Math 3160 § 1. Final Exam Name: Practice Problems
Treibergs April 24, 2006

Problems taken from the Midterm exam given Feb. 27, 1998 and the Final exam
given Mar. 17, 1998. Half of our final exam will focus on material since the last
midterm. The other half will be comprehensive. Questions on this review cover
mainly problems since the last mid.

1
(F.1.) Find a Laurent series for f(z) = -+ Y which converges in the annulus 1 < |z| < 2
z—1i z+2i

centered at zero.

(F.2.) Suppose c is the contour consisting of straight line segments from 2 + 2i to —2 + 2i to

inzd inzd
—2 — 27 to 2 — 21 and back to 2 + 2i. Find both /m and /w . Write the answers
e (z—1)? e (2 —30)?

in the form x +iy. (Explanation required!)

(F.3.) Suppose we wanted to have a single valued (analytic) cube root function f(z) = z*/3 defined
on a domain C — {0}. (That is a function f : C — {0} — C such that f(2)* = z for all z # 0.)
Show that there is no single valued analytic cube root defined on all of C — {0}. Show that if
for some fized Vg, in the domain D that misses the points re'’° for r > 0, then there are three
distinct single valued analytic cube root functions on D.

. 1
(F.4a.) Find Ij:eg (1@(1)(22)) .
(F.4b.) Show that if zo is a pole of order m > 1 for f(z), then lim,_,,, f(z) = oo

o0
(F.5.) Find I = / pery] using contour integration. Find a contour and formulate an
T

expression for the improper integral I involving a limit of an integral over the contour. Ac-
count for all pieces of your contour and explain why the “garbage terms” go to zero. [ Hint:
Atd=(+1+i)(z+1-i)(z—1+i)(z—1—14)]

(F.6a.) Suppose f(z) is analytic in a punctured disk around zy and has a simple pole at z.
Ezxplain why
Res f(z) = lim (z — 20) f(2)

Z=Zz0 Z—r20

1
F.6b.) Assuming that the series converges near zero, find Res
( ) g 9 ﬁ z=OZ2—|—a323+a424+"'

(F.7.) Find two Laurent series for the function f(z) = centered at zero, one conver-

—1)2
gent near zg = 0, the other convergent far away from zyp = 0. What are the precise regions of
convergence for your two series?

* xdx
(F8.) Find I, = / T Find a contour and formulate an expression for the improper
0 x
integral I involving a limit of an integral over the contour. Account for all pieces of your contour
o0

and explain why the “garbage terms” go to zero. Hints:  Res E en(z —20)" = c_q,
zZ=Zz0
n=—oo

1 z 1—/3i z 14430

z
Res —— — —— R - -
A TE AT 3 coves 14 23 6 s 1+ 28 6




> sin(z) dz

T+ 22 using complex analysis. You have to justify why the “garbage terms”
x

(F.9.) Find /

— 00

go to zero.

More Problems

1
(E.1.) Find two Laurent series for h(z) = - centered at zg = i. For what values of z do
—z
each of the series converge?
1
(E.2.) Find the Taylor’s series for f(z) = 522 about zy = 2i. For which values of z does your
z

series converge?

27 e}
dv d
(E.3.) Find the following integrals using Residues: (a.) /0 R (b.) /_OO 75587(9;) +x2

1
et ie., for t > 0, find the Principal
s

Value integral taken along the infinite contour c, the straight line Re z = v oriented in the upward

direction, where v > 0 is a constant large enough so that all the poles of F(s) occur to the left
estds

1
of c. f(t):%P'V'/cs?’—l—S

(E.5.) Suppose that f(z) is an entire function whose value is bounded over the entire plane by
|f(2)] <99 for all z € C. Show that f(z) is everywhere constant.

(E.4.) Compute the inverse Laplace transform of F(s) =

Solutions of the final.

1 1
(F.1.) Find a Laurent series for f(z) = -+ Y which converges in the annulus 1 < |z| < 2
z—i z+2i

centered at zero.

The poles are i and —2i. We take the Maclaurin series of the second term which converges
in |z| < 2 and the Laurent series for the first term that converges for |z| > 1. Then the Laurent
series of f(z) is the sum of the two series.

