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ing Regions on the Surface of the Earth.

The Differential Geometry of Curves and Surfaces is no longer offered as
a regular undergraduate course. | hope to give a sampling from this
intriguing and important subject.

Let's assume that the surface of the earth is a unit sphere
SP={XeR}: |X?=1}

We imagine trying to draw a map of a region D C S?. The map is a
smooth function
F:D— E?

to the Euclidean plane that preserves as much information about the
geometry of D as is possible.

We shall see that it is impossible to make a map that preserves all
distances, b an isometric mapping that preserves lengths of all curves.
However, we may construct a mapping that preserves angles, be a
conformal mapping or preserves areas, be an equiareal mapping.



Maps of Surfaces.

We seek a mapping
of the region with as
D

little distortion as
- possible.

Mapping X : D — E? of a Region



ilinear Coordinates for Sphere.

The sphere can locally be given curvilinear coordinates, also called a
parameterization. Let Q C R? be open. Let

X:Q—S?

be a smooth function. Then we want D = X(2) to be a piece of the
sphere. At each point P € D we can identify tangent vectors to the
surface. If P = X(a) some a € €, then

Xi(a) = 5 (a)

for i = 1,2 are vectors in R3 tangent to the coordinate curves. To avoid
singularities at P, we shall assume that all X;(P)and X>(P) are linearly
independent vectors. Then the tangent plane to the surface at P is

TpM = span{Xi(P), Xa(P)}.



ilinear Coordinates.

The sphere may be
calculated in lots of
different coordinate
charts. The
geometric quantities
such as length, angle
and curvature should

j 1 not depend on the
u )
choice of chart.

Coordinate chart X : Q — D on sphere.



mple of Local Coordinates: Spherical Coordinates.

Spherical coordinates give one example of local coordinates.
(u',u?) € Q= (-%,%) x (—m, ) give the latitude and longitude in
radians

X(ut, u?) = (cos u! cosu?, cosu® sinu?, sinub).

where D = {(x,y,z) € S?: y #0if x < 0}.
The tangent vectors are thus

1 2

Xi(u', u?) = (=sinu' cosu?, —sinu' sinu?, cosu'),

(1)

Xo(u', u?) = (= cosu® sinu?, cosu' cosu?, 0)

which are linearly independent for every (u!, u?) € Q.



apping the Earth.

A mapping of a region D C S? is a function f : D — [E? to the Euclidean
plane.

If D is a coordinate chart given by X : Q — D, then each point is the
image X(u!, u?) € D of some point (u!, u?) € Q C R?. Thus the
mapping is given by

FX(u) = FX(u, 1)) = (VA (ut, 1) (et 1)) = v(w)

where v : Q — E? is a function. Usually we assume v is a
diffeomeorphism.



11. Orthographic Projection.

Orthographic projection is the view
of the earth from infinity
f:(x,y,z) — (x,z) from the y >0
hemisphere. In terms of spherical
coordinates X (ut, u?) =

(cos ut cos u?, cosut sinu?, sin ul),

On 0 < u? < 7 the map is

v(u) = (cos u' cos u?, sinut).

Orthographic Projection.



engths of Curves.

The Euclidean structure of R3, the usual dot product, gives a way to
measure lengths and angles of vectors. If V = (v1, va, v3) then its length

V|=\/VZ+Vvi+vi=VVeV

If W = (w1, wo, w3) then the angle a = Z(V, W) is given by

Vel

COStX = +—+——77-
VW]

If v : [a,b] — M C R® is a continuously differentiable curve, its length is

b
Lo) = [ Hit@l e



ced Riemannian Metric.

If the curve is confined to a coordinate patch 7([a, b]) C X(Q) C S?,
then we may factor through the coordinate chart. There are continuously
differentiable u(t) = (u1(t), u2(t)) € Q so that

v(t) = X(ui(t), ua(t)) for all t € [a, b].
Then the tangent vector may be written
Y(t) = Xa(ui(t), w2(t)) i () + Xo(ur(t), uz(t)) ir2(t)
so its length is
97 = X1 @ Xy i +2X1 @ X i ity + Xo @ Xo i3
For i,j = 1,2 the Riemannian Metric is is given by the matrix function
gij(u) = Xi(u) & Xj(u)

Evidently, gjj(u) is a smoothly varying, symmetric and positive definite.



