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This is one of those topics that is usually discussed at the end of a text
on curves and surfaces, and not often reached in a modern abbreviated
treatment. Let me try to skip over many technicalities and state some

results.

We imagine a two dimensional surface in three space as the image of a
smooth vector function M2 = Xo(W) where

Xo: W — R3

is a smooth map on W C R?, an open subset. We imagine deforming the
surface M2 = X(W, T) by a smooth one-parameter family of maps

X: W x(—¢¢)— R

such that X(u, v;0) = Xo(u, v) for all points (u,v) € W.



on Vector Field of Surfaces.

The deformation
vector field is the
velocity of the
deformation

2(0) = %(er0)

N

Deformation of Surface




An infinitesimal isometric deformation is a deformation that preserves
lengths on the surface up to first order.

If v(o) = (u(o), v(c)) € W is a curve for o € [a, b], then its length in
M2 of v is

’Y?T) - dS’T - O') T) do

where dv[1] =" = (¢, V') ,an element of arclength, is by chain rule
ds; = |dX o dy[1]| do = |dX(v(0); T)[V/(0),V(0)]| do
Xu(V(0);7) ® Xu(v(0); 7) U'(U) :
= | +2Xu(r(0):7) e Xy (7(0); T) U (0)V'(0) | do
+Xu((0)i7) @ Xu(v(0); 7) v/ (0)?

= ((@X ¢ X (0).7/(0)])  do

which, for short is written ds? = dX e dX.



fintesimal Deformation.

Note that for a regular surface, dX is full rank so that dX e dX is a
symmetric, positive definite quadratic form called the metric form.

To preserve the length of curves up to first order we must have for every
curve v : [a,b] — W,

L(v) = /b (dX e dZ)[7'(9),~'(0)] - do
7=0 a ((dX o dX)[v’(a),’Y’(U)]) i

OZE

which implies that the quadratic form
dX edZ =0. (1)

This is the equation for infinitesimal isometric deformation for unknown
vector field Z.



al Coordinates.

The infinitesimal deformation equation (1) is shorthand for the more
cumbersome, but perhaps more familiar form

0=X,02,
0=X,02Z,+X,02,
0=X,02,

where the vector functions
X,Z:W —>R3?

give the position and deformation field in a local coordinates.

This is a system of three linear first order partial differential equations for
the three unknown components of the vector function Z.



If a surface moves as a rigid body, then the lengths of all curves on M?
are preserved. Rigid motions are the composition of of rotations and
translations. The deformation due to a rigid motion may be written in
terms of smooth rotation matrix R(7) and translation vector T(7):

X(o;7) = R(1)Xo(®) + T(7)
such that R(0) =/ and T(0) = 0. The deformation vector becomes

d

ORF= 1

X(e,7) = R'(0)Xo(e) + T'(0) = A x Xo(e) + B.
Multiplying by the skew symmetric matrix R’(0) (why?) is the same as
taking a cross product with the rotation vector

A = (Rip(0), Ri(0), Ry (0)).

The translation vector B = T'(0). Such a deformation is called an
infinitesimal congruence. Observe that an infinitesimal congruence is an
infinitesimal isometric deformation:

dX e dZ = dX e [A x dX] = 0.



e of Rotation R’(0) is Skew.

R(t) is a smooth family of rotations matrices with R(0) = /. Since R
preserves Euclidean inner product,

RVeRW =VeW
for all vectors V, W. Hence
RTRVeW =VeW

which implies
RTR=1.

Differentiating with respect to t,
(RVTR+R'R' =0

Since R(0) =1/, at t =0,
RR+R=0

so R'(0) is skew.



ication by Derivative of Rotation R’(0) is Cross Product.

Thus there are numbers a, b, ¢ so that

0 a b Vi aw + bvs
ROV=|-a 0 c||w]|=|-avn+cw
—b —c O V3 —bV1 — CVv3
i j ok —c Vi
=l—c b —a|l=| b | x|w]=AxV
%1 Vo V3 —a V3

The vector V is the rotation vector. It is parallel to the axis of the
rotation. Its magnitude gives the angular velocity.



nd Infinitesimally Rigid Surface.

