%, clatj Adx;adxg,
_ 5 o'y dag, 3

;L_‘: §3§l’5§‘ djade, +§;w}§:{“ax::1) SAAI‘)AAlIk
= ékOAdilk




[ ewima

Le_—l- u’\jﬁiz?ﬂnbe oFeh amd Suﬂoose
%: U—Y is swooth. Then 0\03*33*00\-

proot:
T aéﬂo(\{) and peUt +hen

d* (@ ()= d(as9) ()= Dy(aeg)= Do D
=(Drq)" Do =0r) da ) = g"d ()P
%0 d°t3* (a)= 3*04 (a). Also, da*dzr =0 by exercise *2.
Thus, for % az, dzg, € QX (V)
deq? (ék O Atz )= ?\L daq¥(ag, ndtz,)
= ;k& (qtazy, Aqtdiz)
- ?h@f“%"‘&m&* ) %*“14‘43“\‘13
= Q%"&%w Hz, + 4"
- %*(ghaawax@
= q%ed (?\hai‘lhih . w@




[262Z

e

Le:i’ M be O SW\°°+\’\ W\dmi-co‘cl w'\'ﬂq bouncﬁarf
and charts {(?,u)} We define e wé__Q_h(m)

Awe..Q_hH (/V\) b/
do (p) = ¢*d(@") e (p)
i Pé U.

\

A\
O J KA:»(M)

This s well-—cleg'\ine.&! 87 +he ?\'evious [emma

FrUFY e (p) = ¥ (gorV (v ) 8(# Ve p)
= ¢¥d (’Y"’?")*(yr"‘)*m(?)
= ¢"d (‘i"")*oa(P).



2€3]
Proposition:
T8 M is a smooth manifold with boundary,
toen e all R, diQF(m) — QF'(M) is linear,
i méﬂk(/"\) and GG.CL'Q(N\) +hen
d(cor0) = AGJA@-i-(—l)kmAAG, ded=0, and if
fe Q°(M) then dE(P)=DF where pem.

e

-T%& PTOFOS‘!‘FIOY\ L\D\AS 'g-\b(' dﬂk(rgn)ﬂﬁ*!(m.j/
and A"-D—h(m) ﬁﬂbl(M) is defined Ioca“/'
a.s d:.QHIR”) ———a,cf"(ig“) '

END

Lemma:

Suﬂaose S:M_J’N is  swooth, Then
&03*:%*0&'
proot

Lot (qo,lb be a chart on M con‘l'ainins




PGM’ and et (’}",V) be a chart on N
contains 'nfs 3(};)61\!

I&l Q_\E_Q_k(N), ‘i‘\nen b)f ‘HM. [e,mma
on Paae. 261 aF?\ieA o -Hm S\mooﬂn maP

Feqe ?“', we have dor peM

dofes (p)= * & (V" q" e (p)
= o*d (qo")*g* V* () o (?)
- o4 (g Y G oo (p)
= 9% (reqe o VA (¥ Ve (p)
= ) e (p)
= qtde (9)

So A.o%*: (S'*aa .

E ND




EXerci Ses.

( ] i ) A "i A

@ Let UNER™ W
o Sm%be open and  suppose
yem . Prove da*d
n the lemm P
a on page 26!.
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§ Par‘ﬁ-’r\'ov_\__s_ of Unj;y_._
—— —— ™ it

rm——————

Let {u“}ueA be an open  cover o}
6 Smooth manifold M. Then +here are

S\moo-}ln -Punc‘:l'ions { /O,B M -—-3[0, l]
+Hhot

O For any peM, {0 | ppr20}|<co.
@) For Cm/ FeM, ;Pp(i’):i

@ii) For a‘r\/ F: ; theve is some such
‘H'\ad' /)ﬁ(/v\‘u'o(>=io}

fes such

ono?"-
Let M= }-J Ky for compact  K; €K, cm.

We may  assume that dor  each 7,

Ki—zSIY\“‘(Ki-.> , OY else that M s

COMPO.C+, in which case we re.?la.ce %Kt}:' w;-l-\.,
K, =M ; anc\ ‘H\en 'f‘\'\e loelov« Pmoﬁ aﬂ)lies %Nr\na”)/‘



We let K =K,= Q For each x€A and
% €EU=K;., , There is B)/ the second lemma
on Faje 95  some Swmooth 30‘ F: M —> [o, 1]

av\A some OFQH 6:?“M cowl‘ammi F suc.\n
that 30,",(/\/\ (U, -K; Z)) fo} and 3“4’( ){1}

camrmi—.

Note Thot B"‘*i’ S Uy~ Mi*z oand +hot “% B“‘P

covexs the set U (U -K;, )= M\~ Kl -2, which  contains
the compact  set K; - Int (Kz :) thus  tHheve
IS a '?-m\‘\'@- Su\ocover SB‘ ) B —§ gB“ ?z SU.C\A

Hhat UBk contains K IM—(KZ ,) T]qu,S
UB, =

Z,R
For each B,: , we et «(ik) and F(?‘,Q
\oe. SL,LC-\G "H’\O-"‘ B;: Bﬁ(i,lﬁ,?(?‘,k); and we le"f'

Cﬁl = %u(z‘,h\,?(z‘,k) so that %L (BL)"’ 51? a\nCi
C‘Sz\’“ <(M B u"((ilk)> U Ki':’.} - %L (M - (u«(:,n" ki—rh) - ?O}



For Pél\’\, let CrelN be such that
PeKi-z when ?.‘*ZZC?. Then 3;;(;))::0

$ iacf,+2, so that

il eprol| s [{ai secpat< Enie

Wé‘*‘e—gofe-, Z‘%k M """’312 s @ we“-degine(&,

S\moo‘ﬂﬁ fAum.-hon Hhat is now‘neré. O since
. . 2
Gy Fé/\/\ 'S contained in some BIZ'

For ansy 1,k , we et pz.oka':lv\—na[o,t] be

lo

f)z\:(F) _6_5:_9_)_._

Then

- Cpt!
@) l{f’i,.m If’z‘o,ho(F) #0{ s i N; <00
@")é Piuk. (= 5GP _
| ‘3».(?3

@) For any z,,h., ‘ Pz‘..,,ho(M" Ud@-o‘ho)-‘io}- El_\l_—[):
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§ Ofien‘l’a\n'\li"r\/_
= Vs

Le."l' \Y) be on R-vectar sPace og- Aimension n.

An orientation on V is a conmected
comPonen't' o} AnV"{O}.

T M is & connected, smooth manitold
of  dimension n, then with M g A (TM)
as on poqe 252, A (TMY =M, has exad}vl
or exac:l'l/ 7 covnected Com?ov\en‘\-s. 4

has 2, we Sa/ M is  ovientable, A choice
og- com?omm o¥ A?CTM)-MO Coc or: entable

M is called an orientation. IQ an orientation

is chosen, M is oriented.

\A/e'” See sSoon 'ﬂ\o:i' an ovientation
on M s a smooth  choice oS; an orientation

on each veetor s pace 'T;IV\ , Yoc PéM'

A non connected. mani?o‘cl is  oriented
EQ- d\\ s CDM?OY\GY\“"S oxe,



Let ca€ .Q“(/"\). Note that ¢ is
Y\on\lo.v\'\s\n‘mi, that is ca(P)#0 for oll pem,
F and only it a (M) ATM)-M,.

’_[S\‘. o€ Q (N\) i nonmn}s\n’mi and M

is connected, then @(M) i$  contained in
o Connected Com?onen‘i' og An(T/"\)*-—MO.

Lewmma:
Suﬂ)ose M s a smoo‘l‘\n, conned'eA,

ocientable  mamifold o dimension n, and thet
6o,V € QM) are Y\on\lanis\'\'ma.

The same component o j\v_1| (TM)—MO
contains  co(M) and ’yr(ﬂO it and on}/ it
COENY e some ANECT(M) with AP)>0 %caﬂj:e/v\_
AL ST
Mo— —” -

UL AN

Co and /Yf- afe Po'm't'wise o O.Y\A t’r axe Po'mfw'\ie
Pas'rl"we wmult ?les eo.c_\n oi‘\ner m_ga_-\-'\xxe mul-rif\es oQ each oijncr




proot:
This can be checked loca”)/. I—Q UsM

15 a c\'\ar‘t' n a local 'i‘rivioh%o.ﬂon 'por

A“(T/VQ , then for the bundle map
W:AH(T/V\B-—aM we have W"(u)-::U.xfE/
so that T7'(U) intersected with a connected
Corponent of  ANTM)-M, is identified
with either  (Ux R,, oc WUxR,,.

Loca”y, c.g:adi, A..-Adxh and *:bdlw_“hn
‘? oY nov\van‘ss\qini o’\, € Cm( I.L) s eo= C:‘{Dr’lr
with a/b € C” (u) F-uf']'\neﬂmfe/ (a /b 3 (f") >0

¥o<' all PfM i-? and on\/ 1‘9 é and b
ate losth neScrﬂve,, or  both Pos‘.‘ﬁ Ve,

END

Eadl
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E{E?os'\ﬂon‘.
Let M be a Swooth, connected mahi—?ofd
OSI" dimension n. The Qo“ow'\nﬁ are etzuiva‘eh‘f'.

®An(TM\"Mo hos 2 connected c:om?onen'fS.

There ave chacts { (c}?, u)} %f M such
‘H«o‘t’ Ae+ (D,”:CP)(?a”y;—')) >0 ¥Of ar\// Pelv\
and am)/ charts ?'5, ?‘ with P in theie domain,

@ ’ﬂmre s o Y\ov\\ran‘ls\w(na o€ Qn(/"\)
TD N(TM) s 4eivial

IL ond IL ove eguivalent b/ 3, page 13.
I iwpkes T since A'(TM)  being rivial
means K (TM) =M, =(MxR) - (Mxfel)= MR, LMsR,

We ate léft to prove that I implies

T and ther IT }MP\ies g




7:: c.\wec.k L iwvfa\ies IL, let & bLe a
connected c.omPonerﬂ' of A (TM) -M,. Given

C\"Q‘"ts { (?’; U‘\} g"o'( M , We can Per\na PS c.ovnfnSe
C.CLC\G ?9 W\’Hﬂ ,Rn — Rn S‘Nef\ b’ (xu-wxﬂ) L ("xuxzr";x“)
+o create charts i(c’?? ) Ul)} with % *dt, aeeadal, (U) <G

With two such charts (&, u) and (V)
and with pe€UaV, 2% dx,aadx, (UAV) € G
and Az aadt, (WaV)ED, s that each
ace  contdmed in the Same Component of
[\'\(UG\O*(U(\V)O, Hence, there is some AeC(uav)
with A>0 and )\’@*dx,n---/\dxﬁ:y\/**dx.z\---,\éx,.,

=(>~ A w) (587 (baw-nde) PG
= %(P} Ae;('( 1"‘?‘“99 '?"-‘3) A""‘""‘A"nY'?"(PD
_T\r\e.fagofg >\(P\ det (Dnr(i,)(? )) 1 so

det (D,ch\ (?’ oy "» )‘(P) *Q, Provmi



To  check I imphes IC | et f@lu)}
be charts for M with de‘r(D%cr)(??a?"'))>o_

Let {[)ﬁil"\m«a[o,l']} be a pactition ot

[274]

uni‘l‘y su&aor&‘ma"re 4o +he cover of M L)/ CL\GH'S_

T‘LIOJT iS, -?0(' OY\)/ P€M, ‘{‘Fﬁlﬁﬁ(i})#o}
glop(P)zi, ond Lo( GY\)/ p , +here is some

<
/

chact (3, up) with P, (M—U‘Q = §o}.

Since /0/3 (M—-Uﬂ):io} , P/s ?’3‘;‘ dx, A Adt
s O we“-AeQ'meA ﬂ--gofm o MI O.hd we |e-,-
7 ﬁZ/Dﬁ‘?; ditin--adtn € (M),

For any ?G.'/V\, let (’?‘,‘O be a
chart C‘.an'l‘a'm'\n3 ? Regaf‘a.'mﬁ W as itS

festaiction o V, we  have
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F Ve (FO)= (F7(Zip, i dernde ) F9)

(6 Tt
(2D (G5 i
] Cﬁ:lf 5 (p) det( D ($ee ’P» dan-adsn ()

Since Ae-"'(D,;.‘(P)(@,g“}":'))?O S:of‘ a” /8) /O,S(P)BO
":or all ﬁ,, and P@(P)>O foc ot least one/@

(l’“"““‘ ;Z: ﬁ,(P\:iB , we have +ha't

§ A det (Dp(Fuoy™) >0

EMF\)/EV\B +hot (’?f‘-')*“ ("’/\”(I’ﬂ #0 , and because

»Y, s a laca“ A;meovnor?\ﬂ‘sm near Pz Q)(P)#O

Thot 1S, & 15 hon\fanis\nini, ]prov'ma ﬂ
£ ND
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Sum:ose M s a SMOO‘*'L\’ c_onnecﬂ‘e&,

oﬂe_n‘l’ec\ man?Qn\cl osl dimen sion N, wi‘H'\

chosen  convected c;om?onen‘i' 6':\ C A"(T/V\)_ M.