Thus |§(t) ZZgU )) ui(t) i(t).

i=1 1
The length of the CIJJrve on the surface is determined by its velocity in the
coordinate patch i(t) and the metric gjj(u).
A vector field on the surface is also determined by functions in U using
the basis. Thus if V and W are tangent vector fields, they may be
written

V(u) = v(u) Xy (u)+v3(u) Xa(u), W(u) = w(u) Xy (u)+w?(u)Xa(u)

The R3 dot product can also be expressed by the metric. Thus

VeW = (VW)=Y gjvw
ij=1

where (-, ) is an inner product on T,M that varies smoothly on M. This
Riemannian metric is also called the First Fundamental Form.



gle and Area via the Riemannian Metric.

If V and W are nonvanishing vector fields on M then their angle
a = Z(V, W) satisfies

(vV,w)

VIV

which depends on coordinates of the vector fields and the metric.
If w C Q is a piecewise smooth subdomain in the patch, the area if
X(w) C S? is also determined by the metric

Ccosa =

A(X(w)) = / |X1 X X2| dui dup, = / det(g,-j(u)) duy dus

since if § = Z(X1, X2) then

X1 x Xo|? = sin? 3] X1]? | Xe|? = (1 — cos? B) [ X | | Xo |2
= X171 Xa? = (X1 @ X2)* = g11822 — &1o-



xample: Spherical Coordinates.

Tangent vectors are

Xi (v}, u?) = (— sinu! cosu?, —sinut sinu?, cos ul) ,
Xo(ut, u?) = (— cos u* sin u?, cos u! cos u?, 0)

Thus the metric components are g;; = X; @ X; so,

811 812\ _ 1 0
g1 82 0 cos?u!

det(gj) = cos® u*

SO

which gives the usual formula for area

AX(w)) = / cos ut duy dus.

w



act Riemannian Surfaces.

We can consider the geometry on the surface and forget that the surface
sits in three space. This is called the intrinsic geometry. Measurements
like lengths and angles, computed form the Riemannian metric, are
intrinsic quantities. If we endow an abstract two dimensional space M?
with a Riemannian Metric, a smoothly varying inner product on each
tangent space that is consistently defined on overlapping coordinate
patches, the resulting object is an Abstract Riemannian Surface, or two
dimensional Riemannian Manifold.

Mapping Question: Can the spherical surface be locally mapped to the
Euclidean plane in such a way as to preserve the lengths of curves? What
about an abstract Riemannian surface? What are the obstructions to
doing this?



lidean Space.

Let's view the Euclidean plane E? as an abstract Riemannian surface.
The space is R? and the metric is

1, ifi=j;

0, ifi#j.

The coordinate chart is Y(v1, up) = (vi, u2) and the tangent space is
spanned by Y; = (1,0) and Y2 = (0,1). The inner product of two vector
fields

gij(v) = d;

A(v) = a'(v) Yi(v) + a*(v) Ya(v
B(v) = b'(v) Ya(v) + b*(v) Va(

~—

I

<
~—

2
AeB = (A B) = Z sja b =alb! + a%h?
ij=1

the usual Euclidean inner product of the plane.



orial Nature of the Metric.

What is obvious when we think of the spherical surface S*> ¢ R3 is that
regardless of what coordinate system we use in the neighborhood of

P € S?, the inner product between two vectors, or the area of a domain
or the length of the curve is the same because they are expressions of the
spherical values. e.g., if we compute vectors and metrics in the Q or the
Q) coordinate systems near P, the inner product of the vector fields

2 2
Y gi(u)a(u)P(u) = (A, B) = ) g(1) 3 (n) b(a).

ij=1 ij=1
is the same where points &I = @i(u) correspond on S2.

This also holds true in an abstract Riemanniam manifold. That is
because the vector fields and the first fundamental form are tensors.
Their transformations under change of coordinates exactly compensate to
keep geometric quantities invariant under change of coordinate.



ge of Coordinates.

u

u(u)=X"1(X(u))

Change of coordinate (u) = X ~1(X(u)).

