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Recall: Implicit Function Theorem in the
Plane
Theorem

» Let U C R? be a nbd of (0, 0)
» Letf: U— R be of class C'.
Sy
£0,00=0/  F(xb)=°
=57(0,0) £ 0 4%
Then there exist %Cﬁ{ !
» 6,6>0
» a continuous function ¢ : (—4,6) — (—e¢,¢€)
so that for all (x,y) € (—0,0) x (—¢,¢)

{(x,0(x))} = {(x, )| f(x,y) = 0}
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Proved existence and continuity of ¢

Need to prove differentiability
Start from: f<of class C' =

ox

‘ f f
f(x+Ax,y+Ay)—f(x,y) = a—Aer a—Ay +@

w
The error E satisfies

/7/”“
E = E(x,y,{AVX Ayg‘ = exAX + ey Ay

<

where ey, ¢, — 0 as Ax, Ay — 0% ’

dy
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Evaluate at (x, y) = t@) and Ax Ay) = (At, Ag),
where A¢ = ¢(t+At ¢(t))

of
= (Lot T 6(0)80+E

where \y 3 Py @—CH’) =0 "7qu 4

E(t7 ¢(t)7 At7 A¢) = EXAt + EyAQb,

where ¢, ¢, — 0 as At — 0. (Note that the continuity of ¢
implies that A¢p — 0 as At — 0)



By definition of ¢ each term on left hand side is 0, so we
get

0 = (G0 + &+ (5 (1.600) + )

A ¢ =20
. . < 7 APLD
Solving : — £~

8o Htot) e | LE TR

thus

proving that ¢ is differentiable and ¢’ has the expected
value. ~— >
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Example @
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Higher Dimensions
Theorem

» UCR™"open, t=(f;,...f,) : U— R" smooth
» Z={xe R™"|f(x)=0},xo=(X,....x%,,)€Z
» Suppose the matrix

(g_)z(xo)>i1 n, j=1,...,n

77777777777

is invertible.

» Then there exists a nbds N; of (x?,...,x%) and N, of
(X%.1,- -, Xmyn) @nd a smooth map ¢ : Ny — N» such

that Ny x N, ¢ U and

Zﬂ(N1 X Nz)z {(X,(b(X) | X € N1}
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Proof.

» Forin =1, same argument as before.
» Picture

» For n > 1 more subtle topological invariants are
needed.



Surfaces in R3

» We will need mostly the following version
(m=2,n=1)

Theorem

U c R3 gpen, f: U — R smooth, xo, € U.
Z={xeU]|f(x)=0},/%x €2
Suppose the gradient N f(Xo) # 0
Then there is nbd N» in the space of one of the
variables, a nbd Ny in the remaining variables so that
» Ny x N is a nbd of xq
» There is a smooth function ¢ : Ny — N» so that
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Z 0 (N1 x Np) = {(x,0(x) | x € Nt}



Proof.
By definition, the gradient Vf = (., 57, 1.

If Vf(xo) # 0, then at least one of the partial derivatives
does not vanish at Xo, say 2(xo) # 0.

Now apply the previous version of the implicit function
theoremform=2n=1. ]



Example

f(x,y,z) = x? + y? + z2 — 1 with zero set the unit sphere
in R3,
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Topological Surface

» Hausdorff space S with a countable basis

» Every x € S has a nbd' U homeomorphic to an open
set in R?,

» So 3 open cover {U, },ca for some index set A,

» For each a € Athere exists a homeomorphism
bo L Uy —V,, where V,, C R? is open.

» These homeomorphisms are called coordinate charts
or simply charts.

» The collection of charts is called anatlas.



Smooth Surfaces |

» A topological surface S.

o
» The atlas {ya, ®a }aca €aN be chosen so that
» Whenever U, N Us # 0,

Pq © ¢§1 : gbﬁ(Ua N Ug) — ¢a(U, N Uﬁ)

is smooth.
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Again, look at S?:
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mooth functions

Definition

»_S smooth surface, atlas {U,, ¢},
» f: S — R a function.
» fis smooth if and only if, for all o

fogr!: pa(U,) — R

is a smooth functions:



» Néed to know: whenever U, N U; # 0, then
foo,: ¢u(Us N Us) — Ris smooth

—

fogs': ¢a(Us N Us) — R is smooth.
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This follows from smoothnes of all ¢, o ¢’

(f ogzﬁ_)—fo(qbﬁ oqaﬁ \fo%)

By assumption o

05005+ Ga(Ua N Us) = d3(Ua N Up)
is a smooth bijection with smooth inverse
Therefore f o ¢ is smooth on ¢, (U, N Us)
=

fo (;65 is smooth on ¢s(U, N Us).
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Examples of Smooth Surfaces
» Open subset of R?

“4"}/"7 bve lﬁlf: [r&/‘_\ D'_D

» SPC R®

» If U C R3open, f: U— Rsmooth, S = {f =0}, and

- ¥pe S, Vi(p) #0
then S is a smooth surface.
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