Math 3220 § 2. Second Midterm Exam Name: Golutions
Treibergs February 28, 2018

1. Let f : R? = R? be a function. State the definition: f is a uniformly continuous on R2.
Determine whether f is unformly continuous on R? and prove your answer, where

flz,y) =(1+y, sinz)
f: R% = R? is uniformly continuous if for every ¢ > 0 there is a § > 0 so that
f(z1,91) = f(22,92)| < € whenever (z1,41), (x2,52) € R® and |(z1,y1) — (z2,92)| < .

We now show that f(x,y) is uniformly continuous. Choose € > 0. Let § = €. Then for any
(x1,y1), (2, 92) € R? such that |(z1,y1) — (72, y2)| < J we have

|f(xlay1) - f(any2)| = |(1 +y1,SinJ)1) - (1 +y2,SiDJ}2)|

= [(y1 — Yo, sinz1 —sinxy)|

= Vg1 — pl® + [ sina; — sinas)?
<V — 322 + |21 — 2]
= |(z1,91) — (w2,92)| <0 =,

where we have used |sinz; — sinza| < |z — 23]

2. Let f : RP — RY1. State the definition: f is continuous. State the definition: G C R? is
open. Suppose G C RY is open and f is continuous. Show that f~1(G) is open.

f:RP = R is continuous if for every a € RP and every € > 0 there is a § > 0 such that
|f(x) — f(a)] < e whenever x € R? and |z — a| < 4.

G C RY is open if for every y € G there is an € > 0 so that B.(y) C G.

To show f~1(G) is open, choose z € f~1(G). Thus y = f(x) € G. Since G is open, there
is € > 0 so that B.(y) C G. By the continuity, there is § > 0 so that for every z € R? such
that |z — x| < & we have |f(z) — f(z)| < e. In other words f(Bs(z)) C B.(y) C G. But
this says Bs(z) C f~!(G). But since we were able to find a ball neighborhood about every
x € G that is in G, this says that f~1(G) is open.

3. Determine whether the following statements are true or false. If true, give a proof. If false,
give a counterexample.

(a) Suppose C C R? is connected and f : R?> — R? is continuous. Then f~(C) is
connected.
FALSE. Let C = {(0,0)} be a single point set which is connected and f(z,y) =
(sina,siny). Then f~1(C) = {(nk,7j) : j,k € Z}, the doubly infinite lattice in R?
which is not connected.

(b) Let K C R? be a compact set. Then every point of K is a limit point of K.
FALSE. The set K = B1((0,0)) U{(3,0)} consists of the closed ball together with the
isolated point (3,0). It is closed and bounded, therefore compact. But no ball with
r < 2 around (3,0) meets a point of K other than itself, so that (3,0) is not a limit
point of K.

(¢) Suppose that C' C RP is closed and f : C — RY is uniformly continuous. Then f(C)
is closed.
FALSE. The map f(x) = Atn(z) is uniformly continuous function (since |f'(x)| < 1)
from R, which is closed, to R but f(R) = (fg, g) is not closed in R.



4. Let D C R? and f, f, : D — RY be transformations. State the definition: {f,} converges
uniformly to f on D. Suppose for all sequences {x,} C D we have f,(xz,) = 0 as n — oo.
Show that then f,, — 0 uniformly in D.

fn — [ converges uniformly on D means that for every € > 0 there is an N € R such that
forallalln > N and x € D,

|fu() = f(2)] <e
To prove the statement, argue by contrapositive. The statement that f,, does not converge

uniformly to 0 is: there is an €y > 0 such that for every N € R there is an n > N and an
x € D such that

[fn(z) = f(@)] = €o.

We construct a sequence in D inductively using this. For N = 1 then there is n; > 1 and
an p, € D such that

|fn1 (xnl) - O| > €.

Now let N =n; + 1. There is an ng > N =n; + 1 and x,, € D such that

|fnz(‘rﬂ2) - 0| 2 €.

Continuing in this way assume that n; < ... <n, and zy,, ..., z,, have been chosen. Then
for N =n;, + 1 there is an ny11 > N > ny and @, , € D such that

|fnp+1 (xnp+l) - 0| > €o-

If j € N is not one of the n;’s, we let z; be any element of D. Thus we have constructed a
sequence {xy} in D that has a subsequence {z,,} such that {f, (z,,)} does not converge
to 0. Thus the entire sequence {z,} does not converge to zero. Hence the hypothesis is
false, as to be shown.

5. Let f : RP — R be a real function and a € RP. State the definition: f has a partial deriva-

0
tive —f(a) with respect to the jth variable at a € RP. Compute ——(x,y) and determine

8xj %
of . .
whether 8—(z,y) is continuous at (0,0), where
x
at oyt
L if (z,y) # (0,0);
fla,y) =
0, if (z,y) = (0,0).

The partial derivative of f : R? — R at a € RP with respect to x; is defined to be the limit
of the difference quotient, if it exists exists

8f . f(al,ag,...,ai_l,ai+h,ai+1,...,ap)—f(al,ag,...,ai_l,ai,a¢+1,...,ap)
——(a) = lim
83% h—0 h

For the given function at (0,0),
f(x+h,0)— £(0,0) . h*t+0

970,0) = 1im =1

oz h—0 h hlgz)h-(hQ—i—O) =0

For (z,y) # (0,0) we freeze y and do usual differentiation

of

423(2% +92) — (2 +y*) - 22 220 + 42yt — 2ay?
5 (&Y) = =

(2% +¢?) (2% +4?)




To see that this function is continuous at (0,0), let » = /22 4+ y2. Because |z| < r and
ly| < r we have

of af 225 + 43yt — 22yt 2r5 4+ 4r® + 25
ZJ _ ) _ <7 T
0.0~ 5 @) 0

=38 0
(22 + 42)2 = rd "=

as (z,y) — (0,0).



