Composing Polynomials
with Planar Transformations

Let’s compose the function f(x) = 2*—2z+9 with the function g(z) = 4—x.

foglz) = flg(x))
=g(x)* = 2g(x) + 9
= (4—2)P—2(4—2)+9

To get the same answer in perhaps a slightly different way, first we write
the formula for f(z).

x> -2x +9

Second, we think of g as the function that replaces z with 4 — z.

X > Ly

Third, the formula for f o g(x) can be obtained be rewriting the formula
for f(x), except that we’ll replace every = with 4 — .

(4-2) -2 (4-2)+9
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Suppose p : R? — R is the polynomial p(z,y) = 32> — zy + 2. Recall
that A_34 : R* — R* is the planar transformation given by the formula

A sz, y) = (r — 3,y +4).
The composition p o A3y : R? — R will again be a polynomial in two
variables. On this page, we'll find the formula for p o A_34)(z,y).

First, write down the formula for p(x,y).
2
3 X —X % + 2

Second, write down what A_34 replaces each of the coordinates of the
vector (x,y) with.

Acs) (%, 17') =(x-3, }f**)
X —>XxX-3
f% l———Bg,-I—ﬁL

Third, the formula for po A(_3 4)(x,y) is found by rewriting the formula for
p, except that we’ll replace each x with x — 3, and replace each y with y + 4.

3 (x-3) = (x-3)(y+4) +2

In conclusion,
poAcsy(z,y) =3 —3)"— (z-3)(y+4)+2

131



Let’s compose ¢(z,y) = z + y — 1 with the matrix

i)

That is, we’ll find ¢ o M(x,y).

First, write the formula for q.
X+ Y- I

Second, write what M replaces each of the coordinates of the vector (z,y)

(3 16

X — )UZ\(T

’X —> 51+'3

Third, the formula for ¢ o M (x,y) is found by rewriting the formula for g,
except that we’ll replace each x with x + 2y and each y with 3x + y.

(x +23) + (31 +qj> = |

In conclusion

goM(x,y)=(r+2y)+ Bzr+y)—1
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As we saw in the previous chapter, if 7 : R? — R? is a planar transforma-
tion, and if S is the set of solutions of p(z,y) = q(x,y), then T'(S) is the set

of solutions of po T (x,y) = qgo T (x,y). We called this (POTS), and we
can describe it more economically as follows:

The equation for S composed with 7!
is an equation for T'(S).

To compose an equation with 77!, there are three steps to be followed.

Step 1: Write the original equation.

Step 2: Find 7! and write what 7! replaces each of the coordinates of
the vector (z,y) with.

Step 3: Rewrite the equation from Step 1, except replace every x and
every y with the formulas identified in Step 2.

We’ll practice (POTS) using these three steps in the next problem.

Problem: Suppose that S is the subset of the plane that is the set of
solutions of the equation zy + 3 = 4y> — = + 10.

S

= <
) buS:‘f?l-xHo

Let N be the invertible matrix N = (? D . Give an equation that
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N(S) is the set of solutions of.

Lo

7

Solution: To find an equation for N(.5), we have to compose the equation
for S with N1

First, write down the equation for S.
- 2
1%+3-#%—1+m

Second, find N~! and write what N~! replaces each of the coordinates of
the vector (x,y) with.

) -()
(-,
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Third, rewrite the equation for S, except replace each = with x — y and
each y with —x 4 2y.

() (0 2) +3 =4 (245 -y

We can summarize what we’ve written above with the following diagram.

5/ /”A‘I\ %’@
S Vi

N-l
N TR BN IEENEE
#yi-xe10 §Y sl -l

S is the set of solutions of zy + 3 = 4y? — 2 + 10, so an equation for the set
N(S) is found by composing zy + 3 = 4y? — x + 10 with N~1. That is, N(S)
is the set of solutions of (z — y)(—x + 2y) + 3 = 4(—x + 2y)* — (x — y) + 10.
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Exercises

For #1-5, match the numbered planar transformation on the left with its
lettered inverse on the right.

1.) A(—G,l) A) A(_475)
30 1 -9
5 (3 3) 2 ()
8 0
3.) A-s) C) (0 1)
7
£ 0
4) (8 7) D.) A1)

For #6-10, use your answers from #1-5 to find the given vectors.

6) A(__1671)(I, y)
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For #11-15, S is the subset of the plane that is the set of solutions of the
equation
3zy = 2% —y+ 2
Match the numbered subset of the plane on the left with its lettered equation
on the right. You'll be using your answers from #6-10 to answer these ques-
tions. You’ll also be using (POTS), which says that an equation for T'(S5) can
be found by composing the equation for S with 771

11.) A61)(S) A.) 3(8z)(%) = (8z)* — (¥) + 2

13.) Au_5(5) C)3x—4)(y+5) =(x—4)72*—(y+5)+2
14.) <% g) (S) D.) 3(z —9y)y = (x — 9y)? —y + 2

19 2
15.) (O 1) (S) E)3z+6)(y—1)=(r+6)°—(y—1)+2

For #16-19, suppose that S is the set of solutions of the equation
3 +ay+y’=x—y+5

U
O

311*“%*7221‘3*5

Use that an equation for 7'(.S) can be found by composing the equation for
S with T7! to find answers for #16-19. Write all polynomials in the form

Az? + Bry + Cy* 4+ Drx + Ey + F
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16.) What is A(_?jQ)? What is the equation for A 9)(S)?

Q:f\<ééﬁ&(s)

NJ

17.) What is A@LQ? What is the equation for Ax _4)(S5)?

A(z;*f) (s)

1 4

18.) Suppose M = (0 )

> . What is M~'? What is the equation for M (S)?

M(3)

—

138



35

19.) Suppose N = (1 5

) . What is N~'? What is the equation for N (S)?

LANGS)

For #20-28, let
r—1 ifzée (—o0,0);
f(z) =< 22 if x €10,4]; and
57 if x € (4, 00).

Find the following values.

20.) f(~2) 23.) f(1) 26.) f(4)
21) f(-1) 24.) f(2) 27.) £(5)
22.) £(0) 2.) f(3) 28.) £(6)

Multiply the following matrices.

o) (2 4) () o) (173) (6 5)

Find the solutions of the following equations in one variable.

31.) log,(z)* — 5log,(x) +6 =0 32.) (23 —32% 4+ 22 —3)* = —1
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