Equations in One Variable 1

An equation in one variable is an equation of the form f(z) = g(x) where
f(x) and g(z) are functions.

Examples.

o 22— 31 +2 = log,(x) is an equation in one variable. Both x? — 3z + 2
and log,(x) are functions.

e r — 3 = 2 is an equation in one variable. Both x — 3 and 2 are
functions. The latter is a constant function.

e /x = 15x — 4 is an equation in one variable.
2 3_ . . . .
° ”;:—ff + 27z — 3 = ¢” ¥ is an equation in one variable.

All of the examples above are equations, because they are mathematical
formulas that use an equal sign. The are in one variable, because there is
a single variable used in each equation. In all of the examples above, x is
the only variable. We’'ll continue to use x as the only variable for a while,
but keep in mind that it’s just a variable, and that we could use any variable
instead. For example, there really isn’t any difference between the equation
x — 3 = 2 and the equation w — 3 = 2. The only difference is the name that
we gave the variable, z or w, but otherwise the equations are the same.

Domain of an equation

If f(z) = g(x) is an equation in one variable, then the implied domain of
the equation is the set of all real numbers that are in both the implied domain
of f and the implied domain of g.

Examples.

e The implied domain of the equation 2® —2x+1 = 3z —9 is R. That’s
because 2® — 2z 4+ 1 and 3z — 9 are each polynomials, so they each have R as
their implied domains.

e The equation y/r = 4 has an implied domain of [0,00). That’s
because /z has an implied domain of [0, c0), while the constant function 4

has an implied domain of R. Therefore, the implied domain of \/x = 4 is the
51



set of all real numbers that are in the set [0,00) and in the set R, or in other
words, the implied domain of \/x = 4 is the set [0, 00).

e The implied domain of the equation log,(z) + log.(x — 2) = 1 is
(2,00). The implied domain of the constant function 1 is R. The implied
domain of log,(z) + log.(z — 2) is a little more tricky. We can only take the
logarithm of a positive number. That means that we want x > 0 and that
we want x — 2 > 0, or equivalently, that x > 2. Of course asking that x > 0
and x > 2 is the same as just asking that x > 2, so the implied domain for
the function log,(x) 4 log,(z — 2) is (2, 00).

e The implied domain of the equation vz = 2% is [0,00) — {5}. We
can only take the square-root of a number if it is greater than or equal to 0,
so x > 0. We can never divide by 0, so z — 5 # 0, or equivalently x # 5. The
set of all real numbers x with z > 0 and = # 5 is the set [0,00) — {5}.

e [3,5) is the implied domain of the equation log, (5 — z) = vz — 3.
We can only take the logarithm of a number if it is positive, so 5 — x > 0,
or equivalently, 5 > . We can only take the square-root of a number if it is
greater than or equal to 0, so x — 3 > 0, or equivalently, x > 3. The set of
all real numbers z with 5 > z and = > 3 is exactly [3,5).

Sometimes, you will be given an explicit domain for an equation. For
example, you might be asked to examine the equation 2> — 3z + 1 = €® for

€ [0,10]. This means that the domain of the equation is the restricted
domain [0, 10]. The domain is restricted, because the implied domain of the
equation 22 — 3z +1 = e” would have been R if we hadn’t been told otherwise,
but we have been told otherwise. We are told here that the domain of the
equation is just the set [0, 10].

Solutions of equations

If someone writes an equation such as 3z — 2 = 4, they are not saying that
3r — 2 is the same function as the constant function 4. They are clearly not
the same function. One is a constant function and the other one isn’t. Rather,
they are asking you to find the set of all numbers that can be substituted
in for x to make the equation true. For example, we can substitute 2 in the
place of x and we’d be left with the equation 3(2) — 2 = 4, which is true, as
you can check. The equation usually won’t be true for every number that you

substitute for  as we can see by substituting the number 0 in the place of x.
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That would leave us with 3(0) — 2 = 4, which is clearly false. The numbers
that can be substituted for x to make an equation true are called solutions
of the equation.

If f(z) = g(x) is an equation in one variable, and if the equation has the
set D as its domain, then the set of solutions of f(x) = g(z) is the set

S={aeD]| fla) =g(a)}
Returning to the example above, if S is the set of solutions of the equation
3r —2 =4, then 2 € S, but 0 ¢ S. We’d speak this as 2 is a solution of
3xr — 2 =4, but that 0 is not a solution of 3x — 2 = 4.

