Math 3070 § 1. First Midterm Exam Name: Golutions
Treibergs ar January 30, 2008

1. A truth serum given to a suspect is known to be 90% reliable when the person is quilty and
99% reliable when the person is innocent. In other word, 10% of the guilty are judged innocent
while 1% of the innocent are judged guilty. A suspect is selected from a group of suspects of which
only 5% are quilty of ever committing a crime. Given that the serum indicates that he is guilty,
what is the probability that he is innocent?

Let A be the event that the suspect is guilty of the crime. We are given P(A) = .05 so
P(A") = .95. Let B be the event that the serum reveals that the suspect is guilty. We are
given that P(B|A) = .90 so P(B’|A) = .10 and that P(B’|A’) = .99 so P(B|A’) = .01. The
total probability formula says P(B) = P(A'NB)+ P(ANB) = P(A")P(B|A’)+ P(A)P(B|A) =
(.95)(.01) + (.05)(.90) = .0545. We are asked to compute

i P(A'NB)  P(A)P(B|A")  (.95)(.01)
P(A1B) = P(B) P(B) - .0545 =L.174]

2. One hundred Salt Sake City Democrats were were asked their opinions of two candidates B
and H, running in the presidential primary. Of these, 65 said they liked B, 55 said they liked H
and 25 said they liked both. What is the probability that someone likes at least one? Given that
someone doesn’t like H, what is the probability that they likes B?

Let B be the event that B is liked and H be the event that H is liked and BN H the event that
both are liked. We are given P(B) = .65 and P(H) = .55 and P(B N H) = .25. The event that
someone likes at least one is BUH. The union formula says P(BUH) = P(B)+P(H)—P(BNH) =
.65+ .55 — .25 = . The probability that someone likes B given that they don’t like H is

, P(BNH') PB)—-PBNH) .65-—.25
P(BIH) = PH" 1— P(H) - 1-.55 =[.880}

3. A standard deck of 52 cards consists of four suits {&, O, 0, @8}, Fach suit has 13 different

kinds of cards {2,3,4,5,6,7,8,9,10,J,Q, K, A}. Suppose that two cards are randomly drawn from

the deck without replacement. What is the probability that the two cards are of the same suit or

of the same kind?

Let A; be the event that both cards have the same suit ¢ € {1,2,3,4}. Let B; be the event
that both cards have the same kind j € {1,...,13}. There are ('}) ways to pick two cards of
suit ¢. There are (;L) ways to choose two cards of kind j. Observe that the events Ay, ..., Ay,
By, ..., Bz are mutually exclusive. Since, for example, if two cards are of the same suit they
cannot be of the same kind. Thus, assuming that all draws are equally likely, the probability of
drawing the same suit or the same kind is

4 13 +13 4 413012 + 13@ 15
P(A1UUA4U31UU813): (2)(52) (2): 252051 : :a:
2 2

4.A bag contains 26 scrabble tiles, each labeled by a different letter of the alphabet. Five tiles are
randomly selected in order from the bag without replacement. How many different five letter words
can be selected from the bag? Let A be the event that the word is in alphabetical order. Find the
probability P(A). Let B be the event that the word chosen is “FIRST.” Are the events A and B
independent? Why?

We are counting the number of permutations of 26 letters taken 5 at a time (order is im-
portant!) so the number of five letter words drawn is P50 = 26 - 2524 -23 - 22 = .
Given five different letters, there are 5! = 120 ways to order them, and only one ordering is in
alphabetical order. Thus there are only Ps 25/5! ways to choose words in alphabetical order. The



probability

P 5! 1
P(word in alphabetical order) = 5]526/ 50 = .00833 |.
5,26

The probability that “FIRST” is chosen is P(B) = 1/P5 26 = 1.267x10~7. Observe that “FIRST”
is in alphabetical order so that B C A and AN B = B. The events would be independent if

P(ANB) = P(A)P(B). Thus A and B are ’ not independent ‘ because

P(A)P(B) = (.00833)(1.267 x 107 ") # P(ANB) = P(B) = 1.267 x 10~ ".

5. Consider the system of components connected as in the diagram. If a subsystem consists of
two units connected in parallel, then the subsystem works if and only if either one of the units
work. If a subsystem consists of two units connected in series, then the subsystem works if and
only if both of the units work. In other words, the system works if and only if you can trace a path
through the network from left to right that passes only through working components. Assume that
the components work independently of one another and that P(component works) = .8, calculate
P(system works).

Ay

Ay H A,

Let A; be the event that the ith component works. Since the events are mutually independent,
the probability of intersection can be gotten by multiplying probabilities. Thus, using the formula
for union,

P(system works) = P<A1 N (Ag U (AN A4))>
= P(Al) P(A2 U A3 N A4))
= P(4;) (P(AQ) + P(A3NAy) — P(As N A3nN A4))
= P(A1) (P(A2) + P(A3)P(As) — P(A3) P(A3)P(Ay))
= (:8)(:8+(:8)(:8) — (:8)(:8)(:8))
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