A surface M? is infinitesimally rigid is every vector field Z on M?
satisfying the infinitesimal rigidity equation (1)

dXedZ =0

is an infinitesimal congruence. If there is a solution Z which is not an
infinitesimal congruence, then we call it an infinitesimal flex. An
infinitesimal deformation gives a corresponding deformation, the simple
flex,

Y=Xo+7Z

which preserves the metric to first order at 7 = 0 because dY e dY =

dX e dX +27dX e dY + 72dY e dY = dX e dX + 72dY e dY.

Note that both Y = X £ 7Z have the same metric forms, i.e., are
isometric.



of Infinitesimal Deformation.

Suppose that the surface Xy
has a flat planar region F,
whose normal vector is
(0,0,1). Letyp: F >R bea
smooth a “bump function”
such that ¢ > 0and ¢ =0
near OF and off F. Then

Z =(0,0,v)

which is zero off F is an
infinitesimal deformation.
(dX and dZ are
perpendicular.)

Barrel Example: Surface has isometric
Deformation Supported in Flat Region



Moving Frame

Locally, a surface is X : W — R3.
Tangent plane is spanned by basis {X,, X, }.

side: Moving Frame.

At each point replace
by smoothly varying

orthonormal tangent

vectors {ej,ez}.

Unit normal is

ez = e; X en.
Define dual basis of

one-forms {w”} by
wA(eB) = 5AB. So

3
dX =) uwle;
i=1
and metric is

dS2 _ (w1)2 + (w2)2‘



ide: Extrinsic Geometry.

Extrinsic Geometry deals with how M sits in its ambient space.

Near P € M, the surface may be parameterized as the graph over its
tangent plane, where f(u1, u2) is the “height” above the tangent plane

X(Ul, U2) =P + u1e1(P) + Uzez(P) + f(ul, u2)e3(P). (2)

So f(0) = 0 and Df(0) = 0. The Hessian of f at 0 gives the shape
operator at P. It is also called the Second Fundamental Form.
0> f
hii(P) = 0
J( ) 8U,‘ 8UJ( )

The Mean Curvature and Gaussian Curvature at P are

H(P) = S t(hy(P)),  K(P)=det(hy(P))



A one-form on R3 is an expression of the form
a=fdx+gdy+ hdz

where f, g, h are smooth functions on R3. One-forms may be integrated
along a curve I given by

u(t)
v :[a, b] — R3 where v(t) = (v(t))

by the formula

o= [ (W) + 600 + Hew(0) a
The differential d (or gradient) of a function ¢ on R3 is a one form

¢d L 90490

0
d¢ = dy 0z



de: Two-Forms.

A two-form on R3 is an expression of the form
B=FfdxANdy+gdxANdz+ hdy A dz

where f, g, h are smooth functions on R3. Two-forms may be integrated
along a surface M = X(U) given by

u(s,t)
X:U—R> where X(s,t)= (v(s, t))

w(s,t)

and U C R? is smooth bounded domain by/ 6=
M

/[ (Foxte G+ etxte NG + mxs ) G ) e

where the Jacobean is

o(u,v) Ou v ou v
8(5, t) - 85(57 t)at(svt)_ 8t(s7t)8s(s’ t)




side: Area Two-Forms.

An example of a two-form is the area form for the surface M. In terms of
the orthonormal coframe it is given by

B =dA=w!Aw?

which is everywhere positive on positively oriented surfaces M. lts
integral over any subset N C M gives the area of the subset

A(N) = /Nwl Aw?.



side: Exterior Derivative of One-Forms. Stokes Theorem.

The exterior derivative d (or curl) of a one-form
a=fdx+gdy+ hdz

on R3 is a two-form

da = 8—g—g dxNdy—+ @—g dxNdz+ %—a—g dyAdz.
ox 0Oy Ox 0z y z

Stokes Theorem in this notation is

/da:/ «
¥ 0%

where 0X is the collection of oriented boundary curves of the surface %.
The right side is zero if the surface is closed (has no boundary such as a
sphere or torus.)



2nd Fundamental Form in Terms of Moving Frame.

Upper case Roman indices run over A, B, C,... =1,2,3 and lower case
run over i,j, k,...=1,2. Einstein Convention: repeated lower and upper
indices are assumed to be summed.