Examples.

e Suppose that S is the set of solutions of the equation y/r = 4. We
saw above that this equation has a domain of [0, 00), so

S={ac0,00)|Va=4}
We see that 16 € S, since 16 € [0, 00) and /16 = 4. However, —10 ¢ S since
—10 ¢ [0,00), and 25 ¢ S, since /25 # 4.

/N

e Now suppose that S is the set of the solutions for the equation z? = =.

Both 22 and x are polynomials, so the domain of the equation is R and
S={acR|a*=0a}

Then 0,1 € S because 0 and 1 are both real numbers and 02 = 0 and 12 = 1.
However, 3 ¢ S because 32 # 3.
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e Let’s look at an equation with a restricted domain. Let’s look at the
equation —x? +9 = 0 for z € (0,00). We are told here that the domain is
(0,00), which means that we are only interested in finding solutions to the
equation if those solutions are positive numbers. That is, if S is the set of
solutions, then

S={a€(0,00)| —a*+9=0}
Notice that S is the set of all positive numbers that are also roots of the
quadratic polynomial —22 +9 = 0. We know how to find roots of quadratic
polynomials, and the roots of —2? +9 are —3 and 3. Of these two roots, only
3 is in the domain of the equation. That is, only 3 is positive. Therefore,

S = {3}.

O

Domain
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e The equation \/x = x + 5 has an implied domain of [0, 00), since we
can’t take the square-root of a negative number. We can see below that the
graphs of \/x and x + 5 do not intersect. That means there isn’t a number «
with /o = a + 5. That is to say, there aren’t any solutions of the equation
vz = x + 5. The set of solutions is ().

/5 Domain

e An important general example is if p(z) is a polynomial and our
equation is p(z) = 0. Then the set of solutions for this equation is exactly
the set of roots of the polynomial p(z). We know how to find roots of any
linear and quadratic polynomial, but it is extremely difficult to find roots
of most polynomials. A polynomial equation p(z) = 0 is about as nice of
an equation as we can hope to have, and even finding its solutions can be a
nearly impossible task.

pE)
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In the remainder of this chapter, we’ll cover a few basic rules of algebra that
can be used to help us find solutions of equations. We’ll learn when equations
are equivalent — either by addition, multiplication, or invertible functions —
and we’ll see that equivalent equations have the same solutions. That will
allow us to find solutions of equations by creating a sequence of equivalent
equations that terminates in an equation that’s easy for us to solve.

Equations equivalent by addition
In the definition below, D is a set of real numbers. That is, D C R.

The equation
f(z)+ h(z) = g(x) with domain D
is equivalent to the equation

f(x) = g(x) — h(z) with domain D

Examples.

e The equation 2% 4 3z = €* with domain R is equivalent to the
equation x? = e* — 3z with domain R. Here we are just using the rule above

with f(z) = 22, h(z) = 3z, and g(z) = €*.

e The domains of two equivalent equations must be the same. The
equation 2% + 3z = e* with the restricted domain (0, 00) is equivalent to the
equation z? = e* — 3z with the restricted domain (0, c0).

e To repeat, the domains of two equivalent equations are equal. The
equation x> + 3z = € with domain [—3,10] is equivalent to the equation
2? = ¥ — 3x with domain [—3,10]. Compare this example to the previous
two examples. Equivalent equations have the same domain.

e 2’ —log,(r) = 0 is equivalent to 2> = log, (). To see this, just subtract
—log,(z) (or add log,(z)) to both sides of the equation z? —log,(x) = 0. Both
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equations in this example have an implied domain of (0, c0), because we can
only take the logarithm of a positive number.

e Whenever you add or subtract a function from both sides of an
equation, you’ll obtain an equivalent equation. Thus, 723 — 5 = 2% + 2z is
equivalent to 723 — 22 — 2 — 5 = 0. Just subtract z? + 2z from both sides
of T3 — 5 = a2 + 2x.

o 3z = 22? is equivalent to v3z + 2z — 2 = 222 + 2 — 2. Just add
x — 2 to both sides of v3z = 222.

The importance of equivalent equations is that they have the same sets of
solutions.

Equivalent equations
have the same sets of solutions.

Examples.

e The equations 22> = —2 + 5 and 22 + 2 — 5 = 0 are equivalent. To
get the second equation from the first, just add the function x — 5.

