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Recall: Connected Spaces

Definition

A topological space (X , T ) is connected

()
if Y ⇢ X is both open and closed, then either Y = X or

Y = ;



Equivalent Formulations

Theorem

X is connected

()
Whenever U,V ⇢ X are open sets with X = U [ V and
U \ V = ;, then either

U = ; or V = ;



Theorem

X is connected

()
Whenever E ,F ⇢ X are closed sets with X = E [ F and
E \ F = ;, then either

E = ; or F = ;



Theorem

Let {0, 1} have the discrete topology. Then X is
connected

()
Every continuous map f : X ! {0, 1} is constant.



If Y ⇢ X , Y connected means: connected in the

subspace topology.



Theorem

If f : X ! Y is continuous and X is connected, then f (X )
is connected.



Theorem

The unit interval [0, 1] ⇢ R is connected.





Path-Connected Spaces

Definition

A topological space X is said to be path connected

()
For all x , y 2 X there exists a continuous map

� : [0, 1] ! X with

�(0) = x and �(1) = y .





Theorem

X path connected =) X connected.



Definition

A topological space (X , T ) is said to be locally path
connected

()
T has a basis B such that every B 2 B is path connected.



Theorem

X connected and locally path connected

=) X is path connected.











Quotient Spaces

Recall General Principle:

Let X and Y be sets and let f : X ! Y .

1. Given a topology TY on Y there is a smallest topology

TX on X that makes f continuous,

namely TX = {f�1(U) : U 2 TY}.

2. Given a topology TX on X there is a largest topology

TY that makes f continuous.,

namely TY = {U ⇢ Y : f�1(U) 2 TX}.

(Main case: f is surjective.)









Examples

1. The subspace topology for A ⇢ X :

Given a topology TX on X , define

TA = {A \ U | U 2 TX .}

2. The quotient topology or identification topology for a

surjective map

f : X ! Y

Given a topology TX on X , define

TY = {U ⇢ Y | f�1(U) 2 TX}





Identification

I A continuous surjective map f : (X , TX ) ! (Y , TY ) is

called an identification if TY is the identification

topology just defined:

TY = {U ⇢ Y | f�1(U) 2 TX}

I Equivalently: f : X ! Y is an identification ()

U open in Y () f�1(U) is open in X

I Equivalently:f : X ! Y is an identification ()

F closed in Y () f�1(F ) is closed in X





Examples

1. f1 : R ! S1 defined by f (t) = (cos t , sin t)

2. f2 : [0, 2⇡) ! S1 same formula.

3. f3 : [0, 2⇡] ! S1 same formula.









Sufficient Conditions

1. f : X ! Y continuous, surjective and open =)
identification.

2. f : X ! Y continuous, surjective and closed =)
identification.





Examples







Checking Identifications

I Given A ⇢ X , when is A = f�1(B) for some B ⇢ Y ?

I Useful facts for this purpose:

I Suppose f : X ! Y , A ⇢ X ,B ⇢ Y . Then

1. f (f�1(B)) ⇢ B

2. If f is surjective, f (f�1(B)) = B

3. A ⇢ f�1(f (A)).

4. If f is surjective, then

A = f�1(B) for some B ⇢ Y () A = f�1(f (A))

and, in this case, B = f (A).



Proofs

I First three assertions clear.

I Suppose f surjective and A = f�1(B) for some B ⇢ Y .

I Then f (A) = f (f�1(B)) = B by 2.

I So A = f�1(B) =) B = f (A) =) equality in 4:

A = f�1(f (A))





Equivalence Relations

I f : X ! Y surjective map of sets ()

equivalence relation on X :

x1 ⇠ x2 () f (x1) = f (x2).

I f : X ! Y surjective map of sets ()

Partition of X into disjoint subsets

X =
a

y2Y

f�1(y)





Continuous Maps

I X ,Y ,Z topological spaces.

I f : X ! Y identification,

I g : Y ! Z a map.

I Then g is continuous () g � f is continuous

X g�f�! Z
f
??y % g
Y





I Equivalent Formulation:

I X ,Y ,Z topological spaces, f : X ! Y an

identification.

I h : X ! Z a map that is constant on the fibers f�1(y)
of f .

I Then the map g in the following diagram is defined:

X h�! Z
f
??y % g
Y

I g is continuous () h is continuous.



I Example: Periodic functions h : R ! R

R h�! R
f
??y % g

S1

where f (t) = (cos t , sin t).