1 __ 1 1/ (3)+<3)2 (3)3+ _ 1,z 2 2
2420 2i(1+Z) 2 2 2i 2i T 2% 4 8 16
Lo_v i Y Y
z—i_z( —i)_z z z T 22 3 g4

T AT T Ty T I T s T 16

(F.2.) Suppose c is the contour consisting of straight line segments from 2 + 2i to —2 + 2i to

inzd inzd
—2 — 21 to 2 — 2¢ and back to 2 + 2i. Find both 11:/% and IQZ/%. Write
o (z—1 o (z—3i

the answers in the form x +iy.

The singularity of f(z) = S~

EEDE

is zg = 1, inside the contour. Thus

sin z = 2mi cos(zg) = 2micos(i) = 2mi cosh(1).

Z=Z0

I = /f(z) dz =2miRes f(z) = 2mi i
c Z=Zz0 dz




sin z
(z — 3i)?
Hence g is analytic on and inside the contour, making Is = 0 by the Cauchy-Goursat Theorem.

On the other hand, the only pole of g(z) = is zp = 3¢ which is outside the contour c.

(F.3.) Suppose we wanted to have a single valued (analytic) cube root function f(z) = z'/3 defined
on a domain C — {0}. (That is a function f : C — {0} — C such that f(2)* = z for all z # 0.)
Show that there is no single valued analytic cube root defined on all of C — {0}. Show that if for
some fized g the domain D misses the points re™ for r > 0, then there are three distinct single
valued analytic cube root functions on D.

Suppose there is an analytic function on C— {0} such that (f(z))® = z for all 2z # 0. Then, for
all points 0 < |z| <1 we must have |f(z)| < 1. It follows that zp = 0 is a removeable singularity.
Thus, the function can be given a Maclaurin series for 0 < |z] < 1

f(z) =ao+aiz+ a2 +---

which extends to 0 as an analytic function, which we still call f(z). Since f(0) = 0, let the order
of the zero zyp = 0 be m € N so that there is an analytic function g(z) defined near zero so that
g(0) # 0 and so that f(z) = 2™g(%). Now, using the fact that the cube is known,

2= (f(2))° = (2"g(2))" = 2" (9(2))*

where g3 is an analytic function defined near zero which doesn’t vanish near zero. Since the order
of zeros must be the same, we get 1 = 3m. But there is no integer solution for this equation
hence there is no such f.

Now, suppose that we make a branch cut. For D = {re® : r > 0, 9y < ¥ < Jg + 21} we
define three functions for k£ = 0,1, 2,

fk(’l“ew) — 7,1/36(19+27rk)i/3
These are analytic on D, and are cube roots
(fk(rem))fi _ (r1/36(19+27rk)i/3)3 — pe(0+2mR)i _ i

Moreover, they are distinct functions since for £ = 0,1, 2,

fk(reﬁwn) — pl/Bo(Botmt2mk)i/3 _ T1/3e(190+7r)i/3,r1/36(190+37r)i/3, F1/3 p(90+5m)i/3
which are all distinct.

(F.4a.) Find R = Res <1>

z=z9 \ 1 — exp(z?)
The residue is ¢_; in the Laurent expansion f(z) = > 7 ¢,2"
Expanding the power series,

in some region 0 < |z| < R.

1 1 1

T—exp(z?)  1— (1422422442164 __224—%24—1—%26—1—---

1 1 L7 12+1 4
_ L S (I AT S
2 1—|—%22—|—%Z4+"' 22 2 12

R T S P
T 2Ty 1"

using long division. Thus R =c¢_; = 0.