Because e, - e4 = 1, taking the directional derivative dejs - e4 = 0, so
that des | e and we may express the rate of rotation of the frame

deA = wABeB.

wal are called connection forms. Differentiation of e4 - eg = da5 implies

waB is skew and satisfies

dw? = wB Awp”. (3)
Also, differentiating the normal defines des = w3'e;. Moreover
W3i = —h,-jwj

recovers the second fundamental form.



simal Rigidity of Ovaloids.

An ovaloid is a C3 closed surface M? which is the boundary of a bounded
convex domain of three space. It is strictly convex if the second
fundamental form hj; with respect to the inner normal is positive definite.

Theorem (Liebmann, 1899)

Strictly convex ovaloids are infinitesimally rigid.

This question was asked by Jellet in 1854, who was unable to prove it.

In 1835 Minding posed a related problem: if two ovaloids are isometric,
must they be congruent? For round spheres, this was proved by
Liebmann and Hilbert in 1903. The first proof for ovaloids was given by
Weyl in 1915.

See my 2012 USAC Colloquium Slides “Geometry of Bending Surfaces”,
http://www.math.utah.edu/ treiberg/BendingSlides.pdf



Let X be local coordinates in the neighborhood of a point of a surface
M? c R3. Let Z be an infinitesimal deformation. Then

dX edZ =0.

This implies that there is a globally defined vector field Y, the bending

vector, such that
dZ =Y x dX.

Intuitively, this is because dZ is perpendicular to dX.

Thus, the differential of an infinitesimal deformation dZ gives a local
rotation whose axis Y varies from point to point.



Because if we choose a right-handed orthonormal frame on M such that
e; and e; are tangent so e3 is normal to M. Let {w”} be the dual
coframe so dX = w'e; and Z = (e, (Einstein convention!) Then the
covariant derivative is in coordinates dZ = Cijf eg. Substituting,

0=(w'e) o (wajeg)
= (5iBCBj) w @
= (") @w + (¢ + 1w W + ((P2)w? © WP
so (1 = (% = (%1 4+ (15 =0. Hence e; x e = e3 and so on implies

dZ = C12 w? e +C21 w! ey + (C31 wl + C32w2) e3
= (Cre1 — Crex +(1e3) x (W) =Y x dX.

The desired Y = yA ej = C32 e — C31 e + C21 es.



initesimal Rigidity of Ovaloids.

Theorem (Liebmann, 1899)

Strictly convex ovaloids are infinitesimally rigid.

Wilhelm Blaschke 1885-1962

Proof (Blaschke, 1921).

Here is the basic idea of Blaschke's amazing proof using an integral
formula.




schke's Proof.

The idea is to show that the local bending vector is a constant. In other
words, its derivative dY should vanish.

Blaschke finds a one-form 6 such that
df = &(X, dX,dY)w! A w?

where ® < 0 is a nonpositive function if the surface is convex and ® =0
implies dY = 0. Then by Stokes Theorem on the ovaloid M,

o:/ d9:/ d(X,dX,dY)w! Aw?
M M

whch implies ® = 0 at all points so dY = 0.



Proof: Differentiate dZ.

Differentiating dZ = Y x dX we find
0=dY xdX

which means tangent planes are parallel to each other. Hence the
covariant derivative may be written

dY = yijuzje;

such that y; + y%, = 0.



s Proof: Proof of dY Properties.

Because, if we write the covariant derivative dY = y”*;w'es we get
0= (y*iwes) x (We))
= (yA;wi/\u)j> €4 X €
=w' AW {(y'1+y%2)er xex—yhesx e +yPes x e}

so that y1y 4+ y% = y3; = y3, = 0.



Proof: Differentiate the Bending Vector.

Differentiating dY = yiJ- Wej,
0= dyij A wje; —}-yijwk A wkje; — yiju)j A w,BeB
= <dyij — yik wJ-k + ykj wki> wje,- — yijh,'k Wl A wke3
This gives a first order system of PDE's for y';. The ez coefficient
0= (y'1hi2 — y'2hi1) w' Aw?
Or using y'1 + y%> = 0.

0= —ylohiy + 2y 1hio + y?1hoo (4)



’roof: Blaschke's Formula.