Because these two equations are equivalent, they have the same set of
solutions. We know how to find the solutions of 2> +z —5 = 0. These are just
the roots of the quadratic polynomial z? +z — 5, which are %(—1 — \/ﬁ) and
%(—1—#@). In other words, the set of solutions of the equation z*>+x—5 = 0
is the set {3(—1 — v/21),1(—1 + v/21)}. Therefore, the set of solutions of

a? = —x +5 is also {2(—1 — v/21),1(—1 + v21)}.

e To find the set of solutions of z? + x — 4 = 22, just subtract x?
from both sides of the equation. We’ll be left with the equivalent equation
x—4 = 0. The set of solutions of this latter equation is {4}. Because the two

equations in this example are equivalent, the set of solutions of 22 4+x—4 = 22
is also {4}.

e To find the solutions of \/r — x = 5, we can add the function x
to both sides of the equation and we’d be left with the equivalent equation
Vv = x+5. We saw earlier in this chapter that v/r = x + 5 has no solutions.

Therefore, v/ — xz = 5 has no solutions.
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Equations equivalent by multiplication
We say that the number o € R is a zero of the function h(x) if h(a) = 0.

Examples.

e 2 is a zero of h(x) = 2% — 4 because h(2) = 2% — 4 = 0. The number
—2 is also a zero of h(z) = 2% — 4.

e 3 is a zero of h(x) = o — 3 since h(3) =3 -3 =0.

e In the previous two examples, h(z) was a polynomial. If h(x) is a
polynomial then we usually call a zero of h(z) a root of h(x) instead.
It’s just a different name for the same thing.

e 5 is a zero of \/z — 5 because v/5 — 5 = /0 = 0.

e 1 is a zero of log,(z).
e 4 is not a zero of 2x — 5 because 2(4) —5 =8 -5=3#0.

We say that h(x) has no zeros in a set D C R if none of the numbers in D
is a zero for h(x).

Examples.

e The linear polynomial h(z) = x — 3 has no zeros in [5,00). That’s
because if o € [5,00), then « > 5. Therefore, h(a) =a—3>5—-3 =2, and
if h(a) > 2, then h(a) # 0. That is, a is not a zero of h(z) if a € [5, 00).

The function h(z) =  — 3 does have a zero. It’s 3. But h(x) has no zeros
in [5, 00).

x-3

35 50
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e The function h(x) = 2* — 4 has two zeros, 2 and —2. Neither of these
zeros are in the set [—1, 1], so h(z) = 22 — 4 has no zeros in [—1, 1].

e 4 — 2z has exactly one zero, the number 2. Because 2 is the only
zero, 4 — 2z has no zeros in R — {2}.

Q

R-12t
4-2x

e ¢’ has no zeros. It has no zeros in R.

x
e

R

e 1 is a function. It’s the identity function. It only has one zero, the
number 0 itself. Thus, « has a zero in R, but it has no zeros in R — {0}.
Neither does it have zeros in (0, 00), for example.

>4 X X

R R-$o3 (0. 09)
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In the definition below, D is a subset of real numbers.

The equation
h(z)f(x) = g(x) with domain D
is equivalent to the equation

f(x) = % with domain D

~

as long as h(x) has no zeros in D.

The definition above tells us that we can multiply or divide both sides of an
equation by a function—as long as the function has no zeros in the domain—
and obtain an equivalent equation.

Examples.

o If h(x) is a constant function, and not the constant 0, then it has no
zeros. Therefore, we can always divide both sides of an equation by h(x) to
obtain an equivalent equation. Thus, 3z = z* + 1 is equivalent to z = %

The equation 24/ = 8 is equivalent to /z = 4.

e If we multiply both sides of an equation by a constant that’s not zero
then we’ll also obtain an equivalent equation. § = logs(x) is equivalent to
x = 4logs(z). 51/ =4 is equivalent to \/z = 12.

e The equation xlog,(z) = x has a domain of (0,00). Because the
function = has no zeros in (0,00), we can divide both sides of the equation
xlog,(z) = x by x to obtain the equivalent equation log,(x) = 1.

e This is an example of something that can’t be done. If you have the
equation 2> = z, then you might be inclined to divide by z, similar to the
previous example. We can’t do that here though. The implied domain of the
equation 22 = z is R, and x has a zero in R. It has the number 0 as its zero.

The two equations 2> = x and x = 1 (which is what we would get by
dividing 22 = x by ) are very different equations. The former has two

solutions, 0 and 1, while the latter has a single solution, 1.
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Equivalent equations
have the same solutions.

