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Recall: Implicit Function Theorem in the
Plane

Theorem

I
Let U ⇢ R2

be a nbd of (0, 0)
I

Let f : U ! R be of class C

1
.

I
Suppose

I
f (0, 0) = 0

I @f

@y

(0, 0) 6= 0
I

Then there exist

I ✏, � > 0
I

a continuous function � : (��, �) ! (�✏, ✏)

I
so that for all (x , y) 2 (��, �)⇥ (�✏, ✏)

{(x ,�(x))} = {(x , y)| f (x , y) = 0}



Picture





I Proved existence and continuity of �
I Need to prove differentiability
I Start from: f of class C

1 =)

f (x +�x , y +�y)� f (x , y) =
@f

@x

�x +
@f

@y

�y + E

I The error E satisfies

E = E(x , y ,�x ,�y) = ✏
x

�x + ✏
y

�y

where ✏
x

, ✏
y

! 0 as �x ,�y ! 0



Evaluate at (x , y) = (t ,�(t)) and (�x ,�y) = (�t ,��),

where �� = �(t +�t)� �(t)):

f (t+�t ,�(t+�t))�f (t ,�(t)) =
@f

@x

(t ,�(t))�t+
@f

@y

(t ,�(t))��+E

where

E(t ,�(t),�t ,��) = ✏
x

�t + ✏
y

��,

where ✏
x

, ✏
y

! 0 as �t ! 0. (Note that the continuity of �
implies that �� ! 0 as �t ! 0)



By definition of � each term on left hand side is 0, so we
get

0 = (
@f

@x

(t ,�(t)) + ✏
x

)�t + (
@f

@y

(t ,�(t)) + ✏
y

)��,

Solving :
��

�t

= �
@f

@x

(t ,�(t)) + ✏
x

@f

@y

(t ,�(t)) + ✏
y

thus
��

�t

! �
@f

@x

(t ,�(t))
@f

@y

(t ,�(t))
as �t ! 0,

proving that � is differentiable and �0 has the expected
value.





Example
f (x , y) = x

2 + y

2 � 1



Higher Dimensions
Theorem

I
U ⇢ Rm+n

open, f = (f1, . . . fn) : U ! Rn

smooth

I
Z = {x 2 R

m+n | f (x) = 0}, x0 = (x0
1 , . . . , x

0
m+n

) 2 Z

I
Suppose the matrix

⇣ @f

i

@x

j

(x0)
⌘

i=1,...,n, j=1,...,n

is invertible.

I
Then there exists a nbds N1 of (x0

1 , . . . , x
0
m

) and N2 of

(x0
m+1, . . . , xm+n

) and a smooth map � : N1 ! N2 such

that N1 ⇥ N2 ⇢ U and

Z \ (N1 ⇥ N2) = {(x ,�(x) | x 2 N1}





Proof.

I For n = 1, same argument as before.
I

Picture

I For n > 1 more subtle topological invariants are
needed.



Surfaces in R3

I We will need mostly the following version
(m = 2, n = 1)

Theorem

I
U ⇢ R3

open, f : U ! R smooth, x0 2 U.

I
Z = {x 2 U | f (x) = 0}, x0 2 Z

I
Suppose the gradient rf (x0) 6= 0

I
Then there is nbd N2 in the space of one of the

variables, a nbd N1 in the remaining variables so that

I
N1 ⇥ N2 is a nbd of x0

I
There is a smooth function � : N1 ! N2 so that

Z \ (N1 ⇥ N2) = {(x ,�(x) | x 2 N1}



Proof.
By definition, the gradient rf = ( @f

@x

, @f

@y

, @f

@z

).

If rf (x0) 6= 0, then at least one of the partial derivatives
does not vanish at x0, say @f

@z

(x0) 6= 0.

Now apply the previous version of the implicit function
theorem for m = 2, n = 1.



Example
f (x , y , z) = x

2 + y

2 + z

2 � 1 with zero set the unit sphere
in R3.







Topological Surface

I Hausdorff space S with a countable basis
I Every x 2 S has a nbd U homeomorphic to an open

set in R2,
I So 9 open cover {U↵}↵2A

for some index set A,
I For each ↵ 2 A there exists a homeomorphism

�↵ : U↵ ! V↵, where V↵ ⇢ R2 is open.
I These homeomorphisms are called coordinate charts

or simply charts.
I The collection of charts is called an atlas.



Smooth Surfaces

I A topological surface S.
I The atlas {U↵,�↵}↵2A

can be chosen so that
I Whenever U↵ \ U� 6= ;,

�↵ � ��1
� : ��(U↵ \ U�) ! �↵(U↵ \ U�)

is smooth.



Again, look at S

2:







Smooth functions

Definition

I
S smooth surface, atlas {U↵,�↵},

I
f : S ! R a function.

I
f is smooth if and only if, for all ↵

f � ��1
↵ : �↵(U↵) ! R

is a smooth function.



I Need to know: whenever U↵ \ U� 6= ;, then

f � ��1
↵ : �↵(U↵ \ U�) ! R is smooth

()

f � ��1
� : �↵(U↵ \ U�) ! R is smooth.







I This follows from smoothnes of all �↵ � ��1
�

I

f � ��1
↵ = f � (��1

� � �� � ��1
↵ ) = (f � ��1

� ) � (�� � ��1
↵ )

I By assumption

�� � ��1
↵ : �↵(U↵ \ U�) ! ��(U↵ \ U�)

is a smooth bijection with smooth inverse

I Therefore f � ��1
↵ is smooth on �↵(U↵ \ U�)

()

f � ��1
� is smooth on ��(U↵ \ U�).





Examples of Smooth Surfaces
I Open subset of R2

I
S

2 ⇢ R3

I If U ⇢ R3 open, f : U ! R smooth, S = {f = 0}, and

8p 2 S, rf (p) 6= 0

then S is a smooth surface.












