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Lebesgue Measure

I Extend length of intervals to m : 2R ! [0,1]:



Not possible



�-algebras



Measure



Outer Measure m⇤



m⇤([a, b]) = b � a



Countable sub-additivity

I m⇤([1
i=1

Ai) 
P1

i=1
m⇤(Ai)



Measurable sets

Definition

E ⇢ R is measurable () 8A ⇢ R

m⇤(A) = m⇤(A \ E) + m⇤(A \ Ec).



Theorem

M is a �-algebra.





I [0,1) 2 M

I B ⇢ M



Regularity



Measurable Functions





Characteristic Functions, Simple Functions





Recall Lebesgue Measure

I There is no measure m : 2R ! [0,1] which is

I Countably additive

I m([a, b]) = b � a for all intervals [a, b] ⇢ R.

I Translation invariant.

I Defined M ⇢ 2R, the Lebesgue measurable sets
I Outer measure m⇤ : 2R ! [0,1]
I m⇤ is translation invariant, m⇤([a, b]) = b � a
I But m⇤ is only countably sub-additive.

I Define

M = {E ⇢ R : m⇤(A) = m⇤(A \ E) + m⇤(A \ Ec)}





















































































































































































Lebesgue measurable sets

I M is a �-algebra. (Royden Thm 10)

I m⇤(E) = 0 ) E 2 M
I If m(F ) = 0, then E 2 M () E [ F 2 M
I (0,1) 2 M (Royden Lemma 1).

I B ⇢ M where B = Borel sets, the smallest �-algebra

containing all open sets.

I Regularity

I Measure continuity.














































 








































































































































Measurable Functions















































Characteristic Functions, Simple Functions






















































































































































































The Lebesgue Integral

I Integral of simple function

I Recall Riemann integral



I f : E ! R bounded, E measurable ,m(E) < 1
I f is measurable iff

inf
f 

Z

E
 (x)dx = sup

f��

Z

E
�(x)dx







I Recall Royden Chp 4, Prop 3:
I f : E ! R bounded, E measurable, m(E) < 1.
I Then f is measurable iff

inf
 simple, f 

Z

E
 (x)dx = sup

� simple, f��

Z

E
�(x)dx

where �, are simple functions.



Picture

I The sets En,k = {x : kM
n � f (x) > (k�1)M

n }



I The simple functions
I  n(x) = M

n
Pn

k=�n k �En,k (x) and

I �n(x) = M
n
Pn

k=�n (k � 1) �En,k (x)





The Lebesgue Integral





Rudin’s variation

I En,i = {x : i�1
2n  f (x) < i

2n}

I Fn = {x : f (x) � n}

I sn =
Pn2n

i=1
i�1
2n �En,i + n �Fn



Monotone Convergence Theorem









Dominated Convergence Theorem