(F.4b.) Show that if zo is a pole of order m > 1 for f(z), then lim,_,,, f(z) = oo

If f(2) has a pole of order m at zy then f(z) = (z — 2z0) "™ ¢(z) where ¢ is an analytic function
near zq such that ¢(zp) # 0. Now, since ¢ is continuous near zg as it is analytic, we may find an
e > 0 so that |¢(z0) — ¢(2)| < 3|¢(20)| whenever R = |z — zo| < e. It follows from the reverse
triangle inequality that

[¢(2)] = |$(20) — (6(20) — #(2))| = |$(20)] — |¢(2) — ¢(20)| = |d(20)| — *|¢(Zo)| \¢’(Zo)| >0
whenever |z — 29| < e. It follows that the limit is infinite because when |z — zo| < &,

6|, bl L sleol

(z—20)™| " |[z—2|™~ R™

IF(2)| =

whenever R — 0 which means whenever z — zp.

o0
(F.5.) Find I = / 4714 using contour integration. Find a contour and formulate an
T

expression for the improper integral I involving a limit of an integral over the contour. Ac-
count for all pieces of your contour and explain why the “garbage terms” go to zero. [ Hint:
Atd=(z+1+i)(z+1-0)(z—14+d)(z—1—1)]

As the integrand f(z) = (2* +4)~! is even, we have

2I—P.V./O;f( dx—hm f( d:r—hm {% f(z dz—/f } +0

where cp is a closed contour consisting of a straight line segment from —R to R followed by the
semicircular arc ¢’ given by z = Re® for 0 < t < 7. For R > /2, two of the four poles lie within
cr, namely zp = +1 + 4. It follows that the contour integral equals

z=1+1

j{Rf(z) dz = 2mi <Z_Rels+if( )+ Res f(z ))

1

| 1
_Qm<(z+1+i)(z—1+i)(z_1_i) —1+ i

(z4+14+)(z+1—-9)(z—14+1)

1+i>
. 1 1 T
= 2mi ((2¢)(—2 o) (—2) T 2+ 2¢)(2)(2¢)) =1

Now let’s check that the “garbage term” goes to zero. Intuitively, f(z) decays like R~*

|z] = R — oo, whereas the length pf ¢ is mR. Hence the garbage integral decays like 7R3
as R — oo. To make a rigorous argument, we observe from the reverse triangle inequality that
|RYe* + 4] > |R*e*| — 4] = R* — 4. Now estimating the garbage integral, putting z = Re®

gives
/ dz /“ Ric™ dt /’T |Rie'!| dt /” Rdt TR
| = — < — < = —0
<!’ Z4 + 4 0 R4€4lt + 4 - 0 |R4e4lt + 4| - 0 R4 — 4 R4 — 4

as R — oo.




(F.6a.) Suppose f(z) is analytic in a punctured disk around zo and has a simple pole at zp.
Ezxplain why
Res f(z) = lim (2 — 20) f(2)
2=2z00 zZ—20
A simple pole means that there is only one term in the principal part. Expressing the function
as a Laurent series in some 0 < |z — 29| < R,

b1

Gy Ttz = 20) +aalz =20’ + -

flz) =

The residue is defined to be Res f(z) = b;. Now, computing the limit,

Z=Z0

lim (z — 20)f(2) = lim (z — 20) ((zilzo) +ap + a1(z — 20) + az(z — 2)? +>

z—20 zZ—20

= lim (b1 4+ ao(z — 20) + a1(2 — 20)> +az(z — 20)° + -+ ) = b

Z—Z20

1
(F.6b.) Assuming that the series converges near zero, find R = Res -
2=0 22 + azz® + agzt + - --

The residue is the b; term of the Laurent expansion in some 0 < |z| < R. By long division

1 1 1
22+ azzd +agzt + - _22(1+a32+a422+~~>

1
:?(1—a3z—|—(a§—a4)zz+--~):———+(a§—a4)—|—-~-

Thus R = b; = —as.

1
(F.7.) Find two Laurent series for the function f(z) = ( centered at zero, one conver-
-

1)2
gent near zg = 0, the other convergent far away from zy = 0. What are the precise regions of
convergence for your two series?

1

f(2) has a pole at zp = 1. The Maclaurin series for (1 — z)~' converges exactly if |z| < 1.

Hence the same is true for its square

1
T 1—2z 1—2

f(2) =(l+z2422+22+ ) (1+z+22 422+ ) =1+224327+4°+ -
which converges exactly when |z| < 1. (The series blows up at z = 1 and converges for |z| < 1 by
the ratio test.)