We soy a nonvanishin o€ QM (M)  detecmines
y 4 d

+he ovientation of M f‘? c:o(/v\)f:‘ O"L\ Tﬁus,
o deterwives 'qu ovientation ig- and on\)/

W A does  for ony >\€C°°(M) with A >0.

We say LeDifP (M) _preserves orienfation
T for any e QUMM with w(M)s OF, we
have §%0(M)e G, . By the above ?amﬁmf‘n,
it sullices fo check whethee £ (M) e 6 e
o sinde oo, Trndeed, i NeC®(M) with 30O
Pren e =Qef) ¥ with hefeCT(M) and hef>0,

We Sa/ Le D;@(M) fevecses orientation

§ i does nor  preserve orientation. Eguivdentl

IS:- Qo(‘ avx/ (or Q—Qr a S‘mgl&) coé.Q_“(/V\) 'Hno."l‘
detecmines Phe ofientation ot M\, -?%au does not
detecmine the ovientotion of M,




EX&W\P\C S:

@D det E_.Q_.n(FR“) 1S nonvan) skihj, S0 fRn is
an ovientable Man’\po]cl. I‘P 366/.,\ (}R) < D,m(mn)
then %* det = det (3) det so that det and 3*&«#

detecine +the same ovientation of Rn I‘gj am‘l

on\7 i da+(3)>o. Thot is, q  preserves orientation
£ and on\/ W c\e.+Cc3)>O,

@ Let Zn:i(eie,ei?)fd:z}e,?éﬂ?}_ Lot
‘pé Dam (Zl) be. sj(ez‘gl éi?> _ (el.éj?;_).
We'll see in the next ﬂmmf,{a that

Z,, is orientable. ASSuM]nj that  for now,
n local coordinetes neor (1,136 Z we have
!

S}*@xl&.(&5> = d.x A-A‘d»:.’*&ll\dﬁ,‘ So ‘? feverses
the orentation of 2'_

&Xg 3,()



@ I¥ G) is o connected _Lie 3\'0%3 o—?—

dimension n, Hhen cm)/ 'Yf _An( 3,) determines
an e 7(8) by w(y)z(Dyle) ¥ Foc dl
‘SEG)' IQ Y?-"O , then co s non\fanis\ninil

so G is orentable .

Cs 18 Jeg'l'—')mraﬁav\‘\', ‘mo_an‘mj (Lk *m:@
SI“D( a“ V\GG) IV\AQQAI ;2 3€6 _qun

(LY es (9= (D) es (hg)
“(D4h)" (D, Lgw)
= (DugLg'k o O,Ly )
= (D3L3"' )*n]‘,
= m(@

Foc ’y"# O, ¢ determines the orientation

ot G £ ond onl)/ iQ € =Q‘In)*‘° does .
'n\efeg‘ore , Lk ¢ Dim (CQD preserves orientotion
of G ?of‘ a“ he G) .
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@ Let S'=§xeR™ |lixl=1] and let a<D(e")

be 0(1)=—_~1. Then o vestricts o the
avrﬁfodd map o€ D:S?QCS").

For peS”, let n(P)GT;ﬂZw be the

unit  norm vector or"l‘|r\030na| to T%,S" , and

Po'\h‘\"\ni ou.'l‘wa\"cl ¥f‘om OGRM".

o
A
Tf.s"/ kys

Then T,R™= T,5"®Rn(p ond dn@eA(TR™
for pesS’.

Deline ae _Q"(s™) lo)/ reiuirinfS for each
PES" that @;Adnyp\:defmm,(jﬂ. Then
AR nonvanTs\nimS , so 3" is orientable

Note hot D?a(TFs“)z—T_Pg“,ma Hhot
Da(n()=nEp) so that  a*dn(p)=dn(p) fr peS”




Thecehoce, Sor pes”,

QN detn, (p) = det (a) def ()
= def (D,,a) detpmn (p)
= a*detom (p)
= 0%(e adn) (p)
= (oo A a*dn ) (p)
= (0% A An)(p).

Thas,  detgun (D2 (1) areo nda)(p) |, 5o
by the definition of o, = (-1) ot
Thot i5, < and o*c, ave pointwise
positive mul-t-'\f:)es in 2"(s") il and on\)/
i£ n is odd.  Thar is, the antipodal

ma? on 3" j:)resewe,s ovientation ,;O av\o\

on\)/ ip n is odd.

[z20l



el

® Let «weQ"(s") and a€DI(S") bLe
os in @. IF n s ocm, +then  a®w =co,

Lt ar:S" — NO"= PU(R) b the
quotient map.  Foc any  p€S”, we define
Fe QLR locally aboct 7 () by taking
an open neighborhoed U g P(R) such +hat
T (W=V, LY, with a(v):=V, and
Tl Vi = U is @ diffeomorphism for both 2.
Then  we lef y(frr(P)):(Trlvi")*w. This is
well-defined  since

(7Y es = (ool o= (1) oo = (o, Yoo

Since ’IT'IV. is a d?@eomof‘P\n\SM and co(P) #0,

’Y" (’rr(p)) -'-J;O, So /PH(R) s orientable Q:r odd n.




2]

© Let e Q™(s™) and acDif(3") be as

n @. I n s even, then oa*a=-c.

Let 7w:S" = P(R) e as in &®.
We caim  PU(R) is not orientable i n s
even. Indeed, for the sake of a contradiction,
assuwme A€ Q' (p "(R)) IS honVan'tS)ﬂ'mj Then
,n_*,Y-e__Q_“(S"‘) 15 nonvarishina Sivce T s

o local A}'Qg\eemorf)\a'\sm.
87 ?er\na?.s reP\acin3 "{" with -’Yf,

We way  asSuwe that there Js some >\€C°°(5")
with A>0  such thet C-.)=>\7r*fy», Then

afco= a* ()x’r*'y»)
= Qea)(a* )
= ()\o 05 (’h‘oa\*nr
= Q\Ocﬂ T*'f"

—n\us, oFeo = )\;\o‘ o and -)-\«;-l- >0, C,on‘l'mdic:i"ms

that afeo=-w. ﬂefag‘ofe, P n([R) is not orientable

T 0 is even.
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To re\ax +he  delinitions on Paja 274

slia\n‘l‘\y, let M and N be swooth oviented
manifolds oF dimension n. SuFPose M s

ofiented by a nonvonishing 4, €.Q"(M) and
N by A€ (N).

I M —oN s a diffeomorphism
e F = for some romuamiching 2eC()

We say ¥ _FTCSQ(VG.S ofientation | and write G"(‘P):lj

& N0 We Sy £ revecses orientation , and
wite 0‘(—?)”’1; it A<O.

The delfinitions on paqe 27¢ aPP\/ +o +he
5Pec:ia\ case that M=N , and both +he dowain
ond Y‘an%@ aS:\' £ are oriented 57/ +he same

nonvanishi nﬁ S:\'en\rm.

| emma
ISIZ ‘VM — N OV\A %: N — P ate A‘\cheomor?lqiﬁns
o orviented manifolds, +hen ¢(go¥):¢(3)¢(_¥\-
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EXedeeS’

D) let M be a smooth mani?olo\. I‘Q T

s trivial , prove M is orientable.

@ Let M be an n-dimensional ,  smooth
manifeld  with b"“"‘d*“?’/ embedded n R

P\(‘o\fe, DM is orientable. (In Par‘i’fculof,
each 23 is orien*t‘a\ole.)

@ Let M be a Srooth | ovientable wani old
of dimension n. Let $eD.¥Q(/"\) ana
Y€ L"(M) e honvon'{s\ninﬁ. Show ¥
preserves +he ovientation determined 107, 4/;4
it and on’)/ i presevves the ovrientation

determined \07 w’Y*M,

@ Let M be a swooth, orientable, connected
maniiold.  Let
DISS* (M) = § € Ditf (M) | § preserves owr\'en't'a‘\'iow’%
DEH(m) s well-defined by @, Prove DIF(m)=Dil(M)
o¢ That Di?f(/"\) is an wndex-2 hormal su\::srau'o of D;@(M).



B Prove the lemma on paqe 283,

@) Let Z i(eze e'?)e? )@?efg’? B/
eromple @, FeDUL(Z),) where £(ei9e®)=(e® &)

IS OTIQV\'&'&*\OY\ reVefS\nj. By e_;(ar“?,e, @)
L(—s,.)é DX g_?(z:) i$  ovientation Preser\r}nj,

T\'ms, %-—¥ L(”) Dﬁ(ﬂ) 15 orientation
re.versmﬁ and c3 =1 Note that 4\ s
e Klein bottle. Prove it is not orientable.

@ 5uPPoSe. M s an orientable manitold .

let I'< Ds?? (M> act on M P*’OV”‘)/

A‘\SCOY\‘HY\\AO\LS\/ Ohd\ —?ree,\)/ <0 -H,\a-f- P\M
s o0 manifold b}’ +He P‘FOPOSI‘TEOY} on
poae 29.

Prove P\M s ovientable L oand
by @ 5 DI



[28¢]

8 In“('ejm'\"\ o)

Let UeR” U be open, connected , and
ofiented. \We et LU >R bLe inclusion,
so that Z'ui U—U is a d?«ppeomorf)l'ism, whevre
+the fanqe oF 2, 1s oriented b/ dx,a--adx,, .
Thus, «(2)=1 § the orientation on W aqrees
with  the standard orientation on ﬁ?n, and (7, )=-1

other wise.

Tf € QW), +then = adxa - Adty For

some o€ C”(u.)/ ond  we o\eg"\ne

Suw = U—(Z‘UJJ ad.i.“‘din

h

E}(a.\mEle.'-
For (&:b)SR , and -?(EC“((&,L)), we have

b
SCQ'QQAJL :Lu\i $ (@B s orented by duellar)

and S@‘\id\x:j‘:g"é‘x j(‘”S:‘FAi $ oriented \97/ -dx.



Ca‘cu‘us C\f\anje. ag Vor\a\oles gofmq\a

Let UNVER" W be open. TH f:V—U
s a Ai??@omw?\\'\sm and a€ Cm(u)/ +hen

S 0.4, A, ‘-':S (as$) ]de,-f (Dm dx,-daty
u v

Chan e.__og variables foc Sorms an R "

| | et U,VQFRn, U e open. I F:v—ou
15 o diggeomor?\n'\sm and CQE.Q-Y\(U.), Thew

S W=aT (-?)Svf*w

W

Ewroog‘-!
The ocientation on W is detetmined. \o/
a(?,) dX, A —AdZn , and the orientation on V is

O\e'l'evmaneA b;f T(iv)ciim-w\dxn. Note ‘l“L\a:l’

Fhe ovientation on V is also determined \7
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‘T(‘P) ‘F*(Q'(l\.,) o\x.A---,\Ax.,> =g (Q)G(igx*(dx.n---f\dxb
=)o (2,) det (DF) dug, a--adx,

so that for all PeV, o(§)e(7,) det (D?Q) and
() hove the same siqn. Therefore,

() | der (0| = (B (3,) det (D),
gk e " (W), then w=adtnadz, for some
o€ (W) and

Juw = q—(z'u)Laclx.---clxn
= a—(z‘u)j (o) | det (D8)) d- - dt
- (52 (o) det ()
= (8) jv (228 det (DE) dut, - --n dx,
= T(g)j‘vg*(adxmumc\xnv

= a () Svif*oa.




Let M be an oriented, smooth manitold
o dimension n. Let "ffMé Q° (MB be a nonvanis‘ninj

Qo(m ‘anﬂ cle:l‘exm’mes "H\e ocienvtation o—?» M

Let E(CP;,U;R be charts for M.

For each i, we orient o (uU;)cR" by
(@ Ve Lgp(ui)), Thus, o(g)=1 and
boe all 2, G‘(?g"ﬂ'—i)‘“’(‘P{)"—"C‘f’f)_i=i.
Let  §pit be a pactition of unity
subordinate o the cover Jut. That s,
each p;:M—=T0,1]T is smocth and
@)l{{a; 1/0"(?5 ¢o§]<°° for all pem.
(11) ?p;@‘-’i foc all peM.
(z12) p; (M- ;)= {o}.



We say mé_f?_h(m) is gg_rf_f’adl/\ﬁ Su?Por’{'e,d
i the closue of PEM  Lor which w(p)#0
s compact. We let QX(M) < QR(M) be
the vector Su\osFace— of c.omPacﬂ/ suPPor{'ec{

SFoms .

Foc any € QL (M) we defne L\m as
Follows

Foc any 1, pies e Q7(M) is zero outside
U, by definition of p;. Therefore, 114
a??m?ﬁ ate to resofcl X prew  as f /9 e,
ond o reﬁafcl the latter mteayal as

S(P( )( )qo m) usm3 @ as an lcfe.h'hpca‘hon

o U, with ?,‘(U'>C’2 and of P with

(CP )(F 0.)36..(2- (?’,_(th) +he gmal M‘i’ejv‘a.l
albove \chms been delined  on paqe 286 . Then

since co ZP‘ ,  we cle.ﬂ'me

Z[ (‘Pz-' (f’ ) .

