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Topology of Metric Spaces
I (X , d) metric space.
I Recall the definition of Open sets:

Definition
U ⇢ X open set () 8x 2 U 9r > 0 so that

B(x , r) ⇢ U.



Examples

I (Rn, d(2)) usual open sets.

I (X , d) discrete metric space =) all sets are open.

I Open sets in French railway metric.



I Examples on non-open sets:



I Have seen that different metrics can give same open
sets.

I Example: (Rn, d(1)) or (Rn, d(1)): same open sets.

I Will concentrate on the collection of open sets, rather
than the metric,

I This collection will be called the Topology

I First look more closely at open sets.



I Theorem
(X , d) metric space, x 2 X and r > 0 =)

B(x , r) is an open set

I Proof?





I Theorem
(X , d) metric space, x 2 X and r � 0 =)

{y 2 X |d(x , y) > r} is an open set .

I Proof?



Closed sets

I Definition
F ⇢ X closed set () X \ F is open.



I Examples of closed sets:





Continuous maps

I (X , d) and (Y , d 0) metric spaces, f : X ! Y

I Theorem
f is continuous

()
8U ⇢ Y,
U open in (Y , d 0) =) f�1(U) open in (X , d).

I Briefly:
f continuous
()
the preimage of every open set is open.



I Review preimage f�1



I Prove Theorem







I Similarly, f is continuous ()

the preimage of every closed set is closed:
I Proof: use f�1(A \ B) = f�1(A) \ f�1(B).



I Theorem Composition of continuous maps is
continuous.

I Knew this already, but now have shorter proof, since

(f � g)�1(U) = g�1(f�1(U))



I f : (X , d) ! (Y , d 0) continuous. Then

f is a homeomorphism ()
f is bijective and f (U) ⇢ Y is open for all U ⇢ X open.



I f : X ! Y bijective map (not assumed continuous).
Then

f is a homeomorphism ()
8U ⇢ X , U is open in X () f (U) is open in Y .



The collection of open sets in (X , d)

I Let
I A an index set (any cardinality)
I {U↵}↵2A a collection of open sets in (X , d)

indexed by A.
I Then [

↵2A

U↵

is open.





I Let U1, . . . ,Uk be a finite collection of open sets.
I Then

k\

i=1

Ui

is open.



I Summary: The collection of open sets in (X , d) is
closed under the operations of

I Arbitrary union.

I Finite intersection.



I Equivalent statement:

The collection of closed sets in (X , d) is closed under
the operations of

I Arbitrary intersection.

I Finite union.





Topologies
I Turn these properties into a definition:

I Definition
X 6= ;, set a set, T ⇢ 2X .
T is called a Topology on X iff

I ; 2 T and X 2 T
I A any index set, {U↵} a collection of elements

U↵ 2 T indexed by A, then
[

↵2A

U↵ 2 T

I U1, . . . ,Uk any finite collection of elements Ui 2 T ,
then

k\

i=1

Ui 2 T



I Briefly, a topology T on X is
a collection of subsets of X (T ⇢ 2X )
which contains the empty set, the whole set, and is
closed under the operations of arbitrary union and
finite intersection.



Examples of Topologies

I (X , d) any metric space, T(X ,d) the collection of its
open sets.

I Two extreme examples of topologies::

I X any set, Tdisc = 2X . Every set is open

I This is the discrete topology, can be defined by the
discrete metric.

I X any set, Tind = {;,X}, the indiscrete topology

I Indiscrete topology not defined by any metric (if
cardinality of X at least 2).



I Intermediate example:

I X any infinite set. Define TCF ⇢ 2X by

U 2 TCF if and only if

(
U = ; or
X \ U is a finite set.





Topological Spaces

I Definitions:

I A Topological space is a pair (X , T ), where

I X is a set.

I T ⇢ 2X is a topology on X .

I If (X , T ) is a topological space, then

I U ⇢ X is an open set if and only if U 2 T .

I F ⇢ X is a closed set if and only if X \ F is open.



I If T is a topology on X , its closed sets satisfy:

I X and ; are closed sets.

