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Integration

I Problem: define integration over k -dimensional
subsets of Rn.

I In this context need to understand:

I Integrands

I Domains of integration

I Integrals



Model: Line integrals (k = 1)
I Looked at Z

�

!

where
I U ⇢ Rn open.

I � : [a, b] ! U a parametrized curve.

I ! a one-form on U (written ! 2 A1(U))

I One-form on U means a function

! : U ⇥ Rn ! R written (x , v) ! !x(v)

which is smooth in x and linear in v



I By definition
Z

�

! =

Z b

a
!�(t)(�

0(t))dt (1)

I There exists a unique collection of smooth functions
p1 . . . , pn : U ! R such that

! =
nX

i=1

pi dxi

I Writing �(t) = (�1(t), . . . , �n(t))

Z

�

! =

Z b

a

⇣ nX

i=1

pi(�(t)) �0
i (t)

⌘
dt



Pull-back

I Give the integrand in (1) a name.
I

�⇤! = !�(t)(�
0(t))dt (2)

is called the pull-back of ! to [a, b]
I The definition of line integral now reads

Z

�

! =

Z b

a
�⇤!



Independence of Parametrization
I � : [a, b] ! U smooth curve.
I � : [c, d ] :! [a, b] smooth, strictly increasing and

surjective.
I �̃ = � � � : [c, d ] ! U
I Then for all ! 2 A1(U)

Z

�̃

! =

Z

�

!

I Follows from the change of variables formula for
integrals



Higher Dimensions
I For k -dimensional integration in an open set U ⇢ Rn

we will need to define the corresponding objects:

I Integrands: smooth k -forms ! 2 Ak (U).

I Domains of integration: smooth maps � : D ! U,
where D is a domain in Rk .

I Integral: Z

�
! =

Z

D
�⇤! (3)



I For this to make sense need

I Definition of k forms ! 2 Ak (U)

I Definition of pull-back �⇤ : Ak (U) ! Ak (D)

I Definition of the integral
Z

D
: Ak (D) ! R



I If ⌘ 2 Ak(D), where D is a domain in Rk , then
Z

D
⌘ =

Z

D
�(t1, . . . , tk)dt1 . . . dtk

an ordinary multiple integral.

I For all this to have geometric meaning, wnat
Independence from parametrization

I This should follow from change of variable formula for
mutiple integrals.



Summary

Differential forms reduce the theory of integration over
k -dimensional subspaces of Rn to ordinary multiple
integrals over domains D ⇢ Rk .



Domains of integration

I Want to reduce to Ik , the cartesian product of k
intervals:

Ik =
kY

i=1

[ai , bi ], ai , bi 2 R, ai < bi . (4)

I Not open.
I If C ⇢ Rk is compact, say f : C ! R is smooth if it

extends to a smooth function on some neighborhood
of C.



I If f : Ik ! R is continuous can define
Z

Ik
f (t1, . . . , tk) dt1 . . . dtk

as
I Limit of Riemann sums

I Iterated integral



I For D ⇢ Rk , if D̄ is compact, then 9 sets Ik
with D ⇢ Ik .

I Given f : D ! R continuous, extend by 0 to
g : Ik ! R, no longer continuous.

I If g is Riemann integrable, could define
Z

D
f (t)dt1 . . . dtk =

Z

Ik
g(t)dt1 . . . dtk



Support of a function

I If X is a metric space and f : X ! R is continuous,
the support of f is defined to be

supp(f ) = {x 2 X : f (x) 6= 0}

I If f 2 C(Rk) and supp(f ) is compact, can define
Z

Rk
f (t)dt =

Z

Ik
f (t)dt

for any Ik containing supp(f ).