¢ (u)

790



¢;(U)€




The aboe  delinition of me is
independent F our choice of {p;1. Tindeed,
iY {21 is ancther partition of unity
subordinate o fU;E then

Z) =2, WSE (izxes)

A ®; (u;

——»N

Q-(Cf’z ?g j(‘f’a ?{ )@Dz ) ({01 co>

?}(u all; )

) ZS (5”; ’)*(p,l’ cu)

4

#i( “‘“\
?5?1 ,,M )( ("‘“)

iz S?f(“fs(?f )" (XI c») .



/V\ Was of'\e.n‘l‘ed w'\'Hﬁ '\}/‘M . I‘?' we choose

'H\e. atecnate oCientation |, +that determined b/ -—‘f’,‘,\ )

thenn  we devote that oviented. man'\s\—o\A b/ -M .

Lemmq‘-

Let M be « s\moofln,orien‘l'ecl man'\gclcl
& dimension N, IF € Q(M), then

oefe

-M M

foagl'r-%w

TF we replace ’}VM with —%\ in  +he
cleQ‘mi'Han JF jéo above, Then we re?\ace

M

the orientation of each qz-(uz-),g P"  hat is
we veploce (g7 Vop, with  ~@7) = @) O
T‘ne Y‘esul-l- 15 anr!' e\fevr/ SummmcL

S?,‘(Ui)(??)*@iw> in L\m is re.P\aceA with

s ne_Sa‘l'Ne : END



b a
T S
* (@) Z(ab) b
Definition:

A cefinement of  charts {(%, u}-)} for

M s G C.O\lec.‘f\on o(; c\(\ar‘\'s {(’\rj:fvf)} XTO‘('
M such fhat  for each x +Hheve is Some

i(() such thot Vf SlWigy ond 7} “?“}q)

\/j.

LE.\MM -

Sa.: is inAePe,hAen’l' or o regine.men‘l’
M
o dovts used to  determine SMCJ.

\roc‘}"
_E__,.__
et {("f’}vf)} be o tefinement of i(?’z‘, ub}

w‘\"'\’\ re,s?e.c.‘i‘we. Fax"ﬁ'\“\ons OQ UV\“'T/ %Ky.f and {/0 z'?

2949




subordinate o i\/& and iuz‘}. Note that
f}(f- /o,_*} is a partifion of umH'/ subsvdinate
fo {\/S} since J{;{?ﬁlyj/oi(fb#o}, is Fnite
for all ?GM, X'f‘oi(M”V'Bﬁ{O}

Z K ) - (2 %7 pip) =1
mms-‘ofe,

2| @ Y(pe)

P, (u)

S ,,(u,)(?‘) (szfl‘*‘)

¥ J () (%pieo)

Y
-1 \* -t
= 2. u’(%@‘i”zr}gj (72 )l Oy )

g Pup (Uigp)

i Z‘ X4 " ’X 1 &
"S S?zl.()(uz(s)%c{) S)) ( [P )

"2, $ ). B
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Pro?os'\‘l"\on‘-
let M be a swmooth, oviented, man'\galc&

or dimension n. Let 1;6 D,W(M) and et
G‘(¥>=i I&l Q f)('eSex\ie,S avientation o.ncl

G’(m-‘-"i IQ Sl reverses ovientation,

Fc;f any Co € _Cl‘:(/‘/\) , we have
S 0% = G"('QS A
M M

whete  +the in+e3rals ave deterwined )o?/
ox\oi-rmr)/ c.\na'r‘t's —Por M,

?—"39%"

B)/ passing to a rebinement of charts
we woy assume Hnot {(qo,.,u,-)f and
{ (f\h,'\/i}z ate each charts for M and
that  £(V) = U,

We  let ipit be o partition o anity

SL&M‘V\Q"'& +o i‘\lzg ‘n(\e'\q iPz."‘?"z s o
Pawﬁ‘f'ion o—?— umi‘r)/ Su\:ora\'mcri’e_ +o fu{}



For each 2, geferpy: Y (Vo) = @ (u;)
s a o\iu\eomorp\niSm o—?— oFen Su\:aSe‘\’s o-P R"

and (g tp) = 7(g) (D)o () - lf). Hee,

SMS;*@ = IZL ) O+ Y (P 1)
0
z. S @ °Y: )((f of) >
ZS,H RECRRRICH(T oW

:C;‘v(%owh J' (u) @) ((P £ 3m>

= gi:o-(ﬁ 5?.(@(% )* @.4**) 60

- G"@) SMa) @
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Covol larx .

Sw is in(\e.?e.nclen‘!' og Fhe charts
M

C\r\ose)n Qo( M .

proor:
AT’F\/ 'Hwe ?Tevious ProPosH'ion to  the

[EAD]

;Am;V map on M.

Iﬁ N is  an  embedded, oriented
Su\oma.v\'\‘?'u\A ogl N\ op dimension ﬂ-, ‘H'\en

foc ony W€ .Qi (/V\> we  defline

f o= fin
N N

where 1N — M IS inclusion. Note 'f'\qm"

foc each ciléN , Dii: T?'N "‘"’T;’M s
inclusion so thot i*w(i\ ("n'-v"’ﬂ:Q(Z)(Vu--v"ﬂ.

Thot is, %0 s siwaply +he vestriction of .




In+e3m+ion n fRn, sums, Scalin,
ond Full backs og S;ovms afe a” Jnear. These

wese the ’o?efa:f'sons used o c\e.gina in'l‘eiyro:ﬁ on
OS' QQ‘( ms, S0 We \’\Ck\ﬁt "H\e Qollo\ni‘nﬁ

T8 N is an embedded, oriented
Subman'\?cu o—? M of  dimension ,e-, +hen

SNI A —R
s linear.

Tn ?af‘r\cu\af, ig N=M has o\\mens'\on n
then

SM QL (M) — R

s lineax.
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E nereises:

) Let WS K" be oFen , ond Suppose +Hhe
ofientation OQ L is determined 'o;r 'Hne
nonvan'\s\n‘mj 1;c.rm e (u} Prove Su(.o >0,

.comgq_d'.
@ Lletr M be a SMQOH'», ov"\ewt'e.&, Man‘a‘po(o[
og dimension n. Sumoose the ovrientation og
M s detecmined. L))/ +the nonvanislﬂlnj -Porm

e (M), Prove 5»'\& % 0.

Le:i‘ K be a co\mPa.d' Lie 3fou}) o?— dimension
n, and et e Q" (10 be o nonvanishin

left-invaciant  form as  desceibed in examfnle @
OX‘ ‘Hf\e ?‘fe\fious c,\na?‘i‘er. Le-i' o determine

+he ovientation of X.
Since K is coml:na.c.f , i§ ¥€C’°(K)
Then -gla.) € _.Q_: (Kﬁ Prove Qar om/ aék that

SKG"L‘Q“ = SKSPO.\ :
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@ Let £ , ) be +he standard inmer oroduct
P

on Rn, so  that {e,,..,en} is an orthonormal

basis.

201

I‘? KSGLH(R) iS a compact Lie Sulojmwﬂ

show that  for  v,weR", the equation
SAEECADRIC

defines  an inner Pidm on R"  Show that

<<3V,f3w>\(=<v,w>l< foc all 3€K.

@ L et si\(,,...,,\l h'ls be an ov'ﬂnonorma.{ basis Jr\or
R" with respect o <, >\<  Let heGL.(BR)
be Aeginea \7 \f\\li =e,; g;al' a“ i ‘nw.n

<V,W>Kz<hv,\nw> for all v,weR"
Prove dhat $or all kREK, and vweR',
Oedy, WREW D = (v and Fhus that

hKh' <o (n).
In Sumw\a\'/, am)/ C.om?ac:l' Lie Su\sjrouP

GS} G)LH(KB 1S Conjuso.‘t'e, to a Su‘oamu!) OQ O(n)
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8 Stokes’ Theorem

Let M be an ofiented smooth manifsld
with bounciav. Su?Pose the orientation of
M is determined \o)/ a nonvanis\a'mcj fffméﬂn(ﬁﬂ)
wheee n=dim (M),

M is a manibld b dimension n-1,
and  Wwe orient M as  Follows: An)/ Feam
has  local coordinates  x,,...x, where x,=0
cc)ffesFonclS o oM ond  X,.20 cOrres)oona{s +o M.
Thn those coordinates near P, "f;,\‘—‘ adx,A- - A,
for some swmooth a, and near P owe deflivie
Yo = (-1) adt,Andtyy 50 Fhat A €™ (om)

S mnvan‘\s\a'ms. We et %M olp_-[-e\rm'lne +Hhe

ovientation on M.

77,

0
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TP ¢toM—M  is inclusion, Then
*: 07 (M) — QT (am) is  resteiction
and  for e ﬂ:-‘(l\ﬂ we deline !@ :f %
M Tam

Stokes’ Theotem:

et M be o sw\ocHn, oriented
n-dimensional man'vpolcl. IQ GJ€_.Q:‘:(M),

then
LMCQ = JMAco

S'l‘epl" F;»rms o OPen su\,DSe‘\'s og— TR“ o‘oe)/ Stokes’
Theocem.

Let <o e_C?.'Z"(UO foc open UER" with

U comfo.d' omA (% Vo.vx\s\n'ms eat ’a_(lw F;\f

50mne giﬁcw(u), Q:Z& dilA-"A@i/\"'AAiﬂv
1=



‘n'\efe.gofe/
des = ( B0, dntmendo ne-ondity )

= 20 d(Ndoton A dg nen dta)

Z(; %“%’;d&tk)/\c\i;\ Aclx A - clxh

L= l
n, n
- ‘332* AN
é kZ. g—ﬁckxh/\dxm--m dt A - adx,

p A
L Axl ANAX, A ADdAy A Adx,

'Ms
QJ

-1
( ) al}‘ Ax, A AdLn

=1

.-.n

TV dhe ovientation of USR is  detecmined
b}/ C-—l)udx.a---/\c\in, ‘H‘len we  have gov C?0
with Qi(x.,...,x.. =0 i+ |xlze, thaet
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?__‘[e;g_?:i Forms on open subsets oF U, obe;z Stokes’
Theorem.

et wé_ﬂz‘q(u) !:or O]Nm Ues U,

ama———

with U_ campad' amd < van'\s\n‘mﬂ ear

(BU) - (3Un> F;f Sowme ‘?'l.( CW( U),
= Z;a gl di,A---Ai;'.i/\'“AAJ‘-n . IQ (—Duaxt""'/‘d-"n

detecmines the orientation on U, then  as in

S‘l‘eP A ,

de’“( ) Z:('”S a‘dx

"
= (_l)u “"(_ni-nj ( N, | N

£=1

+ ("hu(—i\“-'jau ag“ Ax}dx dxy-

= O+ () "“Saw 6 “552,,‘*""> A0 d-

= (- mu (1 )n-lj ( ¢ (Xirems 2 € ) - L. (x.,...,x....,o)) Aot

= O], B Chtnn.0) diti



For 72 dU" = U7, +he inclusion, we have

_C*d'xh - O 4 so

n A
2% =% (B0 d e ALy Ao n dita)
=)

T‘navegove )

¢

oU

i~
-

n A
- 2 T*(S;l Ax‘A...Adxi A~ ..Adxn>
i:.l

i ('Ft °f) "C*a\i*l\-‘-l\'&'@z- A~-~AZ‘*dx,,

1=
= (Q,,of) T, A aT*X,-)
= Q,\ (xl)zi}-"pxn-l;O) Ai.A---AAinq .

13

ou

(v
g ?ﬂ(x‘JIZJ yXn- I)O) dx. )\A.x.“-‘
U .

S\ ‘)u l\ ‘Y’ (xuxu s X *l)o) d.x-| Ax,,..
a n
)

deo
A

for e QU0'(W) with USU" open.
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Stee 3
For e QL (M), let E(cp,_-, Ut be charts

on M, so that E<CP¢'/ u;na/v\)} ate charts
‘F‘o*r oM. IQ 5104 is o f?ox‘ﬂ‘ﬁov\ os} unﬁ‘}/

swbordinate  Jo {Uig ) then E[)i,am—; 15 a
Faﬁﬁ'ion O?— unH‘/ subordinate to guz-na/"\?‘

We have
) doo = L\d ( 23,0;@)

M

e END



Sowie Common QPF\‘\ca-\‘ionS of  Stokes’ Theorem

include:

() I oM=g and wéﬁlz"(/"\), +hen

Smam i Sa,f\o ) j;g“ =0

@) IF e T (M), then

Lmo\m {MAAm = gMo = Q.