Using the determinant of a matrix whose three column vectors are given,
we consider the one-form defined globally on M?,

0 =det(X,Y,dY)
Differentiating using y3j =yli+y?=0and £ = X eey,
df = det (dX, Y,dY) +det(X,dY,dY)
= det (wie;, yBeB, ykjwjek) + det <§AeA, yijuzje;, ykgweek>
=y (Yo +yh)w AW+ (yy — vyt o AW
=28 (y'iy*2 — yPryta) wh A WP



pare the Proof: Algebraic lemma.

Lemma
Assume h;; is symmetric and positive definite and y'; satisfies
0=—y'2hi1 + 2y 1h12 + y*1hoa; yli+y*h=0. (5)

Then .
det(y';) = yhy?s — 21yt <0

and is equal to zero only if all yij =0.




are the Proof: Proof of Algebraic Lemma.

Positive definite means hy; > 0, hop > 0 and det(h;;) > 0.

There are many proofs. We give an elementary argument.

In case hi» = 0 we have

0=—yham1+y*1hxn (6)
so y15 and y?; have the same sign so
det(y’j) = —(y"1)> — y*1y'2 < 0.

If equal to zero then y'; = —y?, = 0 and, say, y'» = 0 which imples
y?1 =0 by (6). The case y?; = 0 is similar.




’roof: Proof Continued.

1 2
In case hya # 0 we have by (5), y'1 = }%1}2’1”22 Hence

o 1 h 2 h 2
det(y’j) = — (y 2 1§h1)2/ 1 22) _y12y21

2
o [ylahi—y?1hy] +4h2,y21y1,
4h3,

2
_ [yt2hi1+y21ho] —4(h1hoo—h2,)y21yta
4h3,

If y21y1> < 0 then det(y’;) < 0 and equal to zero if y» = y?; = 0 so
y'1=y% =0by (5). If y21y'> > 0 then

det(yij) = —()’11)2 —y2iyha <o

also and equal to zero implies y'; = y?» = 0 and, say, y'» = 0. Then
y?1 =0 by (5). The case y?; = 0 is similar.




itesimal Rigidity of Ovaloids.

Theorem (Liebmann, 1899)

Strictly convex ovaloids are infinitesimally rigid.

Proof (Blaschke, 1921).

Assume the origin is in the interior of M and ej3 is the inner normal. It
follows that

53:X083<0.

M is closed and oriented so by Stokes Theorem and Blaschke's Formula

0= [y, d0 = [,,2¢3 det(y'}) dA

Since M? is strictly convex, hij; is positive definite so by the Algebraic
Lemma, det(y’;) < 0 and the integrand in nonnegative. Since the
integral equals zero, the determinant must vanish, hence all yij =0
everywhere on M2 by the Lemma. Hence Y is constant.




Rigidity of Ovaloids Proof.

Consider the translation field
T=Z-YxX.
Differentiating, since Y satisfies dZ = Y x dX so
dT =dZ —dY x X =Y xdX =—-dY x X

which vanishes because Y is constant. Thus Z=T + Y x X is an
infinitesimal congruence and M is infinitesimally rigid.




Flexible Flying Saucer.

N
3 2 "0 2 3

Section of Cohn-Vossen's Infinitesimally Flexible Surface of Rotation

In 1930, Stefan Cohn-Vossen found that by cutting an arbitrarily small
nonconvex groove into a surface of revolution, one could create an
ifinitesimally flexible surface. He also found that by gluing together four
cones, one could get an infinitesimally flexible flying saucer surface. The
radial distance as a function of x is given by the even piecewise linear
function, depicted here.



sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.
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sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




sen's Flexible Flying Saucer.




»ssen’s Flexible Flying Saucer.



losed Surface that is Not Infinitesimally Rigid.

In 1952, E. Rembs
found that for
countably many
values in % <c?< %
the nonconvex
surfaces of revolution
(7) admit nontrivial
infinitesimal
deformations. Sections of Rembs Surfaces

He used separation of
variables and Fourier ~ Equation of section as ¢ varies
series.
(> +r2123(x>-r*)=1-2c2 (7)

c =0 is sphere. ¢? = % is revolution of lemniscate.



metric Non-Congruent Analytic Surfaces.

