Math 3220 § 2. First Midterm Exam Name: Golutions
Treibergs January 31, 2018

1. Let F,G C R%. Define: G is an open set. Define: F is a closed set. Using just your
definitions, show that if F' is closed and G is open then F\G is closed.

G is open if for every x € G there is » > 0 so that the ball of radius r about x satisfies
B,.(z) C G. F is closed if the complement F'¢ is open.

To show F\G is closed, it suffices to show that (F\G)¢ is open. But, by De Morgan’s law,
(F\G)*=(FNG)=F‘UG

where F'° is open by the assumption that F' is closed and G is open by assumption. The
union of two opens is open. To see it choose z € F° U G. Either z € F° or x € G. In the
first case, there is 7 > 0 so that B,(x) C F° C F°UG since F€ is open. In the second case,
there is 7 > 0 so that B,(z) C G C F°UG since G is open. Thus we have shown for every
x € (F\G)® there is an r > 0 so that B,(x) C (F\G)°. This says (F\G)® is open, thus F\G
is closed.

2. The cross product for u,v € R? is defined by
U Xv::= (UQU;), — U3V2, U3V1 — UIV3, U1V — UQ’Ul)

It satisfies ||u x v|| < ||lu|| |v]| for all u,v € R3. Let {u,} and u be a sequence and point in
R¢. Define: u, — u as n — oo. Assume u, — u and v, — v as n — oo in R3. Prove
using just the definition and vector space properties that that

Up X Uy —> U XV as n — oo.

Uy, — u as n — oo means for every € > 0 there is an N € R so that

llun —ul| <€ whenever n > N.

First, u,, is convergent, thus bounded. Indeed, by convergence, for ¢ = 1, thereisan N; € R
so that
lun, —ull <1 whenever n > Nj.

Hence, if n > N; we have
[unll = lun —u+u| < flup —ull + flull <1+ [u].
Choose € > 0 to show u, X v, — u X v as n — co. Since u,, — u, for every € > 0 there is

N> € R so that

lwn — ul| < whenever n > No.

€
2+ [lull + [|v||
Since v, — v, there is N3 € R so that

lon — ]| < whenever n > Nj.

€
2+ [Jull + [lv]]
Let N = max{Ny, No, N3}. If n > N then adding and subtracting cross terms, using the
triangle inequality, the linearity of v and v in v X v and the upper bound we get

[t X vp —u X V|| = ||ty X Oy — Uy X U+ Up X 0 —u X 0|
<y X Uy — Uy X ||+ ||tn X v —u X ||

< lun < (vn = 0)[[ + [[(un —u) x|

IN

[un| [|on = ol + [lun = wl[ ][]
(L + [lul)e lolle
€.
2+ [luf + ol 2+ full + ol

IN



Or you could argue that the components of the cross product are differences of products
of converging scalar sequences which arise as components of converging vector sequences.
Hence they converge by the main limit theorem for scalar sequences.

3. Determine whether the following statements are true or false. If true, give a proof. If false,
give a counterexample.

(a) Let ||u|| denote the Euclidean norm on Re. Then the function §(x,y) = ||z — y||? is a
metric on R.

FALSE. The triangle inequality fails. Take u € R? such that |lul| = 1. Let v = iu.
Then
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+

1=
e
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5(0,0) + 0(v,u) = o= Of* + [lu = v]* = llul® + z llul* =

is less than §(0,u) = |ju — 0||? = 1.

(b) Suppose E C R? is not open. Then E = E.
FALsE. The set £/ = [0,1) x [0,1) is not open since no ball about (0,0) is in E. But
E =[0,1] x [0,1] does not equal E.

(c) Let {x,} C OF be a subsequence contained in the boundary of the set E C R%. If it
converges in R®, then lim,,_, . z,, € OF.

TRUE. It is a consequence of the closedness of E. To see the closedness, OE =
E\E° = EN (E°)° is the intersection of closed sets, so is closed. Now {z,} C 9F so
lim,, o x, € OF since closed sets contain their limit points.

4. Let K C R%. Define: the set K is compact. Let K C R® be a compact set and C C K be a
closed set. Show directly from the definition (without using the Heine-Borel Theorem) that
C is a compact set.

We wish to show that any open cover of C' has a finite subcover. Let {G,}aca be an open
cover of C (80 C' C UneaGy.). It may not cover K. Throw in another open set C° to make
a larger cover {C°} U{Gy}aca. Now K is covered by the enlarged cover

KCCCLJ(U Ga>
acA

because K N C is covered by the original cover and if x € K\C then z € C¢. By the
compactenss of K, there is a finite collection ay, g, ...,y in A such that

K CC°UGq U---UG,,

where we’ve added one additional set C'¢ whether or not it was one of the finite list covering
K. Since C°NC = (), we may discard C¢ to find

CCGyU--UG,,.
In other words, we found a finite subcover for C', hence C' is compact.
5. Determine the radius of convergence.
flx) ~3+x+2%2 +3%03 + ot + 225 + 3025 4 27 + 2828 +3%9. ..

Suppose that g € C°(R). Assume that for some M < oo, the kth derivative |g*)(2)] < M
for all k =0,1,2,3,... and all z € R. Show that the Maclaurin Series for g(x) converges
for all R.



The coefficients of the power series f(z) are ¢o = 3 and for n > 1,

1™, ifn=1 mod 3;
cp=142" ifn=2 mod 3;

3" ifn=0 mod 3.
Hence, for n > 1 we have

1 1, ifn=1 mod 3;
len]™ =<2, ifn=2 mod 3;
3, ifn=0 mod 3.

It follows that from the formula for the radius of convergence

1

1
— =limsuplec,|” =3
R 7l—>00p| n|

1
so R=—.

3
To prove that the Maclaurin series converges for all x we must show that the partial sums
(the Taylor polynomials) converge to g(z) as n — oco. The Taylor polynomial is given by

1

— g™ (0)z"

9u(2) = 9(0) + ' O)z + 34" (O)" + - +

which makes sense for all n because we assumed that g was infinitely differentiable. For
fixed z € R, the error from Taylor’s remainder formula is estimated by the given assumption

g(nH)(Cn) n+l
(n+1)!

M‘LIJ|”+1

_WHO as n — o0,

19(2) — ga(@)] = |Ru(2)| = \

where ¢, are some numbers between 0 and x. The error tends to zero since the factorial
overwhelms the power. Since x was arbitrary, the Maclaurin series converges for all z € R.



