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SBasisHor a Topology

» (X, T) topological space.
c
» Definition @ f
[B/ c.2¥is called a basis for T <

every element of 7 is a union of elements of B.
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» Equivalent statement:
» |B is a basis <=><\7u € T/open,

Vx € U, 3B € Bsuchthat x e Band B c U.
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» (X, d) metric space ( E) X dense subset
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» (R", dz)) (or any equivalent d)

&3 = {B(X,_%) 1 x e QP @
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» Why “second”?
-
» Is there a “first countable”?
lIrst countab
» Yes; a similar condition about any point x €
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» (X, T) topological space and B basis for 7.
.t (X', T") = (X, T) is continuous
= f*1(§) open VB € B.
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» If AcC X, then I -
» x € A° <= 3B e Bwith x € BC A.

» XEA<= BnA#( VBec Bwithx € B.



{ Defining Topologies from a Basiy \ U
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» X non-empty set, satisfyin :
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> Then T is a topology on X and B is a basis for 7.
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» Equivalent definition of 7

» 7 is the collection of the unions of all subcollections
including the empty subcollection). *
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Example: Product Topologw

v

(X, 7Tx) and (Y, Ty) topological spaces.

v

X x Y their Cartesian product.
-

Let

v

Bxxy={Ux V| UeTxand V e Ty}

Then By y satisfies conditions (1) and (2) above.

v

v

Resulting 7x«y is a topology on X x Y, called the
Product Topology.
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» Useful fact: if Aj,A> C X and By, B> C Y, then

(A1 X B1) N (Ag X Bg) = (A1 ﬂAg) X (B1 N Bg)
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Bxxy closed under finite intersections, but not under
unions.
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» Projectionspx : X x Y = Xandpy : X x Y = Y:

px(x,¥) :@ Pr(x.y) =¥)

» Txxy is the smallest topology that makes both
projections px and py continuous.
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» f: Z — X x Y continuous (w respect to Txxy) <

both compositions px o f and py o f are continuous.
e
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Infinite Products

i) Z,M R
» Aan index set.

» {X.}aca a collection of non-empty sets indexed by A.
7Y T
> [1.caX. their disjoint union.

» The p\r_oﬂwg X, is defined as

[[X={f:A= ][ X |VacAfl)e X}
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Examples

» A= {1,2} then

[ Xo={- 1.2 =X ][ X% | f(1) € X, (2) € X}
ac{1,2}

Letting x; = f(1) and x, = f(2), this is the same as
{(x1,X%) | X1 € Xi, % € Xa}

which is the usual defintiion of X; x X>.
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» Similarly, if A= {1,2,..., n}, afiinite set, then
[I.ca X gives the usual definition

X1 XXZX"-XXn:{(X1,X2,...,Xn)|Xj€)(,‘}



Topology in Product Space

» Suppose A arbitrary and each X, has a toplogy 7..

» Let B x, be defined as follows.:
» For each finite subset F C A let U be a collection
Ur = {U,}acr where U, € T,
» Then let

B(F,up) ={fe [[Xa| f(a) € Uy foralla € F}



» Define By x, to be the collection of all B(F,UF).

» Check: Bryx, is a basis.

» The resulting topology is called the product topology.



» Essence: Each B(UF) restricts only finitely many
coordinates.

» For A finite get same basis as before.



» Suppose A= Nand all X; = X.

Then B(F, Ur) is the set of all sequences {x;} such
that x; € U for i € F.