Similarly, the Laurent Series converging for exactly |z| > 1 is the product

L S U N R DA N BT
z2—1) 22 1—% 22 z 22

I U A A A
T2 z 22 T2 3 A

f(2)

( e.g., the series diverges at z = 1 and converges for 1/|z| < 1 by the ratio test.)



o0

(F.8.) Find I = T3 28 Find a contour and formulate an expression for the improper
x
integral Iy involving a limit of an integral over the contour. Account for all pieces of your contour
o0

and explain why the “garbage terms” go to zero. Hints: Res Z en(z—20)" = c_1,

z=zg W
Re z 1 Res z 1—+/3i os z 1++/3i
S —mMmMm = —— = = .
z=—11+4 23 3’ z=emi/3 1+ 23 6 z=e—mi/3 1+ 23 6
Observe that 2% + 1 = (z + 1)(z — w)(z — @) where w = ¢™/% 50 w? = @ = —1. Now

let cg denote the contour consisting of the line segment from 0 to R, then the circular arc c”
given by z = Re' for 0 < t < 27/3, and then the straight line segment ¢’ from Rw? to 0. By
parameterizing z = w?t we find

/ zdz /R (w?t) w? dt A /R tdt /R tdt
=— — G = —Ww =w -—.

C/Z3+1 0 w6t3+1 0 t3+1 0 t3+1

Thus, we may find the integral by adding the real axis part and the ¢’ part to get

d d
(1+w)l; = lim (7{ —— _/ §Z>
R—o0 CRZ +1 C”Z +1

Now, the only pole inside the contour is zg = w = % + @z so that the first integral is given by

23 +1 2—emi/3 1 + 23 o 6 6 N 3\/5

Thus if the “garbage term” goes to zero, I, = ;iﬁ The intuition for the vanishing of the garbage

terms is that the function decays like R/R3 = 1/R? on ¢” and the length of ¢” is 27 R/3 so that
the integral is bounded by about 27/(3R) — 0 as R — co. To make a rigorous estimate, observe
that by the reverse triangle inequality, | R%e3% +1| > |R3e3|—|1| = R —1. Then, parameterizing
by z = Re™, we have

/ zdz
e/’ Z3+1

as R — oo.

1-3i 2 ) 2r(1
f A5 g Res — 5 _omliz V3 2(V3+D  2m(l+w)
CRr

/27r/3 (Reit) R,L'eit dt
0

- /2”/3 |Re™| | Rie™|dt _ /2”/3 R%dt 27 R?
R3e3t+1 |~ J, = Jo

|R3e% 1 1] R -1 3(R-1)

o0 : d
(F.9.) Find / s11n(+i2x using complex analysis. You have to justify why the “garbage terms”
X
—00

go to zero.

Observe that Sm(e’®) = sinz. Taking cp to be the contour consisting of a straight line
segment from —R to R and the arc ¢’ given by z = Re' for 0 < t < , the integral is

00 i R
I_p V./ sin(z) dx — lim / sin(z) dx
oo 1422 R—oo J_p 1+ 22

:Hm%m?{w_/w -0
R—o00 cn 1+22 o 1+Z2

The first integral is computed from the residue formula. The second is a “garbage” term that
tends to zero. The only pole within cg is 2y = ¢. Thus for R > 1,
) = e~ 1
z=1

fiR e =i <Res eXp(lZ))> = i (e"p(iz)

1+ 22 z=i (z—1)(z+1 z4+1




which is real.
We have

exp(iz) = exp(iRe™) = exp(iR(cost +isint)) = exp(—Rsint 4 iR cost) = e fisinteificost,

so that because in this range, sint > 0, we have |exp(iz)| < 1. Also, by the reverse triangle
inequality, |R?e?® + 1| > |R?e%| — |1| = R? — 1. Intuitively, the garbage term vanishes because
the integrand decays like 1/R?, the length of ¢”” grows like R, so the integral decays like 1/R as
R — oco. The rigorous check is as follows:

/ exp(iz) dz| /” exp(iRe™) Rie' dt < /7r 1-|Riet|dt
o 1422 || o R2e2it 41 = Jo |R2e2it 1|

T Rdt TR
<
=), B—1 R*-1

—0

as R — oo.

