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HOMEWORK 1

Problem 1. In the following, A is a set of real numbers. Negate the following statements:

(1) There exists x ∈ A such that x < 0.
(2) Every x ∈ A is an integer.
(3) For every x ∈ A, there exists y ∈ R such that yx = 1.
(4) For every x, y ∈ A, if x ≤ y, then there exists z ∈ A such that x < z < y.

Problem 2. Recall that a set R ⊂ Q is a Dedekind cut if it satisfies all 3 of the following properties:

(a) R ̸= ∅.
(b) R is bounded above.
(c) For every x ∈ R and y ∈ Q, if y < x, then y ∈ R.
(d) For every x ∈ R, there exists y ∈ R such that y > x.

Show that if R and S are Dedekind cuts, then R + S = {x+ y : x ∈ R and y ∈ S} is also a
Dedekind cut (ie, show properties (a)-(d) for the set R + S, assuming (a)-(d) for the sets R and S
themselves).

Problem 3. Prove that if x, y ∈ R and x < y, then there exists some q ∈ Q such that x < q < y.
You may use the following fact: if a, b ∈ R and b − a > 1, then there exists m ∈ Z such that
a < m < b.

Problem 4. Let S1, S2, . . . be bounded subsets of R, and xn = supSn. Show that if S =
⋃
n∈N

Sn is

also bounded above, then

supS = sup {xn : x ∈ N} .
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