The geometric
quantities in one
chart may be
computed in terms of
the quantities in
another.



sorial Nature of the Metric.-
Suppose both X : Q — S2 and X :  — S? are two local coordinates and
= X(Q .
transition function. For u € X

P e D = X(Q2) N X(2). Then the change of variables is called a
: ~1(D) we have
X(u) = X(@)
so ii(u) = (X)1(X(u)) whence by the chain rule
X 9K ot

ouP — ot duP
The formula for the tilde coordinates of a vector follow

2 2. S~ 00X o o\ aX
A= pz:: 8uP EZ: EZ: 2 o ouP :2_: Z p@up o’
yielding

:l




ansorial Nature of the Metric.- -

Similarly,

. 8uk out
) Z gre(u o O
k,f=1

oo . .
The Jacobian matrices satisfy Z 90 9ok = J), since they are inverses,

we can check that we get the same inner product in any coordinate
system

(A,B) = &;(i(u)) & (a(u)) P ((u))

Auk out 8u 8Ej

:..Z & o 0m 2 our’ o
u,k,qu 1

= Z 8pq(u) a°(u) b(u).

p,q=1




Geometric quantities determined by the metric are called intrinsic. A
map of the earth is a local diffeomorphism from the sphere to the
Euclidean plane which is a local isometry that preserves lengths of
curves, hence all intrinsic quantities. Equivalently, the Riemannian
metrics are preserved. Thus if

f:(S?% g) — (E2,6)

is an isometry, then f is a local diffeomorphism and *g = § which means
that for every vector fields A, B on S? and at every point P = X(u) € S?,

(A(w), B(u)))s2 = (dfu(A(u)), dfu(B(u))) 52
where dfy, : Tx()S* — Tr(x(u))E? is the differential.

WARNING: funtional analysts and geometric group theorists define
“isometry” in a slightly different way.



fferential of a Map

If we denote X : Q — S? as a local coordinate of the sphere, D = X(Q)
and v = (v, v2?) € E? the standard Eclidean coordinate, then a map

f:D— E?

may be written v = f(X(u)) = (v1(u}, v?), v3(ut, u?)). If u(t) € Qis a
curve whose velocity vector in S? is

then df (A) is the velocity vector of f(X(u(t)), or

2 . .
du' Ov/
(A =D g o ¥
ij=1



juation for an Isometry.

(A(u), B(u)))s2 = (dfu(A(u)), dfu(B(u)))r2
becomes for all tangent vectors A = Z?:l a'X; and B = ZJ?ZI a'X;,

2 ey 2 2 ;OvP 2. 9V
;gy(u)a v = Zépq Zaaui> Zblﬁ

i—1 j=1
As a' and b/ were arbitrary, this reduces to the system for all i,

2 ovP OvP

9w Oul * Y

gij(u) =
-

for the unknown map V = (vi(ul, u?), v?(ut, u?)).



ecessary Conditins for the Mapping of the Earth.

gij=VieV (2)

The assumption that a system of PDE’s is soluble leads to conditions on
the data, known as compatibility conditions. Differentiating

ogij
ok = Vs V;+ Vi e Vi
0%V . : - .
where Vj; = o Cyclically permuting the indices and adding leaves
u' Ou

Ogik  Ogkj  0gi
+ Vo Vji— Vi e Vj — Ve Vi

:2\/11. Vk

since Vj; = Vj;.



>mpatibility Conditions.

gij = Vi e V; implies that the map V/(u) has

0 # det(gy) = g11822 — 81>
= [Vh e V4i][Va e Vo] — [V4 @ Vo2

vl 2 Ov2 2 ovl 2 Ov2 2
_[ovovt ovoc)®
oul Ou?  Out Ou?
oul Ou?  Oul Ou?
o v?) P
~1o(ut, u?)

nonvanishing Jacobian which means that the vectors V; are linearly
independent.



patibility Conditions.

Thus the second derivative vectors may be written in terms of the basis

where rf-j-(u) are coefficients depending on the second derivatives, called
the Christoffel Symbols. We have shown that

ogik  Ogij  Ogjj
: J _ —2Ve v_2§rv v_2§r
ou " Bul  duk IS B

Denoting the inverse matrix by g™ = gk™ we have multiplying both

sides and summing

Gg,k 6gk 0gij
mk J ly _rm
2 Z { T ou T auk ) Vi (3)

Thus the Christoffel symbols are determined by the metric and its first
derivatives.




mpatibility Condition.