The deformations Z of Rembs were given by (finite) Fourier Series.
Hence both the surface and the deformation are analytic functions (those
given by convergent power series.) Thus the existence of non-trivial
isometric deformations is not an artifact of lack of smoothness as in the
Barrel Example, Fig. 2

In the barrel surface, the derivatives of z-component of X would be dead
zero when computed in the flat part so the power series would consist of
the constant term only. Thus barrel surface cannot be analytic because
its continuation to M would remain constant.

For small 7 > 0 the two surfaces
X+t1Z
are analytic and isometric (have the same metric)
ds?, = ds?, = dX edX +1%>dZ e DZ

but, as observer by Rembs, not congruent.



rfaces

Collander Surface: Convex Surface with Planar Boundary Components

A Collander Surface is a smooth convex surface M with m smooth
boundary curves, “holes,” Ci,..., Cp,, such that K > 0 away from the
boundary curves and for each k = 1..., m there is a plane 7, such that

C is a strictly convex curve in 7, and M makes a first order tangency to
Tk anng Ck.



ity of Collander Surfaces.

Theorem (Rembs 1919)

Collander surfaces are infinitesimally rigid.

Proof.

The proof is as in the Ovaloid Theorem. For a deformation field and its
corresponding bending field Y, it suffices to show that the Blaschke's
integrand vanishes. This time, Stokes' Theorem has boundary terms

Py fc,- 0= [udl=Jy 263 det(y';) dA
As &3 det(y';) > 0 by Lemma 3., it suffices to show that each

Jgo <0 (8)

Fix i and take the orientation of C; as part of OM. Thus if we take a
local frame for M such that M is convex toward e3 and e; is tangent to
C;, then e; must point into M.

\



zidity of Collander Surfaces.

Since e3 is the normal to 73 along C; it is constant, so along C;,
0 = Ve e3 = wi'(e1)ej = —hyw(e1)ej = —hjie;
It follows that h1; = h12 = hp1 = 0 along C;. Equation (4) tells us
0=—y'2h11 + 2y 12 + y*1hpe = y?1h

along C;. Now we also assumed that M makes first order contact, so
that hy> > 0 on C;. Hence on G,

y’1 =0

The covariant derivative of a vector field, dY = ijwf = dy” + yBuwA
Since y3; = 0 everywhere, then along C;,

0=y3 =dy3(e1) + ylw(e1) = ery® + yihjy = & ds

Thus y3 = const. along C;.




gidity of Collander Surfaces. -

0= (X, Y, dY) = ﬁAyByijazj(eA, eB,ej)
= Eykyjw (es, ex, €)) + y ¢y jw (ex, e3,¢))
— 3 (y1y2j _ yzylj) W+ 3 (§2y1j _ ylyzj) o
On C; where y?; = 0 and y3 = const. we have
0 = 32wt + 3yt + (- -~)w2.

The second term is an exact differential so integrates to zero on C;.
Indeed, since C; is planar, there is a constant vector field V; on three
space such that e3 = V; on C;. Since dT = X x dY we have on C;,

d(Vie T) =V, edT = (V,X,dY) = "y ;(e3,e, &)’
= (€Y% =&y ) ==&yt + ()t )




idity of Collander Surfaces. - -

As €3 < 0 is constant, the proof reduces to show each
JevPyhiwt <0

The area enclosed by C; may be computed as follows. Let V be the
constant vector field such that e; = V along C;. Observe that

d(V,X,dX) = (V,dX, dX) = (es, e, e/)w’' Aw = 2w A w?
so that since C; is oriented to the outside surface,
A(G) = -3 [c(V,X,dX) > 0.
The integrand can be written

(V, X, dX) = €*¢B ' (e3,en, ep)

. 10
= (¢ - W' = - w + (- w? &)

This simplifies because dX = £4,w'es = w/e; implies £/; = §' .



igidity of Collander Surfaces. - - -

Now, C; is convex away from e so
Ve, €1 = WlA(el)eA = W12(e1)e2+w13(e1)e3 = w12(e1)e2+h11e3 = —Key
where the curvature of the plane curve C; is k = wp'(e1) > 0. But

1=¢Y = dél(er) + fwil(er) = er¢! + Cwp! = L& 4 kg2

0=¢% =d&®(e1) + {wi(er) = e16® + Elwy® = L¢2 — k¢! ()
Similarly, using y?; = h11 = hio = 0 along C;
y'1 = dy'(e1) + y wal(er) = ery' + y?wo'(e1) + y*hu
=4yl } ky? (12)