I Differntial forms should be (linear) functions on a
space that contains the tangent spaces to the images
of the maps �

I Given vectors v1, . . . , vk 2 Rn linearly independent,
want a way to manipulate the subspaces

{ttv1 + · · ·+ tkvk : 0  t  1} ⇢ Rn (5)

( the parallelipiped spanned by v1, . . . , vk )
and their volumes





The Grassmann Algebra

I For each k , 1  k  n want a symbol

v1 ^ v2^, · · · ^ vk

that represents the parallelipiped (7).
I Operations on these symbols that reflect the

geometry.
I Example:

v2 ^ v1 ^ v3 · · · ^ vk = �v1 ^ v2 · · · ^ vk

reflecting change of orientation.



Define The Grassmann Algebra

I Start with Rn with its standard inner product x · y and
it standard ON basis e1, . . . , en

I For each increasing sequence I of k integers

I = {i1, . . . , ik} with 1  i1 < i2 < · · · < ik  n

define a symbol

eI = ei1 ^ ei2 ^ · · · ^ eik

I There are
✓

n
k

◆
= n!

k!(n�k)! such symbols.



I For k = 0, . . . , n define spaces ⇤k = ⇤k(Rn) by
I ⇤0 = R

I For 1  k  n,

⇤k = the R- vector space with basis {eI : card (I) = k}

I dim(⇤k) =

✓
n
k

◆

I ⇤1 = the original Rn with basis e1, . . . , en



Product

I If I = {i1 < · · · < ik} as above, write|I| = k

I If |I| = k and |J| = `, define eI ^ eJ by

eI ^ eJ =

(
0 if I \ J 6= ;,
"(I, J)eK if I \ J = ;.

(6)

I K and "(I, J) defined as follows:
I Let I [ J denote the sequence {i1, . . . , ik , j1, . . . j`}

I K is the sequence I [ J arranged in increasing order.

I "(I, J) is the sign of the permutation that takes I [ J to
K .



I This determines a product

⇤k ⇥ ⇤l ! ⇤k+l

I If a =
P

I aIeI and b =
P

J bJeJ , then

a ^ b =
X

I,J

aIbJeI ^ eJ

I This sum can be rewritten, using the definition of
eI ^ eJ above, as X

K

cK eK

This is a ^ b.



I Multiplication is associative

(a ^ b) ^ c = a ^ (b ^ c)

I Distributive law holds

(a + b) ^ c = a ^ c + b ^ c

I If a 2 ⇤k and b 2 ⇤l , then

b ^ a = (�1)kla ^ b



I ⇤k(Rn) has an inner product, with {eI : |I| = k} as
ON basis.

I Explicitly, if |I| = |J|

(
X

i

aieI) · (
X

J

eJ) =
X

I

aIbI

and 0 otherwise.
I The corresponding norm is

|a| = |
X

I

aieI | =
sX

I

a2
I



I If v1, . . . , vk 2 Rn are linearly independent, then

v1 ^ · · · ^ vk 2 ⇤k(Rn)

represents the oriented parallelipiped (7)

{t1v1 + · · ·+ tkvk : 0  ti  1}

I The norm
|v1 ^ · · · ^ vk |

is the k-dimensional volume of the parallelipiped.





Reality check

I v1, . . . , vk are linearly independent and w = linear
combination of v2, . . . , vk , then

v1 ^ v2 ^ · · · ^ vk = (v1 + w) ^ v2 ^ · · · ^ vk

I Same is true for volume



I Example: for k = 2

v1 ^ v2 = (v1 + ↵v2) ^ v2 for all ↵ 2 R

I Picture for area:





I For k = n, if vi = Aei for i = 1, . . . , n then

v1 ^ · · · ^ vn = det(A)e1 ^ · · · ^ en

I Known | det(A)| = volume of parallelipiped.