Examples.

e The equation 2y/r = 8 is equivalent by multiplication to /z = 4.
We know the set of solutions of v/ = 4 is {2}, so 24/ = 8 also has 2 as its
only solution.

e The equation zlog,(x) = x is equivalent to log,(x) = 1. The only
solution of log,(x) = 1 is the number e. Therefore, e is the only solution of
the equation xlog,(x) = x.

Equations equivalent by invertible function
Once again, in the definition below D C R.

The equation
h(f(z)) = g(x) with domain D
is equivalent to the equation

f(x) =h"Y(g(x)) with domain D

The above definition says that we can erase a function, h, on one side of an
equation if we apply its inverse, h~! to the other side of the equation. Both
equations have to have the same domain. Equivalent equations always have

the same domain.
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Examples.

e log.(z) = 5 has an implied domain of (0,00), because we can only
take the logarithm of a positive number. We could erase logarithm base e
on the left side of log, () = 5 by applying its inverse, exponential base e to
the right side. We’d be left with the equation = e® with the same domain
that we started with, the set (0, 00). These two equations, log,(x) = 5 and
x = e°, with the same domain, (0, 00), are equivalent.

Equivalent equations always have the same domain.

e The functions \/x and 23 are inverse functions. Therefore, v/ —2 = 7
is equivalent to x — 2 = 73. (Both equations have a domain of R because we
can cube or cube-root any number.) We erased the cube root from the left
side of v/x — 2 = 7 by applying its inverse to the right side.

Again, what’s important about equivalent equations is the following fact:

Equivalent equations
have the same solutions

Example.

e We’'ll continue from the previous example. If we have the equation
Wx —2 =7, then we know it’s equivalent to the equation z — 2 = 73. Now
73 = 343, so the previous equation is  — 2 = 343. The only solution of this
equation is x = 343 + 2 = 345.
Because v/xr —2 = 7 and x — 2 = 343 are equivalent, they have the same
solutions. Therefore, 345 is the only solution of Vo —2 = 7.

Finding solutions of equations

To find the solutions of an equation f(z) = g(x), first write down its
domain D. Next, find a sequence of equivalent equations, either equivalent
by addition, or by multiplication, or by invertible function. The goal is to

have the last equation in this sequence have a set of solutions that is easy to
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find. It might be really easy, such as in the equation x = 2, or it might be
somewhat easy to find, as in the equation 2242z —5 = 0, where you can apply
the quadratic formula to the quadratic polynomial z?+2x —5. Whatever easy
equation you are left with, find its set of solutions S, but remember to only
include in the set S those solutions that are in the domain D of your original
equation. Because equivalent equations have the same set of solutions, .S will
be the set of solutions of your original equation f(z) = g(x).

Examples.

e Let’s find the solutions of the equation et +7=6 — 1 where the domain
of the equation is the set D = (0, 00). That means we are only interested in
those solution of e*" 6 = 1 that are positive.

Using log,, the inverse function of exponential base e, the equation e
1 is equivalent to 22 +x—6 = log, (1), which is the equation 2> 4+2—6 = 0. To
find the solutions of this quadratic equation, we use the quadratic formula
to find the roots of the quadratic polynomial z? + x — 6. In doing so, we
would find that the solutions of 22 + z — 6 = 0 are —3 and 2. However,
the domain of our original equation is (0,00), and —3 ¢ (0,00). Therefore,
the only relevant solution for us is 2, because 2 € (0,00). That means that

s I —

S = {2} is the set of solutions for our original equation e” %6 = 1 with a
domain of (0, 00).
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e Let’s find the solutions of z — 1 = % If we aren’t told what the
domain of the equation is, then we have to find its implied domain. For this
equation, the implied domain is R — {0}, because we can’t divide by 0. That
means that we should only search for solutions of the equation that aren’t
Zero.

We can multiply by the function z to obtain the equivalent equation 2> —z =
1. We can add —1 to obtain the equivalent equation 2> — z — 1 = 0. The
quadratic formula tells us that the solutions to this quadratic equation are
1(1 = v/5) and 5(1 + v/5). Neither of these numbers are 0, so they are both
in the domain of our original equation, and they are both solutions of our

1

original equation, x — 1 = _. They are the only solutions of x — 1 = %

e The equation v/5x —2 = 5 has an implied domain of R. We can
obtain the equivalent equation 5z — 2 = 5% = 125 by erasing the cube-root
from the left and applying the cube to the right. Now we can add 2 to obtain
bxr = 127, and divide by 5 to have x = %7

Of course %7 is in the domain of our original function, since

number. Therefore, the only solution of /5x — 2 =5 is %

127

= is a real




e The equation 3z — 2 = 0, has a solution. It’s % However, if we are
told to find the solutions of 3z — 2 = 0 with a domain of (—o0, 0), then there
are no solutions. The set of solutions is . That’s because 2 isn’t a negative

3
number.