Q’i‘i) I‘P M is Fhe union of 4wo n-dimensional
manitolds N, N, €M with N, aN,= aN;=aN,,
thenn  the odentotion on M vestricts o

oriewtations on N, and N, ond 'BNI_: - 2N, .
'l“r\exeﬁore, S deo = —-S da  Since
N, Nz

), de)

Ntdng m+S Q:ga,\,f‘"g 6 =0,

gN] “'BN; aNl

N,




e

E Xeccises.

D Let T=[o] and let Aig.QJCI> be Po§n+wi$€
+he ic\en‘l'i‘!‘/ T,;.I =R —K.

et M be an otiented man‘\—Qo\J of dimension

n, ahA SUPPOSG * nonvan\s\rv\nj ’\}’Méﬂn(/‘/o
determines the orientation of M,

SuF?ose BM-"-"-¢ so that MxIT s a

swooth ma\n'\?—olA w'\‘l"r\ 9(MxI>:(Mx{oD_LL(Mx{1})
up To o\imeomor?\n\sm.

Ovient MxTL lo)/ L\a\fmﬁ ’?"M/\dx o\e‘ferm'me
+he orientation of MxT, and hen determine
the ofientation of ’a(MXI) 65 on page 302,
tHhus de‘\‘exm\v\‘m3 otentations on Mx$of and Mx§1Y
With  the natural identification (P,O)H (P' 1) of Mrjol
with M ii}) prove MX{OQ:-(MX{Q) as oriented mantolds.

Le,‘i' M be a smoo+\n, com?aa‘l’, oriented manifold
of dimension n with M=, ¢ N is a swmooth
man'\s:o\c& and £:M >N and cg/"\-’il\\ are
smooﬂ\\y homo‘ro?'\c, prove SM‘?&:L\{Q fsc
ony Q.)é_fln(N) with de=0,

T




@ et Sl:ifeﬁz,”f)}l:i?. Ocient 3 as
in e,xamP\e. @ of paqe 279, Let

we_g?_'(ﬂ%z) be Co(:(,'(uj,>-.: x«azdx_ +xzmgciﬂdf
Find SSFO.

1]
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| Sy

§Degy_§g:

| "ﬂ'\v‘oua\r\oxd' this C\naP‘l’e‘(', M s a C,omf)ac‘:f'
gmooth man]-?olcl , N is a connec:t'ec& swooth
mani Jold , OM=9aN= ¢ and  dim (_/V\)‘-'-'dim (N)-"-‘\’l.
Tn addi+ion, aside ‘S:?om G brie‘p okis(.u.ss'\on
on ”A.e,%fee, \mocl 2.“ on Paaes 3“"2”3 we wi” assume
ot M and N are oriented b/ Y)On\fanis‘n;nj

?orms ,Wv\e ,('Ln (M) amcl ’n‘e ..Q-n(N) } res?eC‘H\re\)/_

Begore Aiscuss'mﬂ Aesree, We"” loejin \a/
c()“ec,‘l"mﬁ a coup|e, of  lemwas that will ke

U.S&S:u‘ —?0( LS ,a"'e‘(‘.

Lewmma.
et Bh:iiaﬁ Rnl”in‘E, I—p «d,éBn and
vO , then there is some hCD.‘W'\'(B"‘) such

thet ‘n(O}—"g ) h vestricted T a ne,ijl«bor\nood og
a[))h s the ic\e.n‘l’i'ly, omci %&z‘&gn.



-
.

proot:

As n the second lemma on page 95,
theve is some bé C“(E;")
such +hot  b)=1 if

and  some O<g<<]

Jxll<z  and b(x)=0
;S; Izl »1-2. We assume I/Efll<g_

Define Y& /(TB") by V()= by, For
tefon] , we let Qe D0 (B") be Fhe
associated  low, Then Qj’(o)ij, 8, (=2
when [[2l>1-2, and B'x[ai] — g given by
(1) +—> QI (x) is a l'\omo‘l‘of))/ between
91 and 9:=2'A6n. Lot k“—*@l.

o

Le,mma'-
let N be o svnoofjn Man;‘po!d an& choose

«dwg'eN such that 432'3' Then there s
some heDlQ&\-’-(N) such that L\(‘I},)ﬂg' and Iﬂf-‘-'Z'AN,



3T

prosk:
Ic\en‘ﬂsz)/ a naia\n\aorhaoc& UeN of Z, with

Bn such that 'a, 15 ide,n‘ﬂ-piecl with O¢€ B". B/
e P‘fe\f\ous 'e\mma, thece is  some fe DIQ;P(U)
with Q(})ﬂél, f neac QU is Hhe iclenﬁ’rp/, and
fxid,.

Deg'me. ]nGDiSP—?*(N) lo/ L\/uxﬂ and )ﬂ/ =2d

N-U N-U.

Lemma

Llet N be a smooth connected manl(;o\d

ond let %,Z'é N. Then here is some BGDfWYN)
such that Ir\(wac)‘»‘ '3' and kﬁz'clN.

Choose o Pa:Hn in N $rom ﬂd, +o a'. B/

caqucfrness of s in-harva\, there are %m-ml)/

many Po’m*s \afa'-"ﬁ , "'3,,. .y, '8“-;’3' a[ons ‘Hne
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s LTy

Pa‘i'\n, such thot $or each 057 <n-I theve
is some h; € DVELT(N) with hz'(“ﬁ')”&m
and  h;xidy.

Le1" h"'\n-:c’\"n«»za"'o\"o 50 'Hno.‘f' l"'(‘éo)"%n
— hat is h(y)=y' — he DIfF(N), and h2id,,.

Le\mm o’
SuFPose, M and N are each smooth
man‘\?olc&s og' dimension nN. IP £ M T—N

is Smon'l’\'\ OY\A 'nd'eN IS a (‘&Sular Valu.e,



O‘? F‘a(wﬂ and F, then an)/ }‘)6 F— \ a(M,I; (,U)

has an open ne.iﬁ\n\oor\'\oacl " Fﬂl(g,) +Hhat
IS ciigge.omorf)\n\c o a me-oy.)en interval

with p oS its closed e.nol}')o'm‘l'.

a(MxI)_ , N

prook:
E))/ +Hhe cle,g—'mi'l'ion of & swooth guncﬁon
on a wanifold  with bounc\wy, ond the

L&‘mma on P&S{ 53/ we ‘mo./ c.'naose, )oca.(
coordinates  such that p e MxL co\rre,s]:onc& S
o 0€Rp™ 4N o 0€R" | and

F: Rn'ﬂ —_— Rn “+o P(ojtf-‘h'on.
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Fipek e ——-E——-) i

R" g"=N

Recall thot  p€ I(MAT). There ave two
cases. Either DCMXI)(’\F"(?B or
2 (ML) f{ F(y).

ML {
.t "..:".. i
F) Jprow ¥ b . v
= i 3 =0 [ r'( =R p=o ~ _
| R ‘-:-.: "H' | H 7 'ld,..-o
) !
Eﬂ BO‘/\KI) Rn =N : Rﬂ EQV\*I)
i

Tn He f-ks’r cose, B(MXI) intersects F-i(?)
at P and F"(y)w B(N\XI) 1S two open infervaiS,

one In MxT and the other not, va\nj +the lemma.

Tn the seConé case, we l'\aue, Qa Con‘ﬁr‘adicﬂon

‘ﬂno:l‘ 'ld, 15« f‘e.au\o.r value of F-I
s case F._‘_'.(}p < 'Ti’ (-B(Mx I)) S0 | | .
div (DF( T, (M) = n-1 %1 = dim (TgN),______,_

[END)

. -
3 (MXI) Since |

217/
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Lewmma:

Su?POSe. M and N are each swooth
manitolds of dimension n, and that M s
compact. I FMxI—N is smath

and %CN 15 a ‘(‘e_gu\ar value oJ;‘ F_I

a(MxI)

and F., then F'"(y) 5 a o\‘ssioih—!- union
o? o pin'\‘te collection of C,omfac—’r intecvals

n 12, A,,...,A'k, and og— oY %nﬁe co”ec’r'son
k

og' C'\rc\es, C.,...,Ci. nr%ermore,ﬂi_ap\{: F-l(%)n B(MxI)_
31

prook
e e, U.\le alue e -
By +he R q Value Theorem, F‘IM"@”) (’%)

IS o uniown of  one-dimensional manibolds  without
<

. . 0
bounciox/, so  either open ntecvalg AU"'fAh

or circles, C,,.... Cy

F'lMx (a.:;‘ (‘d') < /V\X (Oll)




Since  M2xT and 2(MxI) are com?aczf,
the closed sets F‘i(?BCMXI amci

Fl

Since ’Ur 15 a reﬁu\ar \[Q\u_g o‘? ‘F—’

2(me1) (?f) B(ijj ave COMPQC’f' thr‘l‘\'\ermo\'t

B(MxI))
rla( ;(xd,) s a EQVO*A;W\QY\Sch\O.\ maniQ—oM
M

and thus is a finite Set o—?— Poin‘l’s. Since

F“'Cﬁ) = rl (46) v F—! (Z) s com?ad'

Mx 0,1 a(MrT)

amA \oy ‘Hne, ?we,%\ous lemma, we See "H’\o.‘i'

¢

+he e.no\faoin-ts of  the A; bijec‘l’i\re\)/
corresPonA fo  the points in F,B(Mxl) \J)

and Fhot hece ace on)/ -?ini-l'e)r \mom)/ Al and Ci.

PeafeT)

END
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/_e.mma .

let M and N be swooth mnigol&s
0’?’ the same cl'\me,y\sﬂgn' Su ?OSe, M s

COV"‘PQC;*' y £:M —N is  smooth , and. ’ge‘P(”qu
s a v*e,su\ar value og— -Q Then  there s

a open neig\f\ LOY%OOA ua c N oi} »H, a\’\cl %r
each ?e-?"(ﬁzp an  open ne'\ﬁ\n\oor\naoé Y, EM
o P such  that HVP: VP — UK s @

Algge,e\mor Yiswm  $oe all , and $7(Uy )=
P all P ( 3> rglg:w)vr ,

ond U-a, and each \/P ace Connected.

f o o Ao b

V?‘ VP" VFS u‘g

proct
87' -Hf\e, Reﬂu\av‘ Va\ue Theovem ; 'F"C'H/) IS

0 discrete  set o Poin’i'S, necessari‘)/ Simite

\971 +he covn?ac.“mess o} M.



For each ?61?“(3), DFQ IS surjec:t'we
and  hence bijec‘r‘we since M and N have

the same dimension. Therefore, b)/ +he Lnverse
Function Theorem , there are open heig\n\gar\nocc&s

of each P \»/,::55/"\, such  that ?lwr:wf—%ﬁ(wf,)
15 o Alweomov*?\ﬂ‘\sm. Note “df‘p(\/@ for each P

so  that fg?'ty)‘? (w[b i5 an open neij‘n\oorln ood,
of 16 . Name This set ué ond let \"/f: = HW_ ‘Cu'p
Q'or each p SO "H'W-‘i' Q’\J{,: \fjr "%UH is a
'\ggeomor‘)\«'\sm Note that we \mia\n‘l’ hot yc-r

ha - (WA , on thet (WA= ‘i
we (U) 7%(3) F 4 ;?eLé_cﬁ) J?(u?f)'

U

+
P 1 ?zl

M. Wps Wps Uy

Clhoose o ComPad ﬂe\i\r\‘oOfL\ood\ K U oga,
s)-n(KPS;/V\ is  closed and \ne.vnce COMFaC'I'



-
since. M is  compact. Thus ¢ (Ka) kot '(E)

< et 0 G-y Sl

o c,om?ac:t' set not c.on‘!'a.'m'mj 8, Hence., +here

s an open ne\g\n\oov\noocl ua < UU j? (Kp “ﬁ ?>
-\

of 3 We et Vr LFIW,;(UZJ'

e i

Wo, w,,, W
i N ,
V. _f_..s, $ 43 Uy >’1°(-?'(KH);%,\;J¢)
" L3
k_——Y\J
§- (K\J) Y (H‘

£
P * Pz* Ps{ —_— * 3
sz V‘:3 U'U,

IQ— we c<hoose ij conne,c;l'ec\n, 'Hne, |emma 1S Sa'ﬁsgie&.

[END]




Definition of Aegf_‘v_;_‘e;_' -

Sus‘::?ose M and N are 5moo+\'\
mon'\s;olcls wa+kowr boundaries and os' +\r\e

same dimension n. Let M e com?ad'
and N connected. Assume M and N
ate oriented, and that their orientations
ace  detecmined \o)/ the non\/anis\n'mﬂ Lorms
A€ (M) and Vi€ Q"(N), TeSj)e.c.'H\lel)/.

Let $F1MN be smooth. By Sards
Theovem , —there exists a re,ju\ar value 1d,€N
of £, and by the Reqular Volue Theorem,
$ "‘(«&3 s o O-dimensional embedded  submantitold
or c:.om?o.c:\' M. and thus -?"(1&\ s Dieite.

Tr pef7 ), then Df 35 sucjective
\97 The dernition oF feﬁu\ar values, hence
DPQ— 1 \oije.c:rl\re Since dim(M3=d1m<N)_
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'T\nere.gofe, b)/ +he Tnverse Function 'T\neofem,
thece ex\st OPen , conne.c;t'ec!x ne\a\n\ooc\ﬂoocls
VF SM o PG—?"'%) such  that S‘IVP‘-\/,,_?,S}(\/',)
is a cl'\g:eohnor?\n\sm wheve $(\/P),C_ N s an
open connected no_“j\'\bor\r\ood oﬂ KGN

We et .
e e "f;,\lvr and hl?(ﬂr) deterwmine

the orientations on Yo and 53(\/?), fespecﬁvel.
T\ﬂen +he __;A__g_gf_“_gﬁ o S—’:/V\-—%N IS fived

oS
deq(F) = Z, < (41, )
pek Ya)
We will have 4 check ot deﬁ\rw s
well -defined  with ves?e_d' to the chaice
o wresu\ar value 4dr€N, and  with fespect
o the choice of neighborhoods Vfcm

o—?— -r\qe, Po\wfs ?€-?'l(y)_ The ?ormer will be

+he Su\ﬁ‘ec:\' of  the next Lew pages, the latter
is  left as exercise D at the end of #his c\nafﬂﬂ



E xaw‘ﬁl@'_

f.s8— S has deﬁtee eiual +o i
wheve § is depicted below.

Cv’rﬁcal Va.lu.eS‘- 2

I ‘ ¢
F;;r f‘eﬁu\ox value ‘q, -F (ﬂd) if} and G'(P\E) i
For_reaular \’“‘““5 i (‘(P EP P2 P;g and

(f/* ) (/*/) and Q—(P/‘fif)i
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L_e.mma‘.

Let ™M and N be as in +he de—pin'\ﬁon
or c\earee, ond let F:MxI =N be Swooth.

Suﬂ:ose 16€N s a reﬁu\ar value op F/

a(Mx1)
and choose, as in the Lemma on page 320

an open neis\n]oo‘(‘nood UKQN oF 1d/ ond  For
cach PEF | gy () an open neiqhborkaod
Vf,é d(MsI)  such that F"]VP:\/F_.;U

X 'S
i X - _
a d\\ggeo\morf\-nsm, FL(M*I)( uk) - _FL \/F / ahA UH.

and e_ac.\a \/‘o ore connected. Tl’\en

Z} o’(FlVP :O'

pe F ‘a(m;)‘(g)

pod:
Let dx € ,Q_.l ( I> be +the stondard
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nonxfanis\n'm3 1-focwn on T, Then

r\}fMAo\x G_Q_M(/V\x]:) IS non\ronis\ninj So
we let it defecwine the orientation of
MxI , ond then, as onm poqe 307,

nffMAAx determines a YlonVan'\s\n'mg

"f’a(mﬂ € _Q_n( Q(Mxib that we use to

determive  the ovientation o BCM"I).

By Sards Theorem, there s

50w1e.' “5/€ u}j thet s a reﬁukar \ralue

o both F:MxT >N and r}

a(mxT).
-\

Eac.\n V]:) contains o U\niiue F’é }:-/
ond  we let \/Fa :VP'

a(m:)(g>




P P2 P31 - Tal-
VP ‘VP VP: sz st-\/?a U%
Tinus,
Z: O‘(F[\,) Z T (FIVP’>
P feﬂg(m y

anA it s ‘Hne. laJr-l'er sumn That we

will  show ezuals 0.

B)/ 'Hna lemma on Faae, 3 ]8,
F—_l(z/> S o Aisjo'\vﬂ‘ Uunion o—P Q‘:n‘x’l‘e}/
\mom)/ COmfac.‘i' m‘l‘e\"VQ\s A, AA anca

ciecles C,,...,C and “ aA r]

3(pxT) 'Z( )
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Since wﬁ' iIs a reﬁu\af \ro.lue of F;
We \"““e; gm’ OY\/ 0.€ A;, on exact Sezuence

DF
O TQA{ MI(MxI}

3 Ty,N——éO

’n’\eref?ore, ‘l‘\r\e‘(‘e. s o uniclue nonzexo

Y@ A (T(4D)  sudh +hat

<F*'\FN A %1)(0) = (’YMA(&J.)(‘?),
’nwus we  hove Ae?—inec& 1o} nonvanis\nini
. €L (A,
Le‘f’ xAiﬁ P(TAJ lbe the vector Qie\c&

defined ‘07/ ’\}’Ai (a) (an (a)) =1 We see
thot XA;C‘:b +0 Lo any a€ A, ond  thus
XA; must Fo'm{- m to MxIL af one

point of aAi_C_a(MxI) arnd out  From



=

MxT ot +he other. We let aAZ‘:ng‘,ii}
such that K, (p;) points in and X, G:)

Po‘m’fs out.

X A; (o.)

- Vp: € f 17’2‘ VZ;SQ(MKI)
XAl.(zi)
Th local coordinetes toc upper half space
neoc 0, €3(MxT)C MuT  we have
Vo = § (o X)) €R™| 20u=0 = R" ond

n+l

X (?") Z: bk axh\ ?0\(‘ S0wme \Oké ﬁ O.Y\A
bna >0 Swce XAi (Pl) Pom‘l‘S in o MxL.
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n+

-TLW(S hi CP: Z' k ob(k

R=|

We  claim <Fla(mxr) ,"PN)(?) (F (P’) ,T ( )5
2 (T

Inclee.(&, i'p in ‘oca{ coovdinotes $ov UZ,
we  |have "fN('a,'): >\A1,A.--/\&xn for Ae ’RX,
then  dor Vi € TF" (MxI} we  have

(F *YN)(FJ CHRAE Y («J’) ( DoiF (W, -, DPiF(vn)>
= >\ Ax.,\-wz\Axn (DP;V(\I.),.., D?!'F(\In%
ond it Wy, € TPi (a(ﬂ\xl\) T .(MxI) then

(rla(:n"hw)(f’f ROMARION () DA 6")

a(MaT)

= st penday (D F (), ., D t.r(w.b)

Veﬂ-?)/ing our claim.



NO'i'e that We can also write
#*
(F- o(M+T) %> (Ft) - >\Aej- (Drfrla(/ﬂxﬂ) (,&.)(‘ A -»-A&X“
so that i} we let (F_*TN)(PJ: ZE’:AJ('A”.AJJ\CIIANAK(?')
k=1 ‘
‘?o(' some §h€ﬁ ‘l“heh ouy Ver'\giec\ cla\m

imP\ieS gh_“ = >\ 0\6*' ( D?iv ,a(mﬂ>'

Next we clam <F—|9(M:)’Y.N ,\%J (P‘)

ea',uals <F*’\n‘ A "/”AJ(FJ Tndeed +he S;ofmer
eiuals >\c\e+ (DPz‘F‘ ))Ax.;\.../\cﬂxn/\f\&i(?{)

a(maz

OY\A ‘H\& la:f-l‘e,f‘ e_iual S

(26, beneBnonty @ ) )

S wdxinadx, A %i(i’{)

\Ie,x'ig)/'mcs our claim.



The ovientation o$ MxT  near f’z‘

LY

'S %\\[e‘(\ in local coordinates as
(A’,M A Ax) (?{) =<F *"ﬁ\; Ah,{) (?z)

" <F. l a(Mx;,YN " ’hz) (P’>
= Ndet (DPi rla(mz)> dat,n-adty A, (i)

- b, det (Dpf \a(MxI)>

“ b”f—__ Ax‘A—--Ac\JCn-n

T‘Aere.gof‘e., Qs on Paria 302,

(P:) = S Dw)‘ by, def (DPa'F,

)l bl? a(m:c)) Ax,n---/\o\ln

,Ya(MxJ:)

where we vecall  +hat b,. >0 since

XA,.;(?") pownts n to MxT,



3]

Note hat

(F l\(:"f”o ()= Ndet (Dp,- F Vﬁ) dx, n- - A,
=\ det (Dpi F Q(NID dxa---rdx,

so  that

(ﬂ l)n“ bn-fl *
| blI® (F'VH YN) (P‘) = Y azy (P

Thus, FIV: ("f’NluP ) YB(M!I) Ivf, é_-Qn(\/P)

oxe Po\n‘l' wSe ?053“'3 Ve ( fesp, ne So:r e )
Mu\—ﬂ?\es of each other i} G'l)w b ps
is ?os'\‘t"nre (sresP. nec\xa'ﬂvc), T\ﬂaf ;s/

T(F,wi) :gi Yo is odd

'_1 ;9- n 1s even.
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Similaf-l , n 'oca! c.oofclina‘i'es neay
N+
-e A 1= ——@—"—'
1 DA; £ 3(MeT), An; (33) hZ_._,:CIa axklz-:
for some CkGR with Cpey SO Since

XAi (22) )ooiwt’s out ¥fom MxL c:mol

nti

A )
o4 E (F‘v:"m (3:)
and  the 533‘(\ OQ G’(F}Vi> 's  deterwined
by é‘l)nﬂcnﬂ so that

-1 3F nis o
Q-(F!Vﬁ) - g i ad

}Sl n 1S even

_nﬂeﬂ’, QOT e,

T(FIVP;') +q (F]Vﬁ) =)

?of (}:P;,Cta‘g - aAi



Now owuy( [emma -?o“ovm s

e (Fl,,)= 2« (Fl, )

PeF la(M 1) (‘a’)

A

e LIoA;

mm—
—

1t

A
Zjo
O .

&)

:Zicr(l—”v >+<r( /V1_1>

En]
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Lewma
Su?\oose ?M—"%N and 3'/\/\"“‘7]\(
oce SMQOM/ howatopic , and  that Hheir

de_gfees ave C.OMPu‘t‘ec& w‘rﬁ'\ res'?ec:f fo

o common regu\ar value 13,6 N. T\nen
deg (Q—) = AQSC@ :

prodk:

Let F:MxT >N  be +he \f\omo‘f'alo)/

between §  and 3 such  +hot F'|MIM-.-.$1
ond [

mery = 3
We ovient MxL usin3 o /\C&x., which

mduces an  ovientotion on B(MXI), and

&S  Shown in @ Paﬁe 310 , M"EO}:"(M*EI}).



Hence,

58]

detﬁ@\ Aeﬂ(@ Z cr(H\, T (3(\/?)

by Fhe

pegGy)

= G‘(Flvxig Z G_(F,v {i})

pe F\Mi}((‘}) ?\7] m(g\

- Z: F[v o}) T(F PﬂII}B

PEFn n(ﬁ) P Flpnegs)()

ot i G—(F V Ca(MXI5

pe F\a(mi\(a')
=0 |

Pvev’{o WS )e mma.,
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Theoten:

For $:M N where £ is a swooth
rap between swooth  oviented manifold s
without ‘oouv\cia?/ , of the same dimension,

with M cow\?ad' and N connected cle.j(ﬂ
[ES we\l-c}eginec& WH'\/\ res*?ec'l' ‘o T\ne c,\aoice

OQ fe,sudar value in N used o comPu‘l'e, dej(‘p)

prook:!
Let '3,'5’61\\ be reSu\ar values O-C

’?‘. B)/ 'Hne, |e.mma on Faae, 3\4‘, there

I Sowe he D;QQ+(N) such  thot 1,\(5_):3’/
and \r\'-‘-fiAN. Then \f\"‘v"-\—-’ido-?r—g.

Also  wore that (\44)—4(15’)3?dl(\nﬁ'(g')):g—‘(gr).



ond  Fhat g
5. 13 s a feau\ar value of hof
nce D (h°$)-
()= D, _hoDf X
pp" for ?eQ“D(,):“C-(
B)/ Hhe r\;revious lewmmma g 9}

= (3,)= 2, « (6P, )

pe ¥ (3
Fé(hﬂ (33

:ng(g (hlr(n“'(mv}
< (5ly,)

?€¥ (?)

Since e D§£r\£+(N) :
END



Corollary
For #M =N and M —oN 6

above, fxaq  implies AQ3(£).-.-.<1€3(3).

E@L“_Plf_s_f

O For n€Z , Lt X, €DifR(S) be
defined a5 X, ()= e Then Aej(’)tn)f-n
so i ntk then AL (See page
79 example >

@) I w s odd | HDN(R) s orientoble
s exrla\heé\ n examP\e @ on PafSa 281

\&/H’\'\ ‘I'\ne notation S:row\ 'i“nod' e,;(aml:)\é.,
v Sh —) ,P“([R> s -]-\qe iuoﬂen‘i' MaP ancﬁ

dea(7) = & (wrl, ) v (), )= 14122
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Deqree, wmod 2
3

Su?fose S;:‘-M'—*?N s a Swooth maf)
between Smooth W\an'\gc\cis wi'}'\nou& boundo?/
and oq' +he Some dimension. SuPPoSe

M s c_omFacl' and N s comnec{'ecﬁ, but
‘Hr\o:i- ?av\na?s M anA N arte not orien-l'eol

of even ocientable.

AH OS'\, 'Hne FTOOQS —Q'{‘o\m +his c\nafrf'er
Cawy over in this  contex+, except +hat

we could wot determine  whether Hhe
Texms o (Q\\,Q in the definition of
d\ecsrea ore +1 o -1, Tn characteristic 2
+hexe s o am\oic\sui—r/ , and  in thot

cose AQ?B(—Q):‘- l ?"(8)\ (mc& 2) for @
\”e,osu\a\r value 15,€N & Q The Pfaogs

o ths c\'\aP'f'e( ‘rec&uce n Fhis  context



to Proo?s +that deg({l)mAZiswellﬂAeQineci

with res?ecl’ +o choice oF a resu\af value
YN, and thot %3:(5 implies A33(9)=363(3)
(mod 2).

Exarple’
g‘(‘ G.Y\)/ n, GY\A On)/ x_é}Pn(]R> , ‘Hnefe

ote 2. Fo'\'wl's n The P\ref\ \maﬁe OQ X under
fhe quetient map 7:S"— PUR). Ths

desﬁr):O (wod 2.



|2

We  how Frow. on 3{ nera\ v+ on o-? +he
C»\ 0&“3& Og' VQ’(‘:&B‘QS ‘PQTW\ uhl a W;'Hf\ es ?Q C-+
‘o infesra‘ﬁ on  ond Ai Qgeomorf)\ni sms.

T\l\e.owem!

Let ?M""‘a N be a swmooth ma?
between Swosth manitolds of  +he same

A\mevxs\on,n, ond  without bouno\m‘)/. 5\45)?05@
M and N ave ov\en‘he&, M s mm?act

ond N is connected.

aet coé_Q:(N) +then

S N? *as = clei (—ﬂ SNCQ
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As i  the lemma om paqe 320,
(ot %GN be « resu.\ar volue of

\,J‘rl'\r\ an ol:nn ne,i&\«\oor\aonc& ugé N SuC\n

thot (ly is conmected , £7(U) =
K ( ;T) p—Equl:'(ay ’

nd Vo 1S a  dittreoworphism
and [+ v Uy is o dilfeomorph
glor all PE ?"‘(H,)

Given ﬂakef\[ , et \/\hé Di”YN)
be such thot by (=t and hyxady
05 n the lemma on P‘ﬂe 314,

Since <o s cc::sm?acl'\/ su?Por'l'ec&,
'H«ere. axe g:'m'\‘\'e,\)/ mo.n)/ Ink sudn -Hno.-f-
o 1S Su??or‘l‘ec& on Qhk(up



Let § (9,175 be o pacfition of unity
subordinote o {hk(uzﬂ;‘t, Since
Fohet and o\Pkw e Q™(N) =0, we
howe by execcise @ of page 310 that

Qco yg* Fk@

Note +hat /Okcq Vanishes outside o-? h (u>

S0 \f\:,okco outside ua, , S0 'P*\"I:/Okw outside T;EIELJ\)/P



[ 347




@ Let gl" M—N be a smoaﬁ"f\ wmap
be.'t'wee,n Smoo‘f\r\ oviented. man'\gous of—
+he same dimension and  without Lmunciar‘fes_

[et M be comPad‘ ond N connected.

For Fd“(ﬂ(f) wheve «66 N is a
fesu.\m’ value of § , lot \/ \,/ M
be connected open Nnes 3\/\\oov\no ads op F :

Prove o (QIVQ - q CS.\IWP)

@ Let $ M =N be as above. Prove
Phot '\Q $ 15 ot swxec‘ri\le +hen Aeg@):o
and thus iF N is ot cow\]::ac:l' ond
Coé.Q.M(N)(N) +hen S&?w =0. (%f e_xam?le,

i€ adxe Q (R) 4., 51:(0&0 O for
any smooth £: &' —-afR>



3t4]
Suppose Y eC[xT is monic and
has no voots. Prove the Fundamental

Theorem og- A‘ﬁe\owm l?/ Show'mj ‘F‘-"j.
Use for S the S)uncﬂons

Lot { —-__%_C_E{'l— .
F—;SXI — 5 E(i,‘t)— l?(—tx}l ad

F;.:Sixj_.-—zrs‘} E(x,t): :tn‘p(é;)
RIE
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éDe R\mﬁ:ﬂ_____ﬂCohomo\an:

5uFPose M is a smooth manifeld and
let k20. Motvated b/ Stokes’ Theorem, we

ask  Sor which coc QF(M) is i+ true that
=46 for some @Q_Q_k"l(ﬁ\)_
Fiest note that i =480, +hen

deo= dd@f—‘O, S0 we On))/ need o c_ons{oler
> in this q uestion for which da=0. This
bv‘\\n35 ws fo  cohomo 103)/.

Let  25(mys Q*(M) be the keenel
of  &:af(m) — k(M) and let BY(M)< M)
be the image of d:LFN(M) — 2F(m).
Because  dedz0, BR(M) < 2¥(M) and we
define the k-th De Rhawm cohomol oep

o8 M as the vector Space (M) z (M)/)a(>
T the a\ooxle, \97/ Ae,g'm'\‘\"\on/ E(/V\)....O_
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Ncﬂ‘e, ?or examr[e, +hot HkCM):O 3m?,ies

that  for ary Coé_ﬂk(/"\> with deo=0, there
1S S0me Qéﬂk"(m) such +hat dB:=cu.

\ﬁ/e con ve_?\w:e, s'ofms n ‘H'\a O-)DOVQ
with Comfac‘i‘l/ suPPor’i‘eA ‘?ofms:
@ ZR0N £ QR(m) e keonel o 310002k
) E)E (/V\) ﬁﬂt(ﬂ\) the iMOje of AS}F;‘(M)H__(Z_‘:(M)
() B (m)=0

R
& HE ) = %“G%(M),

The vector spoce Hf(/"\) is  the k-th

Com?_gd"/ sufPor-t’eA De. Rham coLomolon_
of M.

Note +that & M is comPac:r +then
HA(m) = HE(M) Soc all &, and if k>dim(m)
Then R\Z(M3=_§L\i(/"\3=0 $0 Hk(M3=Hf(/V\3=o.
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O ]

fro??_?\—l‘ion .

Ho(f?\):m ond. Hk(ﬂ‘i):O ¥ k#O.

proot:
Since R 15 1-dimensional | Hk(FR):O{ lg

R22.
To see thot H(R)=IR, let SFeZ“(Hi) fﬁo(m
so that $dx=d8:0. That 1S, Pl a

constant -puw\c;ﬂon, aY\O\ S‘V\Ca an)/ constant

Lunetion QE__QO(I'R) has A? =Q, we see that
Z°(ﬁi§$f2. B/ cieﬁ'mi-ﬁon, EDO(R):O, SO

HER) = Z® ey 82 - R

To see that H(R)=0, let $dxe2(®)=aR)
Then  (f0de € ®) and & (808¢) =54
so £4x2¢B'(R). Hence, Z(R)=B'(R) and

HR)-2®), -0 o
/B(@ 'END’



Lemw\a'-

Le‘(‘ M be oan

n-dimensional swmooth

oﬁen-feA ‘man'\golcl w'\‘i'{nowl' boundar)/. T\ne\’l

S  H (M) —F

M

15 o we\lfée(;{necl [inear mop where j [m—_( ;—Sw
M M '

o
FC;.(' o+ A@ € [a)] with O¢ ﬂ:_'(M3 , We
have by Stokes’ Theorem



P’(‘o?f!_si +ion

Ho(B)=R and HMER)=0 3§ k#1.

T $eZ2(R) then $Ux=48:0 s ¢

IS G comPac:H/ su’opof"i’ecl constant -?-unc‘rion
on K. Thus, £:0 , so 2:(12):0 and HZUE):O.

Foo  H.(R), ¥ be’(R) .ith
b20 and Lb#O  Fhen 5 [\gcb(_] .—:S bdz #0O
R R

=0 S}R:H:—(RB-A’R s a non+~r'\\r{a\ liviear

¥\mc;l-ion , ond lﬂence. surje_c:l”i\le. To see that
its iv\'&ec’('\\fe os well ot Pdx € ZL (H?):Q‘lﬁ)
be such that S-M;c, =0. Choose zefR

R

le-SS than the Su?PoH' op 9 so that
x
L ‘?(ﬂ&t €ﬂi(ﬁ> and d (S:'Q'Cﬁc\t> :_\;Ax‘

Thus g:AI.éB‘r,(K)/ S0 Sg’-HLUR}—-ﬂE 'S Uje:d"we.
END]
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The +wo Ffev'tous ?vo PO sitions oYe @
5?9—‘310«\ Case 09‘ ‘Hr\e g'o”ow'\nﬁ ‘i’\neorem , W\";C\f\
will be ex?av\o\ed on in Maoath (520,

Poincase Duali'l")/‘__:

Let M be an n-dimensional swoeth
otfiented maniQOlA without loounclo.r/. Then

¥o~r Oihfh,

HA () 2 175 (m)

- - —

Co\'\o\mo\oy con teduce di¥Ticult g uestions
doowt waniklds 4o wore +ractable Pro\olams
in  linear o.\cxe.\ova. T+ does his \9)/ -I'uminj
manisalds  into vector spaces, and b/ ‘f’uminj

swiooth ma?s into }ine,ar punc-i—ions.



4l

_l:gmma'-

L et ?/V\—-—?N be o smooth Maj'.)
of  swooth mani'\:\ous, ond let k20, Then

+here 15 a we,“’Ae,Qineci linear W\a?

50 HR(NY — HR(m)
heee  $((eT) = [§%s]

oo
SuPPoSe o+ dB € ]:o.)] € __Q_k(l\l) wheve

@6_(?—\2"(1\\). B), "l'\nb ‘emma on Paié 263,
£74-48" <
[ (e d0)] = [ ¥ P40 = [P+ o)< 1]
END

Note foc ideDiff (M)  Fhot 74" = d .
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The obove lemma remains tvrue for
covnpac—l'\/ SuF?orTecl De Rham C.o\nomo\037
i+ we *(‘e?/ui\(‘e L 40 e proper,  So that
Fos will e Coms)ac.‘f'\)/ SuJJFor'f'ecl if e is.

Le\mm Q-

A\M(M)
\z h(ﬁ’\) con be endowed with the

S Tructuve og' ) Smded Jo) Se\ora u.sinﬁ +he

'QO\\OW'\WB QP_P‘de&C‘—T os o mu\—rip\%caﬁoni

[es] ule]=[wnro]

‘{'OO(;"-
g——_-_“\:sle c\«ec\é 'Pho.+ ’i’\ne. cuP Pfocluc'\' 1S we\\-c&egiwneé.

87 Fhe lemma  on poae 263,
(cmdy) (@-*A?o) A +d a0+ condprdyade

= A0 +d(yr0) £ Y 1dO xd(w NE dwAg +A(ymdé)):tdmde

= 0 A0 +d(¥AB + wng).
f E ND
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Let N, USR" be open ond S:V—Uu
o diﬂwmor?\nism. Let 3=z‘dmx§:l§2XV"ﬁﬁ?¥U.

Fc;r Qlk-\ , %Iké Cw(RxUD we have

Z QIh—t (’tfx) C‘(t A&xih-i + IZk%‘ihC-t'j-) Ailh éﬂh(lgx U)}

Tp-

amc\ av?/ Smoo‘l'L\ k-&fm on IRYU has 'Hq‘\s “:qu.
\We define P:ﬁ(fﬁxt&)“—‘?_ﬂ_‘z"((}) \O)/

P( 2) X: (_‘t 1) dt Ao\iI + Z %Ih(t 1) &iIh>

Ih|

- t
é—t <Sa ‘Qik-i(l&'l)aj‘- AiIh-!

_L_.e.\mma'-

Foc ony d'\gpeornovsb\nism g VU O.'nci

r—t%

oy coe QR (RxW), o = e Py




1258

prod:
Let co= ;:-‘S;T-M('t'x) dt AJ‘th_, + éﬁih(t'XBAiIh'

— — ¥ =)=
_ 5 0, &:t) e A'Elday + é (45, ) Bty

S0 '}‘\r\od'

e < S £ (». g(?) da ) - *Aifh-u
whece 16»5 V  with §’(3,) =X.
We also have thot

r'""'?*

= Pes = <Z:(§$ (Ax)cl>di: )

Ti-

- (S b, (2 Q@NQM*

END]



20|

L_emma'-

M—nm—mﬂ-l-#—"—'

For o smooth waanifold M and any k=Q,
Fhere is a linear §unction

P: QF(Rxm) — (M)
such Fhat IS; géD\%\ (/”\) and ...ZJ xg’ D’QC(R?::M)
“Fhen Pm* ':'*P ond such that P s
oS &a@'me.ck on  page 258 for open sets MR

prod:
Lef o€ CL GR%/“\) I (cp u) is a chart
on M con"t‘mmnﬁ FéM’ we do.Qme

Peo (= B P ' J'es (p
This s well - dehined loecause IQ p ‘s contained
in The chart (ry»,\/) +hen
THP (T Vo) = T STV (Fo07) POT Vool
= &P (T ) (T Ve (p)
= PP ) e (p).



[2¢1]

Foc €€DEf (M), we let (@,U) be
o Chart coﬁi’a‘m\n% P and ('y/‘,\/) a chart

Confammcx ’Y(P}
I“; ¢ €L (HZ"M> “H'\en \9)/ 'qu P\reV\ouS

fema,
PE e (0= 3™ (67) 5 s ()
=@ PEVE Y (T Yo )
SR (TE Y (T )
= B (Vem o P (T e (p)
=2 VP(T) o )
= = Pos (p)

SO PHwh—-{*P
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Le.mm ol

Let w:R*M — M e projection,
Foc a€R , let 2 :M = RxM |, ia(f):(a
'ﬂnen

P

dP(,._\ + PAQ_) = CL_)-—’/}-*?:O*&J

prosk
Let (o, W) be a
c,L\aH' Con'i‘a'\v’\‘\ﬂi P Le’f' 2 be the 'oc:a.l

coocdinates in U Se that

o

(t.9)=
) 12;.4 br, (£.%) dé, 1y %Ealk(t,x)c‘lxrh
S‘\of Some -{:Ih—: '%’-Hae C® OE" u> Tlﬂus,

m ExU we have



263

d (Pco) = d <§h—: ( g: gIH(A,x) A-A) c‘-ilk_D

) gi; o (Sot¥1h-l (a2) AL) Ath"

_ 209 :,ﬁi (2,x)da
Z. <¥ dt+ 2, AN ““AxD"A"Ih,,

I
Ty bt 1% 90X,

ond
P@w) = P (é‘dﬁih(t.x) dt AAth“‘ + ;h ng.k(f,x) Axlh)

= P(Z: Z a%""(t'x) dx; Adt A JIIM

Ih-i i:; sz

24+ (-t.x) : 1%
+ 2;‘:(_3%}_\'_____ d+ + Z %AzDAdixh)

2z

: B P -i(—t,x)
P(-Z 2 28Dy yndas,

Tp- 2= X

+ Z: g, () AtM}thB

Ik ot

= . Z: (gf a%,,_,,(m) dh> di,‘:\ AJ‘-IH +§(Stw

k-l Iz o X ° b




=7

so thot

APos+Pdco = Z? (04t adx, +Z: ff&&&;g) o\x
R T

ruf‘t'\ne( wmore

T3 = 4152 b (et Sl
= (Izhcbih@'x)‘iiig
= %%Ih(O,x\AiIh

so  thot

Co =T ke = S; Oden o
=28, (caddeads, +§h(¢3(m-3(,1.))411k

Ih_|
am& \'\ence ) o\?c.o + Pclco == Ir *z‘a*co as Aes]recl.

E ND
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. ’
Pomcafe; Lem ma. '

Letr M be a smooth manibold | and
et k20, Then HR(RM)2 HE(M). Tn
Paf’r'\m\af‘, Hk(IR"):HkOR") is R i$ k=0 and
0 it k+0.

prodf:
Foc [eole HR (M),

[l = [ itrre] = [ (red, Yoo = [d%e)=[e] |
Foc E(,J]é Hk (le"\) ) +he P\t‘e\/\ous levama )/}e‘AS
T3] = [0 - 4P - Pheo] = [co-dPa-P0)] = [eo].
TheeSoce, 7% HE(M) — HX(MAR)  and
io*: HKCM"RZ\ — Hk(/"\\ aYe invevrses.

END



[26¢

?‘(Q?OS"‘;\OY\ -

Su?PO-S& '?,%‘.M—-—?}\( ate  Smooth maFS
betweenn swooth anifelds and Hhat ‘F'_.V..%

T\nen -Y—*:': %* : Hk (N\ — Hk(l"\\ '?‘ov' all

prock:
Let F: TxM — N  be +Hhe SMOO‘HA lnomﬂ'l‘of:)/

between Q omc\ c\x \'Je will See n ‘)’\ae next

C.\r\a?‘l'ef +Hhot we may extend ¥ +o a swmooth
rap FiRxM — N, where we still have
Foi, £ and  Fo Z, = qQ. ( See execcise *3, page 380.5
As wn the Ffoog OQ the Poincare levama ,
L% = (rety) =id"=0d, s thot both ¥ and
ii* ave the inverse of 7* oand thus g'o*: 2%,

T\nereg-\om,
Fe (P Y el o7 i (o, - g

Ewnl
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We 507 et +he s vnooth mani—?olcgs

M oand N ave smoo‘i'lnl)_/_ homotopy equivalent
7 17 A

(/"\’l'-N) i dhere are Swooth apSs
LM—N and cs:N — M with Qoam‘d,\,

OY\A (30’? ™~ Z‘AN\-

E}(o.vn?_)gg_f
Q) Rnf}:io}_ et ‘F’Rn"‘aio} be constant and

3:‘{0}-—«&!2“ neclusion . Then -?ocx'-’:id{o} ov\&
%o‘?**s;’.}:z‘d,gn 19\/ F:R*T—-R" , F(P,'t)f-'tp.

@@n“i°}> A~ St Let L R“..io? 5™ e SP(P):TI%E
and CS'- S™ fRn—'iO} inclusion.  Thewn
SFNS = id g and 30? = idm“x{o} \py

F (R 50d)T — R"xfo} , F(pt)=tpr(-e)y.




2

P(‘oposi‘l‘i on-.

0 MaN, then HR(M)= HEW)
?o(‘ a” k?.O.

E\roog-:
et M —N and %-_N-—a[\/\ be

such that ?oei\'xié ond cbof}ﬁi&. By
the previous praposition,
Va*:(cy‘?\*m‘o\*:fo\
ond
q*§7= ( p.,@* ¥ =74
so thot  $¥iHRN) = HR(M)  and
o THR(MY = HE(N)  are inverses

[END|
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Th  Math 6520} you'” see  the '?o”owi\rﬁ
result whidh relotes 4o +he ?‘nrsi' c\m):s‘l’erog

+his  text.

Proposition!
{

[et 23 be a <:|oSec\j orien'l‘a\ole,
SMOO"HY\ S\M’Qace OQ Sem,ts CS T"Ien

231 dim (H'(29)) = A (2)
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Execcises .

@ [et ﬂ- be the numL)er OS!\ c,onnad'e(!\ ComFonerﬁ'S
£ o swooth manifeld M. Proe H(M)= R

@ Let M be on n-&imens'\ona\, ofien—t'a\a\a,
5moo‘Hn mm%\c\ wiﬂnowi' \oounciar/. Prove H:(M>

s nowtrivial,

Use. Po'mcafé Du.a\'\'l')/ +to Prove @-—@

€y, HZ(R")-'-IR‘ and  HY(RD=0 & k#n.

B W(E)-H(E) mb H(ED-RS (o)
® S"ER*



& Tuboular Nei qhborheods

SuPPose. Q ond M are swmesth
maniolds , ond thet QEM is an embedded

Su\oman?spo\cl- We assume M e em\oecﬁcﬁe& i3 Rn.

For tiéQ ,  we have TZQ STiM 51;”3"#2?
We et Ny@=§veTM | <v, Q>=0} , Hhe
nocwmal space & Q o g, So that TiQﬁNiQ

ecLua\s T(i M.

We let N(Q;M)—> Q be the
Sﬁ\: bundle ogl TQ — Q g‘wen \7 vectors
Y\O\r\m&\ 0 M. -ﬂr\o.‘t‘ 1S , -For ie Q , —]—L\e

Nbec ower q N(@Q: M) is N‘i,&'



Q N@:M)

N(@; M) is the normal bundle of Q i M.
Tt has vank dim(M)-dim(Q) and dimension
dim (M).

TP @, is the uwion oF zero vectors

in 4ne  Pibers o% N(Q,M)-—-—%Q, +hen
Q, 15 an embedded SU\ow\ani?o\A ch N(Q,M)

thot s A-\QQQOMO‘CP\A;C o Q.
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Tulou.lar N&ia\r\__\g@(‘\nooc& ﬂeorem:

5‘*??05& R is an embedded submanireld
o'g M. ’nnen +there is an open W eEeM

covﬁ'a‘m'mi Q and on open Y& N(_Q,'M)
con’ra'm’ms Qs and @ A{meomor?\n‘\s\m

—F: W —Y  such Hhat f ie Q and
O‘l€ —T“LQ s the zZeco vector . then

=0 a . - IS
’?(i) 9 S0 "Hr\ + ?']Q . Q Qo
a A'\Sﬁ?eomof?\nism.

erf\nermore_, there i1 a submersion

Ff W — Q such ‘Hf\a‘l' F‘Q :Z‘AQ.

?roo?-.
To s‘nm?\igr}r +his ?foag, we will assume

Hhot QRIS c.om?ac:l' and M‘-—‘IR"_



| et SiN(Qimn)"’ath be 3(\/2):\/14-2
foc VZGN‘LQ‘ Then %(Oi)zi

Recall that R"= N,Q®T.Q and note
that Doﬂ: Z‘Aqu@ ZATiQ so that Do?j
1S HSQC‘HW' B)/ the  Thverse Function
mfem, There s an OPQY\ UZSE N(Q,’Rn)

Conﬂ'a'm‘w\j Oi such Hhot 3'% : ui -———}3({,(2)
s a d'\weomorp\nism.
For neN, [et \/,,,tivie N (Q;HZ“)]HVZH%},

We claim SIVN IS ]nje_c:l"we S;‘ov some N.

Thdeed, if not, then for each n€N choose

distinct V“,\A/P“é’ Vn such +hat 3(\/2"):‘3(\”11’“)

B)/ ')‘\ne c:om?ad'hess Of?“ Q, we YY\G)/ assume
In 9 and. Pa— P foc  some 9.P€Q.



‘nnu_sj V‘Zn_—)oz and an_-aoP 50

9=9(0) = q(0p)=p

% Yo n?0 Yy Wp,€ Uy and

S\ui(vgfb = ‘Slui<wi’n>-

Since is  bijective - ich i
3\(11 s b ) ctive, VZ" Won | which is
owl desired  contradiction. 'ﬂms, +Hhere s

some N such Fhat CS\VN E in}ecﬁ\!e..

B)/ +he com?ad'ness o? Q, +here
R

are {Clu"')ikz.c_Q such that Q < Uuiim
=1

Phat N § '
50 tho %‘Quﬁ : z‘L=). Ug, — 3( U u,i') s
o proper, local Aimmmorp\mism +hat is

Aa\;'\v\ec\» on an open set in N (QJfRn) con'l'ainin3
Q. (536 ereccise ¥2 on Pase 380.)



Let \/:\/Nn(guz;) so  thet
31\, Y ——%3(\1) is a Eijec:l"\\le, ?fo?ef‘,
]OC_a\ Aimeomor?\xism. Then 3(\/)5{2“ is
an  embedded submanitold. Let \//:3(\/3
ord $24,”

TP LIN(@QR™ —Q is the bundle
Pm&ecﬂov\ , then et F =l 31\’"!: W — Q.
F 1S @ Su\omers'\ov\ Since \o and 55\\‘“ axe,

av\A -& géa, Hhen

F(‘l) = E°S|;I(Z) = \3(023 =9.

[END]



Co lav Ne.'\g\n bor\noocl Theotem

SuPPOSe M is a smooth man'v‘-\alA
with bounclav)/. Then there is an oFeY\

(LEM containin 3 oM SU.CL\ that U

1S diffe ow\ocF\nic to  OMx[o 1)
M M

ANm

5=

oM W

M.-

T+ 5u$$ices 4o Pm\re -?of ‘ﬁ\e case M

IS c.onhec‘i‘e&- See execcise #2 on Paﬁe 380.

Let M" be the swooth wmanifold

M _U.(BMX [°:D> Mr]o, 1) %

A@ D

J;uc PE 2M M

|377
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Note +that M is embedded in M
and n oMt[o4), so M is embedded in
MY Therefore, by Fhe Tubular Neis\r\\oowr\noocl
Theorem, there are  open W EMT gnd
VEN(aM M), containing DM and DM,
res?ecﬂ\re\)/, with o diffeomorphism £:iw =V
such thaf | 1M — DM, is an identification.

Let  UT U N(aM; M) be the sets
og' inwafA and ou’rwax‘ﬂ not ma.\ vectols ) (e.SFeci"Ne\)z,

with res?e_cfr 0 oM n M.



The set <UI u aM") AV contains a
ooth anito v =
sm manifold of +he To G PEJM( T3L [o,r(p)»

for  some reC""(aM). Let Uz¥"(@—> cM
50 "HﬁOfl' u 15 an o?en Y)e'lj\n‘ao{lnoocl OQ aM
thot is d'\m)eomov‘?\ﬁc +o (O

Las+, note that O s o\imeomorf:\ﬁc
To BM*[O;I). IY\AQP/&, it p€ oM ond.
t¢ [olr(?)) p 'H'\e\"\

@’ T BM*[":'\
(P:t)\——'—‘% (‘),-‘%T>

s a d‘@eomor])\f\ism :

[374



[5%9)

E;er Crges!

© Prove that 3\ -g:rom the lost

k
zU. u‘ii
Paraﬁm?\n o-?— PQT' 375 13 Pro]‘oe(‘,

Peove that +he Collar Neiﬁ\n\oor\nooc&

Theorewm ?of‘ connected M im?hf-s
the Senem\ Collar Ne.if)\n\oov\qono\ Theovrem.

3 As used in the ?foosl on page 36€,

show that f; M and N ate swooth

maniyolds . and f? F+erTeM—N s
smooth , then there is a  Smooth

\?:Rx/"\-——%N such thet G)Ixmx b
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§ Sd.’(‘dé T"\eorem

Tn +his aPFenclix we will show +hat +he
set of critical values of a smooth function
$=FR"——3 FE" has measure zero in Rm Since
a smooth manifold can be assumed + have
o countable collection of charts | and since
A;S:-Qeomorf\r\'\sms preserve Sets of  measuve 20,
we will be jus—ﬁp;e& N s+a'("\nj that +he
ceitical values between Swooth man ifold s
have weosure =evo,

Ago[m, in this a)o?endix, £:R"—R" (s
smooth. We let CSR" be the set of Peﬁ’\”

such that DPQ is not Surjec:ﬁve, so that
¥CC> is the set o'p eritical  values OQ —9

Tlnus, ouy 300.\ is To sl'\owr that —?(c)

. m
lnas measule Zévo M fR.



For kReN, we let CLSC be the
set of all PGC such thot all +he ,["L'

Faf‘l'ia\ decivatives og- Hhe coovrdinate *glunc:ﬁons
og- £ ezuml QO at P l‘?’ L< <k, Note thot

t Kel, then C=Ceo ({0 (¢ ck+,)>
whee C, is taken +o e C. Thus, our qoal
will e fo show +hat for some Ke N,

£ (ck) o (U#(ck Cpn >

lhas weasuce =Refo n

_l_'.cln-—h“—?—“-: I‘p KGN is la“‘ie enouj)'\ ‘o iMF’)/
that n—m(l(+l)<o, +Haen 'PCCK) has

. m
measure zero n R

[282



oo
let ASR" be o coocdinate cube

with eoli\e Ien3+lns e.zual 4o 1. Since A
s compact, the norms of the (K1)
devivatives oF £ are bounded on A, Thus,
i} PGCKﬂA and heR" is such +hat
p+\n€A, +hen \o)/ Ta)/[ori Theotern  +here

IS Some R(F,ln)elRm and  some constant A>Q

Ae?e.r\ci'mc‘:& on|2/ on "1 and A Su.c\n ‘H'\af
Fpeh) = §Y +R(p k) and  [[RG[A[H]

K+l

Let ve€N ond subdivide A intk Cubﬂ

{

DN, e A Soe I of eclsxe lenT'L +~ I¥

foc some A; we have pe A, aCy, then

Qor cm)/ P't'\r\ GAZ‘ we lhave ”L.”S —-@ amci

fous AW = %(f})kﬂ so ¥(A;n Cg)

233



EX

1S COn‘I'o.'mecﬁ N a cube o¥ e_cl%e lens‘Hn

IA(EY and measuee (22N
Weuﬁore, f-(AnCQ" C)?(A,-nck) has

=
its  measute bounded glbove b)/

" (ZA (—CJ-‘)KH)M St

wheve ®« 15 a constant o\eiaencimi onl)/ on

£ A ond n.

Since n-m (K*‘) <O, we see that
the weasuce of ?CA nCKB C°‘”“‘e“3"-5 tTo
zeco as r—>00, But the measure oF
-S:(A nCIJ is 3nc9l.):>encien‘i' of r so it G—ZU»CJS

2eY0.

As R" is covered \o/ c,oun'i'a\ol/ Man/
such cubes ASR" we see that the
measuce of (-CK) e.zua[s 2exo.

£ ND
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L ewma: T0 the evitical values of an/ Smooth

. n-~i - .
guvxc.hon R ——%[Rm' have weasute zevo in

Km", +hen -C(C_-—C,) has wmeasure 2Zevo in Rm

Eoo?-.'

I¥ m=1, then PGC imFl'\eS FGC..
That is, C-C,=@ so $(c-¢,)=@ has
weasuce ZeXo. \/./0_ avte le'pw" To cCon siole.f‘

+he case when m22.

Le'l' ?6 C - C, so that , Per\-\afs

ag—'t'er Fermw\'}hi +he coordinates og- ]Rn

and le we \ma/ assume a:;:fcr):/:o.

Let h:B"—R" be detined for
2z (Lo, Xa) ER™ as h(o)= (ar,e8(2), %a, - X)),
_nf\uS,
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5z (P | *o e *
DP\’\ = o | O
0 O |
so  det (Dl’ and Dr_-.ln IS

o isomor?\\ism which imp\ies \g), +he
Thnverse Function Theorem Hhot there is

Sowme oPen uEIR" c.on‘l’a\v\'m% P Suc\'\
trot () SR" is open ond

h]u: u— \f\(u) 1S @ d'\—meomof‘j)\'ﬁsm.

L et 3-.»\((;)——»;2"' be defived as
S:S}o(\nlu)_,l Since (L"’u)" is o dime.o\mori)\nism,
the cvitical values o¥ S are those 09 'clu,
which  contains Q(U(\C«B and thus

‘?(ll N (C—-C.)).
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Re.call +hat \n(x.,x“...,x,,)--(q,;o,c(1,,__51,,3112,...,1.,)

s0  that i+ (—t,x,.,..-,xn)éh(u)sl?", Hen

thece is sowe X, E€R such thet (%20 )cU
ond fn',o$(x.,xz,...,x,.)= T. _ﬂﬁexe‘s-\ore., i§ we

,‘e‘T JC-"" (xl, 12)-":1“) ) +L\€Y\

& (, %5 s xw) = Fo(ly) " (M8 (), 235,20 )
= F(x)
= (Wb (1), ., Mo § (1))
€ {tixR™"

That s, 3((&})42"") a \n(u)) € ftyxR™

We wnow let At %l(_gt}xm"")nh(u).

let CN, € $+1xR™ be the critical
values of %t- We would like o conclude.
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thot CV; has measute zeco in it}xﬂa"".

gof oll / Omc\ \o?/ coxrer'mg ({'ﬂ xmnq)nh(u)
\07/ Co““'t""\ol)/ W\om)/ ore\’\ sets o\'\meomorfhc

n-i
to fR , We can c_onclu&e oS we w'\S‘ﬂ

UtSimS +he assu\m?‘ﬁon n +he statement

os; this  lemwma.

Now we clam thot +he cwr'\‘\"\ca‘

Values of q ace BRC,Vt. Tndeed,
Do +the oabove we see that

D(t,i,, ~a)d Tl 0 |D (Xg,--t) 4t

*

s0 that D(t P n)CS is Sufjec:r'we. emd-l)/

when 2) %t 'S, \rer'\?-?/ing out claim

(xla

that 4he crifical velues of q ore 1ge)‘EC\l,;..
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Since each CN; has weasure zevo
in  $£12R™, we have by Fubinis Theorem
ot the cntical values of 3 have wieasure
2zeco m R™.  As noted earlier, the crifical
values of 4 contamn ?(u n ((kC,)) . %o

His cet too has wmeasuce zevo.

To com?le'l'e the Proog , hotfe +that
Fheve is a countable collection of Pe C-¢C,
05  above , w'rl"h cowesrond'm& open U,

Suc.\n +hat ol the sets U cover (C-C,.

Thus, SQ(C-C.) has measuvre 2Zeco.

Exol



290

._J‘:Emm: I“; Hhe cfi‘\'ica| values og an)/ Swooth

'?umcﬁon [Rn-l—a IRM have weasure 2exo in
le +Hhen 'Y-(Ch—Cki-[) \f\as measlure Zexo
P foc any ReN.

’gfoog-: }
Le.‘l' PéCh-‘Ch*l. Then 2 7{;.4\-

, @)+0
oXjw axg(hu) J

S:O‘r some Cé i‘ ) ..,M} aY\A some j . i'r_.'kﬂ}"*Sh--,h}

while 4l kﬂn Par-\-‘m‘ decivatives of the
coovdinate Lunctions of Jl vanish ot P

Ag-‘l'ef PoSS\\o\)/ Pe(muﬂmB +he Coo*(‘d%r\o:l'es
og' Rh anA me/ we MO\?/ asSume 'f"‘la.'l'

P ( %t
31&(.) e ‘axjtw

2X,

Bh'rr# _
) (P) +O o\r\a (h.) (P)

3110)

Let hiR"— K" be defined Lor
% = (21, Xa)ER" s k(x)=( 2ot (), %a,.. 1..)

ax!'(l) ‘oX; ( )
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%o f
#(39(](\“31&\)(> Koo X \
© .0

; 0""1/

S0 Hrere IS an o’)en set ¢ /Rn Confain'mj
P such that h(U)SR" is open and

l"lu: U —"\n(U) is a o\'\meovnorp\ﬂism.
Let q=fo(hly) s h(W)— R™,

2L, 3" ) %l(io?m“")n hiu)-
Note that foe ie Chf\u ,

R ef
LSO N
ard  For 96 GuoU  we have g ch(g)- T*Mz)-‘-?(z),
Thot is, 4eh (Cenw)=5(c nlh).

(i) =OQ  so thot \f\(Cknuv <SotxR
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Furtheemore, the values in 3°o\n (Chnli)

axe evitical  values og— (3" since i} 26 Chnu

+hen iec—; so tHhot Dl¥=O ond hence

*

*
( 21 Digy ‘30) * Dupy® DhCi)LMu)-':Di“o(q“l)hluji:o'

Conesing e domin oF q by camiebly
many  sets diffeamorphic o R™ and aﬂplyin3
the assumption $rom the stotement of the
lemma yields Hhat  F(Cyau0)= 4,0k (cpau)
hos  weasuce  zera. Then Covef-thS Cp~ G

with counta u)r W\M\)/ U as above yields
Hhat -?-(C\e-Cpb hos measure zexo.

JEND




P\(‘oog- o‘; SQTAIS ‘nneofem:

Recoll +het F:R"™R™ is smocth.
T n=0 ond P+ D, then £(0)

a pcﬁw\' ond mz]| , S0 S;(C) has weasure

2eXo n me.

Now asSume the theorem is true A
av\?/ swooth mep R —s IR wheee 20
15 ar\ov\'rar/ Fr Ke IN with n-m (K*l) <Q

we have

£ =8 o (O Hara)
where  we toke C, To be C. That

Hais  set \r\as measure Zevo IS He content

of the P‘(‘ed{ou.s +three |ewmmas,

END
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A\'l'e_rno:\"mg tensor, 234,

Boundox/ , 73,

CIOSCA, 5. Closed Lie su\os\"ouf), 219. C.omPac.‘l‘(),
suFPoH‘ecl, 290. Cvitical value, 51. CUP Produc_t357_

De_sree., 323- De. Rl'\a\'ﬂ C.Olnomolosy, 250. Deriva_'ﬂon’
q98,107. Determines orientation, 276. Dl'-p‘c«:omwp\nis“‘\,

21, 29. Diffecential, 31,35.

Embe JA'mg, 7. Euwler characteristic, q. ExPonen-h‘al
map, 200. Extexior a‘se\ora., 233,

F;'io.‘i"\on, 137.  Form, 249.

Gemu.s , 5.

Homosenwus space, 229. HomomorPLiSm, 9],
Hom'l'ory, /8. Homo‘i'ory ezui\ra|en‘l', 367
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T mmersed submanibold, 47, TLmmersion, 45,
In+e3fa\9le, 153,

Left -invariant , 179. Lie alse)om, 135. Lije bvacket
5. Lie derivative, 102,131, Lje jroujo, 16€.

Lie Su\DwaP, 19%. Linear, 169. Local ol;momrfl«:sm,
L.

Man'\s}o\ci, ¢,
Normal bundle, 372. Normal space, 37l
Orne Pamme-t‘er Smu)a, 120, 20%.  Ovrientation, 249

Plane Qie\d, I51. Preserves orientation, 27¢, 283,
Pullloack , 253. Push - focward, 125.

Reﬂu\ar value, 51 Qe.gimment 294 Reverses
otentation, 27¢,283.

Section, Q2. Swwoth function, 20, 28,76. Secoth
man'\s?olcll 21. Su\omersion, l'f’é Sufpace,, 5.
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Tangen‘l' bundle, 85. Tansen'f' space, 32, 7’;,“3“7:-
\fec:t'or, 33 Tén.sor, 230, Tw_r‘anSi‘l"\OY\ ‘PM\'ICT;OYI, [7

Transverse, 59.

Vector bundle, 87 Vector giel&, a7

Wedae product, 234,