Solutions of the additional problems.

(E.1.) Find two Laurent series for h(z) = centered at zg = i. For what values of z do

1
(1-2)?

each of the series converge?

h(z) is analytic at ¢, and the closest pole to i is at 1, thus the series will converge in |z —i| <
|1 — 4| = V2 exactly. The easiest way to find the series is to square the geometric sum. On
|z —i| < V/2 we have

(1;)2: (1—z‘—1<z—z‘>>2: (= (1—1;:;>2
(e[ e) s

. . . 12
:z_’_iz—z_i_% z—1 n
2 1—14 2 |11—1

For the other region |z — i| > /2 we factor the other way.

h(z) = <Zi1)2 _ <Z_Z._1<1_i))2 N (z—li)2 <1llzj>2

zZ—1

:(z_li)2<1+i:§ E:ﬂ: ) (Z_li)Q<1+21:z+3[i:2r+...>
_ 1 2(1 - Z) 1712
i(z—’t')2+(z_l-) (z—z)4

We can check that the series diverges when z = 1 and converges if |1 —i|/|z — i| < 1 by the ratio
test.

(E.2.) Find the Taylor’s series for f(z) =

series converge?

T3 22 about zg = 2i. For which values of z does your
z

The poles of f(z) are %4, so that the series will converge for |z — 2i| < |[i — 2| = 1 and diverge
otherwise. We can find the coefficients using the Taylor’s formula, or simply multiplying series.



The first converges in |z — 2i| < 1 and the second in |z — 2i| < 3. The product converges in the
smaller disk.

f(z) = (Ziz> <2i2> - <_i_(1z_2@')> <3z‘+(i—2i)>
1 1 1
e <1z'(z2i)) (1—5.(2—2"))

(14i(z —2i) +4%(z — 20)> + ) <1+i(z—2i)+2(z—2i)2+~-->

(E.3.) Find the following integrals using Residues:

27 e’}
dv cos(z) dx
J)5L = —_— b.) I, = —
(a) I /0 4 +sin? 9’ () & /,Oo:v2—x+2

The trick for the first integral is to notice that this one is exactly a contour integral. By
setting z = €' for real ¥ we have z = cos¥ + isin and % = e = cos® — isind. Hence
% (z + %) =sind and dz = ie??d¥ = iz dY. Thus the integral becomes a contour integral

7 f ;Lj 4?{ zdz 4_74 zdz
1 = —_—— = - _—_—m ‘A
=1 d— 2 (4 1) Sz 1622 — (22 4+ 1) lzj=1 (22 =4z + 1)(22 + 42+ 1)

The poles are therefore z = £2 ++/3. Only 2z, = 2 — /3 and 2z, = —2 + /3 fall within |z| = 1.
Therefore we may use the residues

I 8 Res : + Res -
= 87
! pm2—v3 (22 =42+ 1)(22+424 1)  ——orv3 (22 —4241)(22+42+1)

z——2+\/§>

For the second integral, observe that Re(e™) = cosx. Taking cr to be the contour consisting
of a straight line segment from —R to R and the arc ¢” given by z = Re® for 0 < t < m, the

integral becomes
R
PV / cos(z — lim / cos(z) dz
—x—|—2 R—oo J_pa?2—ax+2

~ i Re 7{ exp(iz) dz _/ exp(iz) dz
R—o0 en 22242 Jor 22 =242

The first integral is computed from the residue formula. The second is a garbage” term that

z

:_8ﬂ<(2—2—\/§)(22+4z+1)

z
+
imooyz (2424 1) (2 +2+V3)

tends to zero. The poles are zg = 1 + ‘fz The only pole within cg is zg = 2 + ‘f . Thus for



R > 2,

, exp(iz) 2me~V7/? (cos L +isinl)
= 2mi v = Nl
CA R 2L PO, 7

2meV7/2 cos(1/2)

Thus, I, =
VT

We have

, provided that the garbage term goes to zero.