I If k = 2, let

A =

0

BB@

a1,1 a1,2
a2,1 a2,2
. . . . . .
an,1 an,2

1

CCA

I Let v1 =
P

i ai,1ei and v2 =
P

i ai,2ei

I Check
v1 ^ v2 =

X

i<j

����
ai,1 ai,2
aj,1 aj,2

���� ei ^ ej



I For k = n = 2 get

v1^v2 = ± area of parallelogram {t1v1+t2v2 : 0  ti  1}

I equivalently

v1 ^ v2 = det(A)e1 ^ e2

I equivalently

| det(A)| = area of parallelogram



I For k = 2 and n = 3 get v1 ^ v2 is the sum
����

a1,1 a1,2
a2,1 a2,2

���� e1^e2+

����
a1,1 a1,2
a3,1 a3,2

���� e1^e3+

����
a2,1 a2,2
a3,1 a3,2

���� e2^e3

I This looks like the cross product v1 ⇥ v2

⇣ ����
a2,1 a2,2
a3,1 a3,2

���� ,�
����

a1,1 a1,2
a3,1 a3,2

���� ,
����

a1,1 a1,2
a2,1 a2,2

����
⌘



I In any case, the two vectors have the same
magnitude:

|v1 ^ v2| = |v1 ⇥ v2|
I So the new formula |v1 ^ v2| and the old formula

|v1 ⇥ v2| for the area of the parallelogram agree.

I Similarly one can check the case k = n = 3

|v1 ^ v2 ^ v3| = | det(A)| = |(v1 ⇥ v2) · v3| etc

for the volume of the parallelipiped.



General Formula

I The cases already discussed:
I k = 1, n arbitrary
I k = 2, n arbitrary, particularly n = 3,
I k = n, particularly both = 3.

are the most common

I General formula:
If for j = 1, . . . , k , vj =

Pn
i=1 ai,jei 2 ⇤1(Rn),

then v1 ^ · · · ^ vk is given by

X

i1<···<ik

������

ai1,1 . . . ai1,k
. . . . . . . . .
aik ,1 . . . aik ,k

������
ei1 ^ · · · ^ eik (7)





Differential k -forms in Rn (k  n)

I k -dimensional integrands in Rn are the differential
k -forms.

I U ⇢ Rn open.
I A (smooth) differential k - form on U is smooth

function
! : U ⇥ ⇤k(Rn) ! R

written !x(w) for x 2 U and w 2 ⇤k , which is smooth
in x and linear in w .

I Notation: Ak(U) = {! : ! smooth k � form on U}





I If e1, . . . , en is an ON basis for Rn, ! is determined by

the
✓

n
k

◆
functions

aI(x) = !x(eI)

for all I = {i1 < · · · < ik}.

I Write eI = ei1 ^ · · · ^ eik for the basis elements of ⇤k

I Write dxI = dxi1 ^ · · · ^ dxik for the dual basis of
L(⇤k ,R).



I Then
! =

X

I

aI(x)dxI

I Explicitly

! =
X

i1<···<ik

ai1,...,ik (x)dxi1 ^ · · · ^ dxik (8)





I Let A : Rm ! Rn be a linear transformation
(A 2 L(Rm,Rn))

I Define the associated linear transformation

⇤kA : ⇤k(Rm) ! ⇤k(Rn)

by
⇤kA(eI) = Aei1 ^ Aei2 ^ · · · ^ Aeik

I Also called the induced linear transformation.



I Often it’s easier to say that ⇤kA is defined by

⇤kA(v1 ^ · · · ^ vk) = Av1 ^ · · · ^ Avk

for all v1, . . . , vk 2 Rm.

I Since
{v1 ^ · · · ^ vk : v1, . . . , vk 2 Rn}

spans ⇤k(Rm), ⇤kA is determined by these values.

I To know that the definition makes sense, that is,
Av1 ^ · · · ^ Avk depends just on v1 ^ · · · ^ vk , need

v1 ^ · · · ^ vk = 0 ) Av1 ^ · · · ^ Avk = 0



I This is equivalent to

v1, . . . , vk linearly dependent
)
Av1, . . . ,Avk linearly dependent

I Clear



Pull-back

I V ⇢ Rm, U ⇢ Rn open sets
I f : V ! U smooth map
I Pull-back Ak(U) ! Ak(V ) is defined by

(f ⇤!)t(v1 ^ · · · ^ vk) = !f (t)(dt f (v1) ^ · · · ^ dt f (vk))

for all t 2 V and for all v1, . . . , vk 2 Rm

I More concisely

(f ⇤!)t = !f (t) � ⇤kdt f

for all t 2 V .