Using the fact that third derivatives commute, we obtain finally
2 [ 0 )
L — (r¢
o= vi—vis= 3 (i (1) - 2 o)}
oy orm 2/,
_Z{auk UJ+Z(r T8 = ThTE) t Vi

= Z Ri" ik Vin
m=1

The functions R;™ . are called the components of the Riemannian
Curvature Tensor. Obviously R;"jx = —R;™;

This computation says that if there is an isometric mapping of the sphere
to the plane, then the Riemannian Curvature of the metric must vanish.



annian Curvature is a Tensor.

Riemannian curvature is a tensor. This means that in any other
curvilinear coordinate system, there is a transformation formula for the
curvature tensor involving only multiplication by Jacobian matrices. It
turns out that in a new coordinate system #i(u), the curvature is

2
~ ouP 0u™ ou" ou®
Rim = Ro¥ps o oo 2 2
ok pq;_l P Ou Qud 9l 9Tk

Thus the curvature is nonvanishing in any one coordinate system if and
only if it is nonvanishing in any other coordinate system.

If we put Rigjx = anzl gmeR;™ ji then some coefficients are equal

det(gpq) K = Ri212 = Ro121 = —Ri1221 = —Ro112

and all the rest are zero. The scalar K is called the Gaussian Curvature
of the surface. Thus curvature is called positive if K > 0.



mputation of Spherical Coordinates.

The position and tangent vectors are

Ccos Ul Ccos U2

X = [ cosu!

—sinu! cos u?

sinu
sin2 | Xy = | —sinutsine? | Xo cos u! cos u?
sin u! cos ul 0

1 2

—Cosu

The metric components g;; and its inverse are

gin g2\ _ (1 0 gt g%\ (1 0
@1 g2) \0 cos?ut g?t g?2)  \0 sec®ut
Hence

9 ogiji ..
8gL1212 = —2cosu! sinu® and 8;5’1‘ = 0 for all other /,j, k.




ristoffel Symbols of Spherical coordinates.

: m_ 152 mk [ g | 98k _ Ogj
Christoffel symbols are ! =33} _; & {8uf + B~ Bk

el )
M =I5 = %gll {%gulzl + 525;112 B %gulf} =0
rl, = %gll {%guzll + %gullz — aa‘izlz} = cos u! sinu*
-l )
3, = %g” {%gjzz %g;; - %gjzz } =0



Curvature of Spherical Coordinates.

orm  grm 2
m_ y o ik 2 Lrm _ rfrm

orz, oz, &
Ri’12 = Wl; - Wllz + z (r:{lré - r€2r%1)

=1

I(—tan ut
:0—%+0—(—tanul)2
=sec?ut —tan’ul = 1.

2
Kdet(g,-j) = KCOS2 u1 = Rip1p = Z g2mR1m12 = COS2 u1 -1
m=1
thus K = 1. The Gaussian Curvature of the sphere is identically one.

Since the curvature of the sphere does not vanish, it CANNOT BE
LOCALLY ISOMETRICALLY MAPPED TO THE EUCLIDEAN PLANE.



Metrics can be Developed.

It turns out that the vanishing of curvature is sufficient for the existence
of a local isometric mapping of the surface to the Euclidean plane. Such
surfaces are called flat and a local isometric mapping is called a
development to the plane.

We are given a smooth metric gj;, hence its Christoffel symbols I’fj such
that the curvatures vanish identically R;"j = 0. We seek an unknown
local nondegenerate mapping Z : Q — E? that preserves the metric. As
in higher order ODE’s, we introduce new unknown variables Y; that
correspond to the derivatives of Z, and extend the system of differential
equations. The resulting PDE is called a differential system.

a?liz = \/IH (4)
2
2 Y= Tij* Vi, (5)
k=1

YieY;=gj (6)



Metrics can be Developed. -

Z has 2 and Y; has 4 unknown functions. There 4 equations in (4), 8 in
(5) and 3 in (6). All together there are 6 unknown functions satisfying 15
equations. The system is overdetermined.