exp(iz) = exp(iRe™) = exp(iR(cost +isint)) = exp(—Rsint 4+ iRcost) = e fisinteificost,

so that because in this range, sint > 0, we have |exp(iz)| < 1. Also, by the reverse triangle
inequality, |R%e?* — Re'® + 2| > |R%e?| — |Re® — 2| > R%? — R — 2. Intuitively the garbage term
vanishes because the integrand decays like 1/R?, the length of ¢” grows like R, so the integral
decays like 1/R as R — oo. The rigorous check is as follows:

/ exp(iz)dz| < /Tr | exp(iRe®)| | Rie'| dt
o 22—z +2] = J, T|R2et — Reit + 2|

™ exp(iRe') Rie' dt
) R2cP_ Ret 12
T 1-Rdt TR
< =
=), B-R-2 R-R—2

—0

as R — oo.

1
(E4.) Compute the inverse Laplace transform of F(s) = pEa ie. fort >0, find the Principal

value integral taken along the infinite contour c, the straight line Re z = vy oriented in the upward
direction, where v > 0 is a constant large enough so that all the poles of F(s) occur to the left

of c.

et ds

Let w = 2e™/3 = 1 4+ v/3i so that w® = @® = —8. Taking cg to be the contour consisting
of a straight line segment from v — Ri to v + Ri and the arc ¢” given by z = Re'™ for a =
arccos(y/R) < 7 < 21 — arccos(y/R) = (. Hence, the integral

tz g Y+Ri _tz d tz g tz g
2m‘f(t)=P.v./e ° = lim £ % _ lim f c Z—/ c_a
c23+8 Rooo g 224+8 Rooo\Jo, 22+8  Jou 23 +8
The first integral is computed from the residue formula. The second is a “garbage” term that
tends to zero. The poles are zy = w,w, —2. Thus for R > 2,

6752 & . etz etz etz
f{ Frs <R_e P i 3+8)

5 etz etz etz
(z—@)(z+2)],., @E-—w(z4+2)],., @E-wl(z-0)|,__,
o otw @ o2t
= 27 + +
T ((w—w)(w—i—?) (@ —w)(@+2) (—2—w)(—2—w))
ot ot@ o2t
Thus, f(t) = + + , provided that the garbage

W-2)w+2)  @-w)@+2)  (—2-w)(-2-n)
term goes to zero.



On this range of 7, we have Re(Re'™) = RcosT < 7.

exp(tz) = exp(tRe'™) = exp(tR(cos T + isin 7)) = e FeosTeitRsin
so that because in this range, RcosT < 7y, we have | exp(tz)| < e!7. Also, by the reverse triangle
inequality, | R3e3 4+8| > |R3e%| —|8] = R3—8. Intuitively, the garbage term vanishes because the
integrand decays like €7 /R3, the length of ¢’ grows like 7R, so the integral decays like 7e'? / R?
as R — oo. The rigorous check is as follows. Note that 0 < o < II/2 and 37/2 < 8 < 7 so

/ et dz
e’ 23 + 8

/ﬁ exp(tRe'™) Rie'™ dr < /5 | exp(tRe'™)| | Rie'™| dr

RBeBiT +8 ‘R3€3i7 + 8|
B Ret dt - R (P — ) - R (e*™ —1) 0
S B8 T (B8 (R -¥)

as R — oo.

(E.5.) Suppose that f(z) is an entire function whose value is bounded over the entire plane by
|f(2)] <99 for all z € C. Show that f(z) is everywhere constant.

Since f(z) is entire, it is analytic on the disk |z| < R+ 1 for all R > 0. Then the Maclaurin’s
expansion of f, which is defined on and inside the disk |z| < R is given by

f(2) = ap 4+ arz + azz® + azz® + - -

Using Cauchy’s formula for the k-th coefficient, and the bound |f(z)| < 99,

‘Lf f(s)ds

271 |z|=R Sk+1

1/2“|f(Re“)||Rz'e“|dt< 1 [ 99dt 99
0

= or RE+T|e(btDit| = 2r ), R~ RF

|a]

1 [* f(Re™) Rie' dt
o 0 RE+1e(k+1)it

Now, for k£ > 1, since R can be taken to be arbitrarily large, only |ax| = 0 can be possible. It
follows that f(z) =ap+0+0+0+---, or f is a constant.

10