I In terms of coordinates t = (t1, . . . , tm) and
x = (x1, . . . , xn)

I x = f (t) = (f1(t1, . . . , tm), . . . , fn(t1, . . . , tm))

I ! =
P

I aI(x)dxI =
P

i1<···<ik ai1,...,ik (x)dxi1 ^ . . . dxik

I Then

f ⇤! =
X

i1<···<ik

ai1,...,ik (f (t))f
⇤(dxi1) ^ · · · ^ f ⇤(dxik ) (9)



I Using (3), this can be rewritten as

f ⇤! =
X

i1<···<ik

ai1,...,ik (f (t))(dt fi1) ^ · · · ^ (dt fik ) (10)

I Writing dfi =
Pm

j=1
@fi
@tj

dtj and expanding df I in the
same manner as (9) we get an explicit expression for
f ⇤! as a sum X

J

cJ(t)dtJ

I Perhaps more useful than an explicit but complicated
formula is to observe the multiplicative properties of
f ⇤.



I If a : U ! R is a smooth function, that is, a 2 A0(U),
let

f ⇤ : A0(U) ! A0(V )

be defined by
(f ⇤a)(t) = a(f (t))

I Then (11) says

f ⇤(
X

I=i1<···<ik

aIdxi1^· · ·^dxik ) =
X

(f ⇤aI)(f ⇤dxi1)^· · ·^(f ⇤dxik )



I Suggests the following
I There is a product

L(⇤k ,R)⇥ L(⇤l ,R) ! L(⇤k+l ,R)

defined just as in (8) using the dual basis dxI rather
than eI

I Induces a product Ak(U)⇥ Al(U) ! Ak+l(U).

I If ! 2 Ak(U) and ⌘ 2 Al(U), then ! ^ ⌘ 2 Ak+l(U).

I If f : V ! U is smooth, then

f ⇤(! ^ ⌘) = (f ⇤!) ^ (f ⇤⌘) (11)



Some properties of pull-back

I f ⇤(! ^ ⌘) = f ⇤(!) ^ f ⇤(⌘) as above
I f ⇤(!1 + !2) = f ⇤!1 + f ⇤!2

I f : V ! U and g : W ! V smoooth maps of open
sets. then

(f � g)⇤ = g⇤ � f ⇤ : Ak(U) ! Ak(W )







Integration over k -cells

I Let D = Ik be a k-cell as in (6)

I Let ↵ 2 Ak(D) be a smooth k -form.

I Then
↵ = �(t)dt1 ^ · · · ^ dtk

for some smooth � : D ! R, t = (t1, . . . , tk)

I Define Z

D
↵ =

Z

D
�(t)dt1 . . . dtk

the Riemann integral of � over D = Ik .



I If � : D ! U is smooth and ! 2 Ak(U), define
Z

�

! =

Z

D
�⇤(!)



I Would like
R
� ! to be independent of parametrization.

I This means that if E is another k -cell and

� : E ! D

is smooth, bijective, det(d�) > 0 everywhere on E ,
then Z

���
! =

Z

�

!



I This follows from the change of variables formula
I If � : E ! D and ↵ 2 Ak(D) as before, then

Z

E
�⇤↵ =

Z

D
↵



I More usual formulation:

I If ↵ = a(t)dt1^, · · · ^ dtk then
Z

E
a(�(t)) | det(dt�)| dt1 . . . , dtk =

Z

D
a(t)dt1 . . . dtn

I Note how the absolute vaue | det(d�)| appears,
rathen than det(d�). Results from orientation.



