Math 2270 § 1. First Midterm Exam Name: Golutions
Treibergs ar September 12, 2018

1. Find the general solution to the linear system.

Ty — To+ 223+ x4 = 3
2.7}]_ + o — 23’:3 — T4 =
Ty + 51’2 — 10305 — 5%4 =-9

Perform row operations on the augmented matrix.

1 -1 2 1 3
21 -2 -1 0]—
1 5 -10 -5 -9

-1 2 1 3

3 -6 -3 -6 Replace Ry by Ry — 2R,
6 —-12 —6 -—12 Replace R3 by Rs — Ry
-1 2 1 3

1 -2 -1 =2 Replace Ry by %Rg

0 0 0 0 Replace R3 by R3 — 2R2

OO = OO

The last equation equates zero to zero so the system is consistnt. x3 and x4 are free variables
and can be set to any real value. Solving we find

To = —24 213+ x4
.1?1:3+l’2—2x3—l‘4:3+(—2+2$3+$4)—2333—.%‘4:1.

Thus the set of solutions is

1

—24 213+ 24
T3
T4

S =

: where 3 and x4 are any real numbers.

. Let T : R?® — R? be given by T(x) = Ax where

12 -1 3 g
A=|11 1|, b=|1], <c=|h
1 3 -3 0 k

Is b in the range of T'? Explain why or why not. For which values of g, h and k is c in the
range of T'?

Do row operations on the doubly augmented matrix [A|b|c].

1 2 -1 3 ¢ 1 2 -1 3 g
11 1 1 hl—>(0 -1 2 -2 h-—g Replace Ry by Re — Ry
1 3 -3 0 k& 0 1 -2 -3 k—g Replace R3 by Rs — Ry
1 2 -1 3
- {0 1 -2 2 g—h Replace Ry by —Rs
0

0 0 -5 h—29+k Replace R3 by Rs + R

The equation Ax = b is inconsistent because the RREF has zeros equal to —5 in the b

column. Thus b is not the image of any x. Thus ’ b is not in the range of T'(x) = Ax ‘

c is in the range of T'(x) = Ax if the equation Ax = c is consistent. Thus the last entry in the

¢ column must be zero, or ’ c is in the range of T'(x) = Ax if and only if h — 29+ k=0 ‘




3. A rotation R : R?* — R? is given by

R T1 | .6z1 — 822
T2 | 8xzy + .62y |
Define: R(x) is a linear transformation. Is R(x) a linear transformation? Explain why or

why not. Define: The map R(x) is onto. Is R(x) onto? Explain why or why not. Define:
The map R(x) is one-to-one. Is R(x) one-to-one? Ezplain why or why not.

A mapping R : R?> — R? is linear if for every choice of v,w € R? and every ¢ € R we have
(1) R(v+w) = R(v) + R(w) and (2) R(cv) = cR(v). Observe that rotation is a matrix

multiplication R(x) = Ax where A = g _68) From matrix multiplication properties
we have
R(v+w)=AWv+w)=(Av)+ (Aw) = R(v) + R(w)
R(cv) = A(ev) = ¢(Av) = cR(v).

thus R(x) is linear.

A mapping R : R? — R? is onto if for every choice of b € R? there exists at least one x
such that R(x) = b. Writing the augmented matrix [A, b] for arbitrary b and doing row
operations

6 -8 b . 3 —4 5b Replace Ry by 5R;
8 6 b 4 3 5by Replace Ry by 5Rs

(3 4 5by
0 2 5by—2b;) Replace Ry by Ry — Ry

Thus there is a pivot in each row of the reduced echelon form, thus the system may be
solved for z; and x2. In other words, | R(x) is onto. |

A mapping R : R?> — R? is one-to-one if for every choice of b € R? there exists at most
one x such that R(x) = b. In the reduced echelon form above there are no free variables.
Thus whenever b is such that the system Ax = b is consistent (we showed above that it is
always consistent), then exactly one solution is possible. If it weren’t consistent, then no

solutions exists. In other words, | R(x) is one-to-one. ‘

4. Define: the set of vectors {ay,as,...,a,} is linearly independent. Determine whether the
set S is linearly independent. Explain.

1 1 0
SIHEHEE
0 1 -1
The set of vectors {a1,as,...,a,} is linearly independent if whenever we have the equation
T1a1 +T2a2 + - + Tpa, =0
then 1 = 23 = --- = x, = 0 is the only possible set of coefficients. Putting the vectors in



as columns of A and row reducing the equation Ax = 0,

1 1 0 1 1 0
1 0 1 0 -1 1 Replace Ry by Re — Ry
1 3 -2 0o 2 =2 Replace R3 by R3 — R,y
01 -1 0o 1 -1

1 1 0

_ 01 -1 Replace Ry by —Rs
0 0 O Replace R3 by R3 + 2Rs
0 0 O Replace Ry by R4 + Ro

The homogeneous system Ax = 0 has a free variable. Setting x3 = 1 we find by back
substitution that o = 1 and 2y = —1. Thus the vectors | are not independent | because a

nontrivial linear combination makes zero:
—aj +asz + as =0.

. All parts of this problem are about the matriz A. Suppose that its reduced row echelon form
18

1 0 « %= 0 0

01 = %= 0 0
RiOOOOlO’

0 000 01

Gy

where “” is any number. [Careful! Answer about A, not R.] Does Ax = 0 have nontrivial
solutions? FExplain why or why not. Is Ax = b consistent for every vector b? FExpalin
why or why not. Is column & of the matriz A the linear combination of its other columns?
Ezplain.

The matrix equation Ax = 0 has the same solution as its reduced row echelon form Rx = 0.
The system has free variables x3 and z4. They can be set to any values, say 3 = x4 =1
and the pivot variables x1, x2, 5 and xg are uniquely determined. Thus the system has a
nonzero solution z1,...,xg.

Moreover, for any vector b, the RREF form of the augmented matrix [A|b] for the equation
Ax = b can be row reduced to [R\IN)] where b corresponds to the b column after row
operations. Since there is a pivot in every row of R, the system may be solved for any b.
Hence it is consistent for every b.

Finally, since x3 is a free variable we may set x3 = 1, 4 = 0 and determine the other
variables of satisfying Rx = 0. Since R is row equivalent to A, the same x solves Ax = 0.
In particular this gives a linear combination of the columns of A, namely

i1y —+ oAy —+ 133 —+ 0a4 —+ Isas —+ Tgag — O
Thus we may solve for ag
ag — —X1Aa] — Xgay — Tyads — Tgag.

Hence a3 is a linear combination of the other columns of A.