An overdetermined system may be solved locally if there are no
incompatibilities in the system. In this case, it amounts to checking
whether the cross partial derivatives are consistent in equations (4) and
(5) and the differentiated algebraic equations (6) are satisfied.
Checking cross partials of (4) we have

P2z Pz 9 0 2 e
R T A A A k; (5 —rf) ve=0

because 'ij* = Ijik.



at Metrics can be Developed. - -

92Y; B 52,
oukow  Owouk

() )

Checking cross partials of (5) we have

(=1

/9 . 0 7 oY,
=3 (57 5% ’"+Z<'Ja )
2 9 - - 2
-3 A r,k+2( rm ) Y.,
m=1 k=1

2
:ZRikaYm

m=1

using (5) and the assumption that R;™ . vanishes.



t Metrics can be Developed. - - -

Checking derivatives of (6), we find

0 oY oY,
oY1 V) = g @ Vit Yi®

(o)

= ( k8 kgie)
} 3gy 3&k Jgik | Ogji _ Ogik  Ogjk
2 ouk  oul ow  Ouk  ow ou’
uk

as desired. We used (3) and the definition of Christoffel symbols (5).

Thus all compatibility conditions for the differential system hold: it can
be solved locally to give a local isometry to Euclidean space.



areal Maps.

Since the earth can’t be mapped isometrically, we try to find maps that
preserve some geometric feature. A map that preserves areas of regions is
called equiareal.

There are many equiareal mappings such as those found by Albers,
Collingnon and Gravé. Let us describe the projection of Lambert, which
preserves the longitude lines. We seek a mapping of the form

vi = g(uh) ve=ut.

where, say, we have taken (u',u?) € (=%, %) x (=, ) to be the usual
spherical coordinates latitude and longitude in radlans. Thus

g1l = 1,810 = go1 = 0 and go» = cos? ul. Then the area forms must be
equal

det(gjj)du* du? = cos?(u')du* du? = dv! dv?
_[a(vh, v?)

142 1\2 ;1 42
_Wdu du® = (g'(u")) du* du




39. Lambert Projection.

Figure 5. Lambert's Equiareal Projection

The differential equation for the Lambert projection is

g'(u') = cos u?

which for g(0) = 0 has the solution

vl = sinu? v = 2.



eometric Interpretation of Lambert Projection.

///
/ |
V(u!l,u?)
\
1
X(ll \L

Projection from z-axis to Cylinder

Let

C = {(cos v?,sinv2 v1)}
be the circumscribed
cylinder, a wrapped up
Euclidean plane. For
each X(ut, u?) € $?, let
the horizontal half line
passing through X and
the z-axis meets the
cylinder at V/(u?, u?).
(ut, u?) —

(vi(ut, u?), v (ut, u?)) is
the equiareal Lambert
Projection.



41. Sanson Projection.

Figure 7: Sanson’s Equiareal Projection

Sanson's (1650) projection is given by
vi=u? v? = u? cos ut.
Then the pulled back area form equals the spherical area form

dv! dv? = du* (—u?sin ut du® + cos ut du?) = cos u* du' du?



42. Bonne Projection.

Bonne's Projection is

given
r=7%—u
9 — U2 Ccos l.l1

Az
where (r,20) are polar
coordinates of E2. The
pulled back area is thus
rdrdf = (5 — u') dux
(?) dut+cos ut du?

T _ 1
> u

= cos u! du! du?.

Figure & Bonne Projection



43. Mollweide Projection.

Figure 9 Mollweide's Equiareal Projection

The Mollweide equiareal projection is built of conics.



formal Maps.

The angle between the vectors A = a'X; + a®>X? and B = b X + b>X?
is computed by the formula

2 i L
> ij—18ja b
2 P 2 -y
\/Zi,j:l gija' 3’\/Zi,j:1 gjjb' b/
Thus if another metric satisfies g;; = A\gjj where A is a positive function,

then gj; computes the same angle as does gj; since the \ cancels. Such

metrics are called conformal.
A mapping v : Q — E? is conformal if it induces a metric conformal to
the spherical metric. It means that there is a function A such that

Ccosa =

2
ovk vk
1 2y 1 2 :Z . '
)\(U ,U )gl (U ,U ) — 6U’ auj

There are many conformal maps given by Lagrange and Von der Miihll
and others.



uations for Mercator's Conformal Map.

Let us describe the projection of mercator, which preserves the longitude
lines. We seek a mapping of the form

vl = g(uh) v? =2
where, say, we have taken (u',u?) € (=%, %) x (=, ) to be the usual
spherical coordinates latitude and longitude in radlans. Thus
2.1

g1l =1,g12 = g1 =0 and gy = cos” u™.
We wish to find a A(u!, u?) such that

ovt\? v\’

v o oo
g2 = S outOu? T dur du?

viN?  [ov2\?
)\g22:>\COSZUI:<8Z2> —1—((,31/12) =1



46. Mercator Projection.

The third equation implies
X\ =sec? ul. thus, the
differential equation for the
Mercator projection is

g'(ut) = secu!

which for g(0) = 0 has the
solution
= log (sec u + tan u')
1
= log tan (% + ”7)
Mercator Projection v2 = 2.