Recall Pullback

I f : V ! U , x = f (t), where

x = (x1, . . . , xn), t = (t1, . . . , tm)
I

! =
X

I

aI(x)dxI 2 Ak(U)

sum over all i = {i1, . . . , ik} with 1  i1 < · · · < ik  n
I ai : U ! R smooth functions

I

dxI = dxi1 ^ · · · ^ dxik

 



I The pull-back of ! by f is defined as

I

f ⇤(!)t =
X

I

aI(f (t))(dt f )I

I where

(dt f )I = dt fi1 ^ dt fi2 ^ . . . dt fik
I And, as usual,

dt fi =
mX

j=1

@fi
@tj

(t)dtj



I Putting all these into a single formula would be quite

long.

I An easy way to remember:

I If a 2 A0(U) is a smooth function, then f ⇤a 2 A0(V ) is

(f ⇤a)(t) = a(f (t))

I If xi : U ! R is one of the coordinate functions, then

f ⇤dxi 2 A1(V ) is

(f ⇤(dxi))t = dt fi =
mX

j=1

@fi
@tj

(t)dtj

I f ⇤ : A(U) ! A(V ) is multiplicative

f ⇤(a ^ b) = f ⇤a ^ f ⇤b for all a 2 Ak (U), b 2 A`(U)

I These properties determine f ⇤ uniquely.



Remarks

I Used A(U) for the totality of differential forms on U.

Usually take this to mean direct sum

A(U) = �n
0

Ak(U)

I A(U) is then an algebra.

I f ⇤ : A(U) ! A(v) is an algebra homomorphism.









Integrals of k -forms

I D ⇢ Rk a “domain”, for example D = Ik a product of

intervals.

I If ⌘ 2 Ak(D) is a smooth k form, should know how to

integrate ⌘ over D:

I ⌘ = �(t)dt1 ^ · · · ^ dtk
I Define

Z

D
⌘ =

Z

D
�(t)dt1 . . . dtk or, simply

Z

D
�(t)dt

I RHS is an ordinary k -dimensional integral, a

Riemann integral or itetared integral.

I RHS is independent of orientation, while LHS

depends on orientation.



I Suppose � : D ! U is a smooth map.

I May also want to assume dt� is injective at each

t 2 D.

I If ! 2 Ak(U) is a smooth k -form, define

Z

�

! =

Z

D
�⇤!



Change of Variables Formula

I D1,D2 domains in Rk

I F : D1 ! D2 smooth, bijective, dsF isomorphism for

all s 2 D1

I � : D2 ! R smooth function.

I Then

Z

D1

�(F (s))| det(dsF )|ds1 . . . dsk =

Z

D2

�(t)dt1 . . . dtk



I The absolute value of the Jacobian determinat

det(dF ) comes because of orientation: if F is

orientation reversion reversing (det(dF ) < 0) does not

affect these integrals.

I For differential forms ⌘ 2 Ak(D2) the theorem says

Z

D1

F ⇤⌘ =

Z

D2

⌘



Independence of Parametrization

I Finally, if � : D2 ! U is a parametrized k -surface and

f : D1 ! D2 is a change of variables, then

Z

��F
! =

Z

�

!

since

Z

D1

(� � F )⇤! =

Z

D1

F ⇤(�⇤!) =

Z

D2

�⇤!





Recall Torus
Recall we looked at the parametrization

� : [0, 2⇡]⇥ [0, 2⇡] ! R3 of a torus

x = (a + b cos�) cos ✓

y = (a + b cos�) sin ✓

z = b sin�

�������



I Worked out (scratchwork above)

�⇤(dx ^ dy) = �b(a + b cos�) sin� d� ^ d✓

I Did this by calculating

d((a + b cos�) cos ✓) ^ d((a + b cos�) sin ✓)

by following the procedures above.



I Reality check: worked out

Z

[0,⇡]⇥[0,2⇡]

(�b(a + b cos�) sin�) d�d✓

I Compared our answer with the area of the projection

of the top half of the torus to the x , y -plane. This can

be done by elementarty goemetry.

I If all is correct, one answer should be ± the other.

I It worked!



Formula for Area
H. A. Schwarz example



Similar Pictures

�������



�������


