Rotation Matrices

Suppose that a € R. We let
R, :R?> 5 R?
be the function defined as follows:

Any vector in the plane can be written in polar coordinates as r(cos(6), sin(f))
where 7 > 0 and # € R. For any such vector, we define

R (r(cos(f),sin(f))) = r(cos(f + ),sin(f + ) )

Notice that the function R, doesn’t change the norms of vectors (the num-
ber 1), it just affects their direction, which is measured by the unit circle
coordinate.

We call the function R, rotation of the plane by angle .

R“ ( r (cos®), Sin(G») R o

'S (cos(6+o<), sin(ew)) .
' _» r(cos(e),sin(6))

\

(Cos(6+o<), sin(ew))

X >0

If « > 0, then R, rotates the plane counterclockwise by an angle of a. If
a < 0, then R, is a clockwise rotation by an angle of |a|. The rotation does
not affect the origin in the plane. That is, R,(0,0) = (0,0) always, no matter

which number « is.
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Examples.

e Rx is the function that rotates the plane by an angle of 7, or 90°.
Because § > 0, it is a counterclockwise rotation. Thus, Rg(l, 1) is the point
in the plane that we obtain by rotating (1,1) counterclockwise by an angle

T
of2.

Rec
Rzzr_(l,l)ﬂ(‘\/ (11)

e Because —5 < 0, R_z is a clockwise rotation. R_x(1,1) is the point
in the plane obtained by rotating (1,1) clockwise by an angle of 7.

’/’\(lﬂ)
R-m
\\ 2

Rz (1)

e The function R : R?> — R? rotates the plane by an angle of 0. That
is, it doesn’t rotate the plane at all. It’s just the identity function for the

plane.
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e Below is the picture of a shape in the plane. It’s a triangle, and we’ll

call this subset of the plane D.
A°

Rz(D) is the set in the plane obtained by rotating D counterclockwise by
an angle of . (It’s counterclockwise because 5 > 0.)

R_=z(D) is D rotated clockwise by an angle of F.

4 R~%(D)

jus
4
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e Let’s rotate the vector (a,0), where a > 0. This is a point on the
x-axis whose norm equals a.

(1

Cl\ (llo) (‘t&:a(h(})

We can write this vector in polar coordinates as a(1,0), or equivalently, as
a( cos(0),sin(0) ). Now we can rotate the vector (a,0) by an angle . That’s
the vector R,(a,0), which by the formula from the beginning of this chapter
is

Ru(a,0) = Ry(a(cos(0),sin(0)))
cos(0 + a), sin(0 + «) )

a (cos@), sin (v)) 0/

(cos(), sin (u)\)'/‘-\" ¢
-

C'\ (llo) (ao°)=o~(ll°)

e In this example, we’ll rotate a vector (0,b), where b > 0. This is a
vector whose norm equals b, and that points straight up. In polar coordinates,

(0,b) = b(cos (%),sin (%) ).
t (0b)

(cos(T),5m (%))

N
N




Now if we rotate (0,b) by an angle «, then we have

Ra(0,6) = Ry ((b( cos @’Sin (%) )
_ b( cos <g+a),sin (ngoz))
b cos(a+2) sin(a+ 7))

There’s a slightly better way to write the result above, but it requires a cou-
ple of the identities we learned in the chapter “Sine and Cosine”. Specifically,
Lemmas 8-10 tell us that

(0 +3) =cos(orm—3)
cos{a+g ) =coslatm—g

= sin(a + 7) [Lemma 9]
= —sin(«) [Lemma 10]
and
sin (oz + g) = cos(«) [Lemma §]
Therefore,
R,(0,0) = b( oS (oz + g) , sin (a + g) ) = b( —sin(a), cos(a) )
(0,b)

Ry

\

R, (0,b)

b(— sin(v), cos (oc))
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Composing rotations

It’s rare for a function to satisfy any sort of nice algebraic rule. We know
a few functions that do — powers (z"y" = (zy)"), exponentials (a*a? =
a®*Y), and logarithms (log,(z) +log,(y) = log,(xy)) — and rotations provide
another example, as the following theorem states.

Theorem (14). R, o Rz = R,1p

Proof: If first we rotate the plane by an angle of 3, and then we rotate
the plane by an angle of o, we have rotated the plane by an angle of o + £.
That’s what this theorem says.

/’Rﬁ/—\' R:/ﬁ

R,

|
Example.

s

e If we rotate the plane counterclockwise by an angle of %, and then
we rotate counterclockwise by an angle of 7, we’ve rotated counterclockwise
a total angle of T + 3 = %”. That’s what Theorem 14 says, R; o Rz = R%n.

_...,
|
e

7
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Corollary (15). R;' =R,

Proof: As discussed at the bottom of page 259, the rotation Ry is a rotation
by an angle of 0, which means Ry doesn’t rotate anything at all. It’s the
identity function on the plane. That is, Ry = id.

Using Theorem (14) we see that

RyoR =Ry o=Ry=1id and R ,oR,=R_,.n=Ry=1d
Summarizing the above line, we have
RyoR_,=1id and R_,oR,=1d

Recall that the definition of inverse functions is that they satisfy the rela-
tionship

foft=id and flof=id
We have seen that the functions R, and R_, satisfy this relationship, so
they are inverse functions. That is, R,' = R_, |

Intuitively, Corollary 15 states that the opposite of rotating the plane by
«, is rotating the plane by —a.

S
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Rotations are matrices
We know what the rotation function R, : R> — R? does to vectors written
in polar coordinates. The formula is

R, (r(cos(8),sin(f))) = r(cos(d + a),sin(d + a) )

as we saw at the beginning of this chapter.

What’s less clear is what the formula for R, should be for vectors written
in Cartesian coordinates. For example, what’s R,(3,7)? We’'ll answer this
question below, in Theorem 17. Before that though, we need one more lemma.

Lemma (16). For vectors (a,0) and (0,b), we have
Ro((a,0) + (0,b) ) = Ra(a,0) + Ry(0,0)

Proof: One way to find the sum of (a,0) and (0,b) is draw the rectangle
that they form. The sum of (a,0) and (0, b) will be the corner of the rectangle
that is opposite the corner at the origin.

(0/b) §---------- e

Similarly, the sum of R, (a,0) and R, (0, b) is found by drawing the rectangle
that they form.

' ’,.o\‘Rd (o.,o) + Rd(o, b)
Rx(o'b) L Ro((o:b),,,,, . \\
o
Ru(“ro) R (azo)

o—
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Below is the first rectangle we drew in this proof, after being rotated by

and angle of a.
’_.0\ RD(((G;O)*‘(O;&)

-
L4 \

Re((ot b). - \\.
Rx(a0)

”
.

Notice that it’s the same rectangle as the second one that we drew, it’s just
that the corner opposite the origin is labeled differently. Since they are the
same rectangle, the opposite corners are the same, so Ra( (a,0) + (0, b)) =
R.(a,0) + R,(0,b), which is what we had wanted to show. |

Now we are ready to describe the rotation function R, using Cartesian
coordinates. We will see that R, can be written as a matrix, and we already
know how matrices affect vectors written in Cartesian coordinates.

Theorem (17). R, : R* — R? is the same function as the matrix function
cos(a) —sin()
sin(a)  cos(a)
For short,
R o_ cos(a) —sin(a)
@ \sin(a) cos(a)
Proof: To show that R, and the matrix above are the same function, we’ll
input the vector (a,b) into each function and check that we get the same

output. First let’s check the matrix function. Writing vectors interchangeably
as row vectors and column vectors, we have that

(St oot = (Gt o) (5)
= (Gemte) - pemmte)
— (acos(a) — bsin(a) , asin(a) + beos(a) )
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Now let’s check that we obtain the same output if we input the vector (a, b)
into the function R,.

What we’ll use is Lemma 16 and the two examples from pages 261 and 262
that showed us

R,(a,0) = a(cos(a),sin(a)) and  R,(0,b) = b( —sin(«), cos() )

We can now check that

Ro(a,b) = Ro((a, b))
= R,(a, O)+R ( ,b) [Lemma 16]
= a< cos(a), sin(« )) + b< — sin(a), cos(a)) [Examples]

— (acos( ), asm(a)> < — bsin(« ),bcos(a)>
— (acos(oz) — bsin(a) , asin(a) + bcos(oz))

Because the matrix and the function R, gave us the same output, they are
the same function. |

Examples.

e We can write R, rotation by m, as a matrix using Theorem 17:

re= () ) - (3 %)

e Counterclockwise rotation by 7 is the matrix

[ cos( D\ O —1
~ \ sin( ) 0
Because rotations are actually matrices, and because function composition

for matrices is matrix multiplication, we’ll often multiply rotation functions,

such as R, R, to mean that we are composing them. Thus, we can write
Theorem 14 as R,Rp = Ryy5.