0 =y?% = dy?(e1) + y?wa’(e1) = ery? + ylwi®(e1) + y3ho
= &v2 —ry!




idity of Collander Surfaces. - - - -

The preceding formulas simplify if we parameterize C; using the angle of
the e; relative to some fixed vector in 7;. Taking

t = e; = (cos ), —sin J) n = ey = (sin ¥, cos )

then £ = X e n. €2 < 0 everywhere if the origin is inside C;. Denote _
derivatives with respect to ¥ by dot. Thus t = —n and 7 = t. Since X is
parallel to t, differentiating §2 =Xen,

52:Xon+Xot:Xot
hence the position vector is X = 5'2 t + &2 n. Differentiating
X=t-En+nt+t= (8 +)t

It follows that




From (11) and (12) we see that

Finally, the integrands have the simplified form
fc(V X, dX) —fc £2¢hwt = — 02ﬂ§2(§2+§2) dy < 0;
b= [ (V, X, dY) == [ €yt = = [T +77) dv =0,
3:fC,-(V7 deX)=—fC,.y 1w :_f02Wy2(§2+g2)d19;
Jo = fC,-(V7 Y,dY)=— fc,. yiyhw! = — 027ry2(y2 +)72) ddv.

Integration by parts shows J3 = J» = 0. It remains to show that Js > 0.




We conclude the proof using a basic inequality we assume for now.

Lemma (Wirtinger's Inequality)

Let f(6) be a smooth function with period 27 i.e., f(0 + 27) = f(8) for
all 8. Suppose f has mean value zero

2
0=5Jo f(0)do.

Then
JZTF(0)2dO < [T F(B)? d6.

Proof of the Collander Theorem, Confinued.
Since £!1 = 1, it follows from (10),

2A(Gr) = — [Z7¢2d9 > 0.




Rigidity of Collander Surfaces.

Thus there is a constant ¢ so that f = c£2 + y? satisfies
2w
Jo fdd=0.
From Wirtinger's Inequality, we have
0< [27F2— 2 dy

= — [ZTF(f + F)dv
=c?h+ch+ch+

Now J; < 0 and J, = J3 = 0 implies J; > 0. The same argument holds
for each C; completing the proof of the Collander Theorem.




ger's Inequality.

Wirtinger's Inequality bounds the L? norm of a function by the L? norm
of its derivative. It is also known as the Poincaré Inequality in higher
dimensions. We state stronger hypotheses than necessary.

Theorem (Wirtinger's inequality)

Let f(0) be a piecewise C L(R) function with period 27 (for all 6,
f(0 + 2m) = f(0)). Let f denote the mean value of f

f= L [27£(6)do.

Then
J&T(F(0) = F)* do < 27 (F(9))°

Equality holds iff for some constants a, b,

f(0) = f + acosf + bsiné.




's Inequality.

Idea: express f and f’ in Fourier series. Since f’ is bounded and f is
continuous, the Fourier series converges at all 6

f(0) = 3 + > =1 {ak cos kO + by sin kO}

where the Fourier coefficients are determined by formally multiplying by
sin mf or cos mf and integrating to get
am =1 [ZTF(0)cosmbdl, by =21 [Z7£(0)sinmb do,

hence 2f = ag. Sines and cosines are complete so Parseval's equation
holds

2 212
Joo (F=F)"=m32y (ak + b%) - (13)
Formally, this is the integral of the square of the series, where after
multiplying out and integrating, terms like [ cos mfsin k6 = 0 or

[ cos mf cos kO = 0 if m # k drop out and terms like [sin® k0 =
contribute 7 to the sum.




nger's Inequality. -

The Fourier Series for the derivative is given by
£'(0) ~ >_72 1 {—kak sin kO + kby cos k§}
Since f’ is square integrable, Bessel's inequality gives
™k K (af + BR) < JoT () (14)

Wirtinger's inequality is deduced form (13) and (14) since

/Zw(f’)2 - /% (F-7)%> wi(/é —1)(ak + b) >0
0 0 I =

Equality implies that for k > 2, (k> —1) (ai + bi) =0s0ax = by =0,
thus f takes the form f(6) = f + acosf + bsin 6.




Thanks!