DOYY\Q\Y] é
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Exercises

For #1-13, match the numbered equations on the left to their lettered
implied domains on the right.

1.) log,(z) — log, () = 4 A)R

2.) 2% —45 =27 — 3z — 6 B.) (0, c0)

3.) e’ = g3 C.) [0, 00)

4) YL =3z -2 D.) [2, )

5.) log,(z — 5) = 232" E.) [0,00) — {2}
6.) 'V3r—5=22+3 F.) (5,00)

7) BT — 3y 44 G)R - {5}

8.) log.(z +7) =z —2

9.) vVx —T=3x+4

10.) 2° + 548 =/

11.) Yz —2=32+6

12.) 3z — 425 = 23 — 137 + 56

13.) /x =32* -5
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For #14-19, match the numbered equations on the left to their lettered sets

of solutions on the right.

14.) 42 —3 =0
15.) 22— 6 =0
16.) x+4=0

17) 22 —22+3=0
18.) 222 — 12z 4 18 = 0

19.) -2 —22+7=0

A){1}
B) {-1-2v2, —1+2v2}

D.) {4}
E.) {3)

For #20-24, match the numbered equations on the left to the lettered equa-
tions on the right that they are equivalent to by addition.

20.) 2* +x =3

21.) log,(z) +22x —3=0

22.) 5 — /T =3z + 2

23.) 32* — 4w +5 =2+ 3w + 2

24) —2? —4 =3z -7
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A)b5 =34z +2
B.) 22> -~ 7x+3=0
Clz’+x—-3=0

D.) —2? — 3z +3=0

E.) 2z —3 = —log,.(x)



If you ever have an equation p(x) = ¢g(x) where both p(z) and ¢(x) are
polynomials, it’s almost always best to begin by writing the equivalent equa-
tion p(x) — q(z) = 0, and then to search for solutions of p(x) — q(x) = 0. Use
this method to find the solutions of the equations in problems #25-28.

25.) 22 —3r+2=32*+1—4
26.) 23 +3x—2=a3+ 2+ x+1
27.) 22 —2x +3 =2 —x + 4
28.) x —2=3x%—5x +1

For #29-35, match the numbered functions on the left with their lettered
set of zeros on the right.

20.) x— 7 A) {-1,1}
30.) 245 B.) {0}
31.) 22 — 1 C.) {-5}
32.) log, () D.) {1}
33.) E.) ¢

34.) 22 +1 F.) {7}

35.) x
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For each equation given in #36-40, decide whether dividing by the function
x on both sides of the equation would result in an equivalent equation. For
each of these, you'll want to check whether z has zeros in the implied domain
of the given equation.

36.) 32 — 5 =2z + 8

For each equation given in #41-45, decide whether dividing by the function
x — 7 on both sides of the equation would result in an equivalent equation.
For each of these, you’ll want to check whether x — 7 has zeros in the implied
domain of the given equation.

For #46-48, match the numbered equations on the left to the lettered equa-
tions on the right that they are equivalent to by multiplication.

46.) 2>+ 2 =3 A) e - dayl
47.) log.(x) = 2 B.) Llog,(z) =2

48.) 5 — /T = 3z + 2 C.) e*(z* + x) = 3e”
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For #49-52, match the numbered equations on the left to the lettered equa-
tions on the right that they are equivalent to by invertible function.

49.) &35 = 23 A) 3z +5=a}

50.) log,(2®> +1) =2 B.) 2? — 3x + 1 = 83
51.) (3z +5)3 = a2 C)3z+5=2r-3
52.) Va? —3r+1=2x D.) 22 +1=¢

Find the set of solutions of each of the equations given in #53-61.
53.) 22 —3 =2 +ux

54.) log,(x?) = 2 where z € [0, c0)

55.) 42 4 20 + 3 = 322 4+ 20 + 2

56.) dxr +2 =4

57.) 32? — 6 = 2* — 4z with x > 10

58.) €313 =1

59.) x°(2? + 3z — 2) = 0 where 2 < 0

60.) (logy(2z +1))* =8

61.) 32 =5 where z <5
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