) —sin
) cos(5

R
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Angle sum formulas

Theorem 14 tells us that R,.+3 = R,f3. Theorem 17 allows us to write
this equation with matrices, that we can then multiply:

<Cos<a +8) —sina + 5)) B (eos<a> - sin<a>> (aosw) - sinm)

sin(a + ) cos(a+pB) )/ \sin(a) cos(a) sin(8)  cos(pB)

cos(a) cos() — sin(a) sin(f) — cos(a) sin(B) — sin(«) cos(B)

sin(a) cos(B) + cos(a) sin(S) — sin(a) sin(B) + cos(a) cos(B)

The top left entry of the matrix we started with has to equal the top left
entry of the matrix that we ended with, since the two matrices are equal.
Similarly, the bottom left entries are equal. That gives us two equations—
two identities that are known as the angle sum formulas:

cos(a + ) = cos(a) cos(f5) — sin(a) sin(53)

sin(a + ) = sin(a) cos(B) + cos(a) sin(B)

Double angle formulas

If we write the angle sum formulas with a = 8 then we’d have two more
identities, called the double angle formulas:

2 2

cos(2a) = cos(a)” — sin(a)

sin(2a)) = 2sin(«a) cos(a)
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More identities encoded in matrix multiplication

The angle sum and double angle formulas are encoded in matrix multipli-
cation, as we saw above. In fact all but one of the identities for sine and
cosine that we’ve see so far are encoded in matrix multiplication. Lemma &
can be seen in the matrix equation Rpiz = RpRz; Lemma 9 in the matrix
equation Rg,g = RQR,g; Lemma 10 in the matrix equation Ry, = RoR.;
Lemmas 11 and 12 in the equation R_y = Re_l; and the period identities for
sine and cosine in the equation Ry o, = RyRas.

Rotating a conic

Let’s rotate the hyperbola xy = % clockwise by an angle of 7. That means,
that we will apply the rotation matrix R_z to the hyperbola.

N/
- /\

4

=L
Xy=7

To find the new equation for our rotated hyperbola, we’ll precompose the
equation of the original hyperbola — the equation zy = % — with the inverse

of R_g.
{ //—\_—\
xa=g
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Notice that

1 cos (3) —sin(5)\ (v 3
R - =Rz = —
in(5) cos(h) ) \% &

is the function that replaces x with —=x — Ty and replaces y with fx—|— fy

\/i
R.T-R

-

—_
X‘g_:-é- X" Fx*- P}f (

I S

|- +\3

L T N U S
J’z"l&)(ﬁx*&‘ ;f)z
pw Ty
Therefore, the equation for the rotated hyperbola is

( 1 1 ) ( 1 n 1 ) 1

xr — €T = —
vz T RI\ETTRY) T
Using the distributive law, the above equation is the same as

1 1 1
e e

2 2 2
Multiplying both sides by 2 leaves us with the equivalent equation

22— =1
This is the equation for the rotated hyperbola.

R_
—

51

4
\

AN
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Exercises

One of the vectors drawn on the right is (a, b). For #1-4, match the rotated
vectors with the vectors drawn on the right. Remember that if o > 0, then
R, is a counterclockwise rotation by the angle a. If o < 0, then R, is a
clockwise rotation by the angle |a|.

1.) Rs(a,b) * (asb)
2) R_z(a,b) X e

3.) R_(a.b) I
4.) Rr(a,b) Y *©

Below are some shapes in the plane. All the shapes drawn are rotations
of the first shape, D. For #5-9, match the rotated shape with the correct

picture.

5) R=(D) 6. R_

4

Al)
A°

(D) 7) Ru(D) 8) R_u(D) 9.) R_:(D)

e

B.)
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For some of the remaining exercises you'll need to use the rotation matrix

. <cos(a) —Sin(a)>

sin(a)  cos(«)

For #10-13 use the values of sin(a) and cos(a) that you know to write
the given matrices using exact numbers that do not involve trigonometric
functions such as sin or cos. For example, as we saw when rotating the
hyperbola at the end of the chapter,

4
V2 2
Rz =
SIS
VoI
10.) Rsx 11.) R_, 12.) R= 13.) Ryx

2 3

For #14-17, use the matrices Rz and Rz from above to write the given
vectors in Cartesian coordinates.

14) Rx(3,5)  15.) R=(4,—8)  16.) R=(-2,~7)  17.) Rz(5,—9)

us
4

18.) Use the Pythagorean Identity to find the determinant of the rotation
matrix R,,.

19.) Use an angle sum formula to find cos (35). (Hint: & =% + (=%).)

—_

20.) Use an angle sum formula to find sin (%).

—_

21.) Suppose that (cos(f),sin(f)) = (ng’

formulas to find ( cos(26),sin(26) ).

272
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22.) Find an equation for the hyperbola xy = —% rotated clockwise by an
angle of 7.

4
\

:Uat=—;‘;

23.) The solution of y — 2> = 0 is a parabola. Find an equation for the
parabola rotated counterclockwise by an angle of 3. Write your answer
in the form 2? + Bxy + Cy? + Dx + Ey = 0.

LI

S

Roz

=0

For #24-26, find the solutions of the given equations.

24) L4 x=1 25.) In(x) + 21In(x) = 7 26.) (v + 1) =16
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