47. Mercator Projection.

e =g P ————

Figure 11: Political Mercator Map

Gerhard Kremer, known as Mercator (1512-1594), first published a map
using his projection in 1569.



eographic Projection of the Sphere.

This is another coordinate chart for the
unit sphere o : R> — §?

s? For the unit sphere S? centered at the
origin, imagine a line through the south

/ pole @ and some other point P € S?.

/ “uguy) This line crosses the z = 0 plane at
_"P=0(u;u,) some coordinate x = vy and y = up.
/Q Then we can express P in terms of
(u1, ). Thus o : U=R? - S? — {Q}
Stereographic is a coordinate chart for the sphere
Projection. P = o(uy, u2) is the called stereographic coordinates.
point on the sphere corresponding o(uy, up) =
to (u17 u2) € R 2y 2up 1*“%*”%)
1+u%+u§’ 1+uf+u§ ’ 1+uf+u§



ereographic Projection of the Sphere.-

The tangent vectors for stereographic projection are

o1 = 2-20i+2u5  Awuw _ 4uy
(1+u%+u§)2’ (1+u%+u§)27 (1+uf+u§)2 ’
oy = o 4uyup 2+2U]2__2U§ o 4up
(1+u%+u§)2, (1+u%+u§)2’ (1+u%+u§)2

so that the metric satisfies
4 4

01001 = —————5, cr1e00=0, ope00=-—""""—""+
(1+ 2+ i3)? (1+ 2 +id)?

Thus stereographic coordinates already yield a conformal mapping
because g;j = A(u*, u?) §j is a scalar multiple of the Euclidean metric.



50. Stereographic Projection.

Stereographic

coordinates are given

by o(u1, u2) =
2U1

1+ u? +ud
2U2

1+ uf +ud

1-— uf — u%

1+ uf+ u3

Figure 13: Stereographic Projection is Conformal



Maps with Minimal Distortion.

Since the surface of the earth cannot be isometrically mapped to the
plane, the interesting mathematical question arises: what is the least
distortion mapping of a given region D C S??

Let ds(P, Q) denote the geodesic distance between the points P and Q
of S2. This is equal to the length of the shorter great circle arc joining P

to Q. The Euclidean distance between two points V and W in the plane
will be denoted by de(V, W).

Let D C S? and f : D — E? be a mapping The scale of map distortion
between two points P, @ € D is defined to be the ratio

de(f(P), f(Q))
ds(P. Q)
Ideally we want this to be constant but this may not be possible. If we
let o1 to be the infimum of this ratio as P # Q vary through all points of

D and o the supremum, then these are the best constants such that the
inequality holds for all P, Q@ € D

o1ds(P, Q) < de(f(P), f(Q)) < 02ds(P, Q)



52. Azimuthal Equidistant Projection.

Milnor defines logarithm of max to min scales

6 = log(02/01)
as the distortion of the mapping f of D.

Let D, denote a spherical cap, the region bounded by a circle of the
sphere. Given a fixed point Py € S? and 0 < a < T, the set of points
P € S? that are a geodesic distance

Do(Po) = {P € S?: ds(P, Po) < o}

Theorem (Milnor, 1969)

There is one, and up to similarity transformations of the plane, only one
minimum distotrtion map f : D,(Po) — E2. It is given by the azimuthal
equidistant projection from Py and has

0 = log(a/ sin ).




uthal Equidistant Projection.

The azimuthal equidistant projection preserves distances from Py and
angles at Py. If we let Py = (0,0,1) be the north pole and write the
sphere in polar cooordinates

1 2

X(ut, u?) = (sin u® cos u?,sin u! sin u?, cos ut)

where u! is the distance from the north pole and u? the longitude. The
tangent vectors are

2 1

Xi(ut, u?) = (cos ul cos u?, cosul sin u?

, —sin ul),

Xo(ut, u?) = (—sin ut sin u?, sin u! cos u?, 0)

. g1 812 1 0
The metric is gjj = X; ® X; so (g21 g22> = (0 cin? u1>

The Azimuthal Equidistant Projection is polar coordinates of the plane

1 1 2

v = u cosu”, vZ = ulsinu?



54. Azimuthal Equidistant Projection.

Azimuthal Equidistant Projection

The Azimuthal
Equidistant
Projection is polar
coordinates

u' =distance from
pole and u? =angle
at pole of a spherical
cap mapped to polar
coordinates

u' =distance from
origin and u? =angle
at origin in the plane.

vl = u! cosu?,

vZ = u! sin u?



5. Distortion of a Map.
Lemma (1.)

The distortion & of any map f : D,(Py) — [E? satisfies § > log(a/ sin ).

Proof Part 1.
We may assume f has finite distortion. Hence the Lipschitz inequalities

01ds(P, Q) < de(f(P),f(Q)) < 02ds(P, Q)

hold. The upper one shows that f is continuous. The lower shows it is
one-to-one. Let C, denote the bounding circle of D,. Its image f(C,) is
a simple closed curve in the plane.

First we show that every half-line emanating from f(Pp) in E? must
intersect f(C,) at least once. By the Jordan Curve Theorem, the curve
cuts the plane into two disjoint components E? — f(C.) = E1 U E; where
one, Ej, is bounded and must be the image of the interior of D, and
contain f(Pp). But the half lines are unbounded and cannot be entirely
contained in Ej, thus must cross f(C,), proving the first assertion.




56. Lower Estimate on Distortion.

Proof Part 2.
By the Lipschitz bound, f(C,) has finite length

L <2moysina. (7)

Since every point of Qy € C, has geodesic distance ds(Py, Qo) = «, it
follows from the lower bound that every point

o1 < de(f(Po), f(Qo))-

Thus the curve f(C,) lies outside the disk D* centered at f(Py) and
radius ojc.

Second we show that L > 2woja, with equality if and only if
f(Cy) = 0D*.




Lower Estimate on Distortion. -

Proof Part 3.

Cut f(C,) by a line through the disk center f(Pp) and choose two line
points A, B € f(C,) on opposite sides of D*. Let v be one of the two

arcs of f(C,) from A to B. Using polar coordinates centered at Py, we
may assume that the arc v is given by piecewise differentiable functions

p = p(t), 0=0(t), for0<t<1

It follows from p > o1« that

1 1 1
L(y) = / \/ P2 + p202 dt > /p]9| dt > o1« /édt > o1am.
0 0 0

Adding both arc lengths, we find L(y) > 2700
If v were not piecewise differentiable, the same length inequality could be
obtained by an approximation argument.




8. Lower Estimate on Distortion. - -

Proof Part 4.

Now suppose that L(v) = amoy. If any portion of + is strictly outside
D*, then a small subarc may be removed from ~, replaced by a straight
line segment outside D* with shorter length, which is impossible.

It follows that L(y) = amo; implies that f(C,) is the cull circle 9D*.

Combining with the second assertion with (7) we obtain
2o < 2mwoo sin «

from which it follows that
a_ _ o

sina ~ o1

and hence log(a/sina) < 4.




. Minimal Distortion Maps.
Lemma (2.)

Let f : Do(Po) — E? be a map with distortion § = log(a:/sina). Then f
is an azimuthal equidistant projection.

| A

Proof Part 1.

We have already shown that if 6 = log(a/sin @) then f(C,) is the circle
centered at f(Pp) of radius o1ae = gpsina and f(D,,) is the disk D*
bounded by this circle.

Consider a point @ € D,. Construct a great circle arc from Py through
Qto Q € C,. If c = ds(Po, Q) is the geodesic distance, then

ds(@, Q) = a — c and the distance to every other point on C, is strictly
greater. By the Lipschitz bound, dg(f(Po, f(Q)) > o1c,

de(f(Q), f(Q)) > a1(c — a) and de(F(Q), F(Q')) > o1(c — «) for every
other @ € C, — Q. These three conditions hold for exactly one point in
D*, namely the point at distance o1c on the line segment from f(Pp) to
f(@). Thus the map f is completely determined by what it does to the
points of C,.




. Minimal Distortion Maps. -

Proof Part 2.
It remains to show that the the circle C, is carried to the circle f(C,) by
a similarity transform that preserves angles between points. Cut C, into
two arcs v and 7/ such that

L(7) + L(¥") = L(C,) = 27sina
By the Lipschitz inequality
L(f(v)) < 02L(v),  L(f(¥)) < o2 L(¥) (8)

But
L(f(7)) + L(F(?)) = L(f(C,)) = 2mozsina.

Hence the inequalities in (8) are equalities, proving the lemma.




61. Distortion of the Azimuthal Distance Projection.

Lemma (3.)

The azimuthal equidistant projection f : D, — E? has distortion
d = log(a/ sin ).

Proof. Part 1.

For simplicity, put f(Pp) = 0 and use p =distance to north pole Py and
6 =longitude instead of (u!, u?). Then the metric of the sphere and the
metric at the corresponding points in E? are

| A

dsg = dp? + sin? p db?; ds,zz'— = dp? + p? db?

For a piecewise smooth curve (p(t),6(t)) in D, and for the
corresponding curve in f(D,) we have

LS:/\//}2+sin2p92dt LE:/\/p2+p292dt.




62. Distortion of the Azimuthal Distance Projection. -

Proof. Part 2.

Since p/sin p is a monotone increasing function of p we have

. (6% .
smpgpgmsmp

from which it follows that

Ls < Le < -2 L. (9)
SIn &

From this we'll deduce that for every P, Q € D,,

ds(P, Q) < de(F(P), f(Q)) < ——

T sina

ds(P, Q).

which implies § < log(a/ sin ), and by Lemma 1, that 6 = log(a/ sin ).

4




Jistortion of the Azimuthal Distance Projection. - -

Proof. Part 3.

The main fact is that the distance between two points the infimum of
the lengths of all piecewise smooth curves connecting the points. To see
the first inequality, join f(P) to f(Q) in the convex set f(D,) by a line
segment which realizes the minimum length Lg = d(f(P), f(Q)). The
corresponding curve in D, will have length Ls > ds(P.Q). Since

Ls < Lg we conclude ds(P, Q) < dg(P, Q).

If @ < 7/2 the same argument works because D, is geodesically convex.
The great circle arc joining P to @ that minimizes the length remains in
D, and has length Ls = ds(P, Q). lts image curve has length

L < =% Ls do that dg(P, Q) < =%-ds(P, Q).

sina — sina

If « > 7/2, it may happen that shortest connecting curve, the great
circle arc leaves D,. That is it passes through a boundary point at P’
and then crosses back in at another boundary point Q'.




> Distortion of the Azimuthal Distance Projection. - - -

Proof. Part 4
We show that

de(f(P), f(P")) < 2 ds(P, P') (10)
de(f(P'),f(Q") < g25ds(P', Q') (11)
def(Q), f(Q)) < 72-ds(@', Q) (12)

The sum of the left sides exceeds ds(P, Q) by the triangle inequality and
the sum of the right sides equals =%~ ds(P, Q) since they are all on the

sin o
same great circle arc, proving the required inequality.

Inequalities (10) and (12) can be proved by the argument above.




65: Distortion of the Azimuthal Distance Projection. - - - -

Proof. Part 5.

To see (11), consider the azimuthal equidistant projection g from the
south pole P}, whose domain is the complementary disk Dr_«(F}).
Observe that the points g(P’) and g(Q'’) are on the circle of radius 7 — «
about g(Pg) with the same angle Zf(P')0f(Q") = Zg(P')g(P})g(Q").
Now since m — a < /2, we have as before,

T — T —

de(f(P'), f(Q) = de(g(P), 8(Q") <

o ~ sin(m — @)

ds(P', Q")

Multiplying by /(7 — «) yields the inequality (11). This completes the
proof of the lemma.

Proof of Milnor's Theorem.

Lemmas 1, 2 and 3 imply Milnor's Theorem.




0. Best Conformal Map.

If D C S?is an open set and f : D — S? is conformal, then f has a well
defined infinitesimal scale

. de(f(Q), f(P))
o(P) = lim, Eds(Q, P)

Theorem (P. L. Chebychef's Theorem (1860))

If D is a simply connected region bounded by a twice differentiable curve,
then there exists one, and up to similarity transformations of E?, only
one conformal map projection which minimizes

suppep 9(P)
ianeD O'(P) )

This “best possible” conformal mapping is characterized by property that
its infinitesimal scale function o is constant along the boundary of D.

v




Thanks!



