Math 2270 § 3. Second Midterm Exam Name: Gample
Treibergs ar October 14, 1998

The following questions are typical of what you might expect on the midterm exam.
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. Let w = u+ v. Find the angle between u and v. Find the area of the triangle whose

vertices are u, v, w. Find a unit vector perpendicular to both u and v. Find the volume
of a parallelotope spanned by the vectors u, v and w.

. Let f : R? — R? be defined by the formula f(z,y) = (y,x). Show that f is a linear

transformation.

Show that if the Euclidean vectors p,q € R" satisfy the Pythagorean equation ||p + q|* =
Ipll? + |lal|? then p and q are orthogonal.

Let p : R?> — R? be a rotation in the plane by an angle §. Write a formula for p. Show
that if p,q € R? then p and p(p) have the same length and Z(p, q) and Z(p(p), p(q)) are
the same angle.

. Find the equation of the plane through u, v and z.
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which is closest to the point (8,9, 10).

. Find the distance of the plane in R3 satisfying = + 2y + 3z = 4 to the origin.

Do the curves z + su and y + tv intersect?
Find the equation of the plane which contains the line u + tv and the point z.

Let T : R® — R? be a linear transformation. Suppose T'(wy) = u, T'(w3) = v, T(w3) = y.
Find T'(z). Find a matrix M so that T'(x) = Mx.

Which of the following sets V' with operations @ and © are vector spaces? If (V,®,®) is a
vector space, give a proof. If not, give a counterexample.

(a) V ={f:]0,1] — R} is the space of all real valued functions on the interval and,
(f@g)t)=f1)+g(t), (c® f)(t) = cf(t) are pointwise addition and scalar multipli-
cation.

(b) V={(z,y) €eR?:2 >0,y >0}, (,9) @ (p,q) = (z+p,y+q), cO(z,y) = (|c|a,[cly).
(© V=R (z,9)®(pg) = (@ +p+Ly+qg+1),co(z,y) = (cz,cy).
Which of the following subsets W C R? of the usual real vector space (R?,+,-) are vector
subspaces (W, +,-)? Why?

(a) W= {(07070)}'

(b) W ={(z,,2) 5 +y+2=1}

<C> W= {(mvyvz) :x—l—y—i—z:O}.
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(d) W ={(z,y,2) : zyz = 0}.
Find conditions on b = (a, b, ¢) so that Ax = b is solvable.
Find a basis for the range of A.

Find a basis for the row space of A. Find a basis for the row space of A consisting of rows
of A.

Do u, v and z span R3?
Are {t? +t + 1,t?> — 3,t? + 2t} independent in P, the space of real polynomials of degree
<27

9 9 and M2 = 3 4/ Find M3 and M4 so that {Ml,MQ,Mg,le} is a

basis for Ms 5, the space of all real 2 x 2 matrices.
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Find a basis for the null space of A.

Let S = {v1,va,...,vi} be a set of vectors in a vector space. Show that S is linearly
dependent if and only if one of the vectors of S is a linear combination of the all the other
vectors of S.

Let V be a real vector spave with operations & and ®. Show that the additive identitiy is
unique. Then show that the additive inverse is unique. Finally, show that (—1) ® x equals
the additive inverse of x.