I If A is any index set and {F↵}↵2A is any collection of
closed set indexed by A, then

\

↵2A

F↵

is closed.

I If F1, . . . ,Fk is a finite collection of closed sets,

F1 [ · · · [ Fk

is closed.



I A topology can be defined in terms of its closed sets.

I Example: X any set, define

F ⇢ X is closed ()
(

F = X or
F is finite.

I Then the topology

T = {X \ F | F is closed }

is the same as TCF above.





Continuous Maps
I Definition

If (X , T ), (X 0, T 0) are topological spaces and f : X ! X 0,
then f : (X , T ) ! (X 0, T 0) is continuous iff for all U 2 T 0,
f�1(U) 2 T .

I Equivalent Characterization: f continuous () for all
T 0-closed sets, f�1(F ) is T -closed.



Examples of Continuous Maps

I (X , T ) any topological space.

I f : (X , Tdisc) ! (X , T )

I f : (X , T ) ! (X , Tind)

I Any (X1, T1), (X2, T2), f : X1,! X2 constant.





I X = R , two topologies: TE Euclidean, TCF as above.

Compare usual continuous maps with continuous
maps

I (R, TE) ! (R, TCF )

I (R, TCF ) ! (R, TE)

I (R, TCF ) ! (R, TCF )





Composition of Continuous Maps

I (X , T ), (X 0, T 0), (X 00, T 00) topological spaces.

I f : (X , T ) ! (X 0, T 0) and g : (X 0, T 0) ! (X 00, T 00)
continuous.

I Then g � f : (X , T ) ! (X 00, T 00) is continuous.



Neighborhoods
I (X , T ) topological space, x 2 X .

I Definition
A Neighborhood of x

is an open set U ⇢ X containing x .

In other words, x 2 U ⇢ X



Limits

I (X , T ) topological space, {xn} sequence in X , x 2 X .

I Possible definition of lim{xn} = x :
I 8 neighbornoods U of x 9 N such that

n > N =) xn 2 U



I Problem: are limits unique?

I Example: In (R, TCF ), let xn = n.





Haussdorf Spaces

I Need definition:

I Definition
(X , T ) is called a Hausdorff Space ()

8x , y 2 X , x 6= y , 9 nbds U of x ,V of y s.t. U \ V = ;.



I If X is Hausdorff, limits are unique.



I Example:
I If (X , d) is a metric space, then it is Hausdorff.



Interior, closure, boundary

I (X , T ) and E ⇢ X . Define:

I Eo, the interior of E by

E0 =
[

{U ⇢ X |U open and U ⇢ E}.

I E , the closure of E by

E =
\

{F ⇢ X |F closed and E ⇢ F}.

I @E , the boundary of E by

@E = E \ E0.





I E0 is open.

I E0 is the largest open set contained in E .

I Possibly E0 = ;





I E is closed.

I E is the smallest closed set containing E .

I Possibly E = X .



I E is open () E = E0

I E is closed () E = E .





I x 2 E0 () 9 nbd U of x with U ⇢ E .

I x 2 E () 8 nbds U of x , U \ E 6= ;

I x 2 @E () 8 nbds U of x ,U \E 6= ; and U \Ec 6= ;





I ((Ec)0)c = ?

I (Ec)c = ?





Basis for a Topology

I (X , T ) topological space.

I Definition
B ⇢ 2X is called a basis for T ()

every element of T is a union of elements of B.



I Equivalent statement:
I B is a basis () 8U 2 T open,

8x 2 U, 9B 2 B such that x 2 B and B ⇢ U.



Examples

I (X , d) metric space,

B = {B(x , r) : x 2 X , r > 0}



I (X , d) metric space, E ⇢ X dense subset

I Recall : E dense () E = X .

I

B0 = {B(x ,
1
k
) : x 2 X , k 2 N}.



I (Rn, d(2)) (or any equivalent d)
I

B = {B(x ,
1
k
) : x 2 Qn, k 2 N}.



I In the last example B is countable

I (X , T ) is called second countable () T has a
countable basis.


